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THE POINT. 

1. The following method of determining the position of any 
point on a plane was introduced by Des Cartes in his GSomitrie^ 
1637, and has been generally used by succeeding geometers. 

We are supposed to be given the position of two fixed 
right lines XX' ^ YY' intersecting in the point 0. Now, if 
through any point P we 
draw PM^ PN parallel to 
YY' and XX', it is plain 
that, if we knew the position 
of the point P, we should 
know the lengths of the pa- 
rallels PM, PN) or, vice versa, 
that if we knew the lengths 
of PM, PN, we should know 
the position of the point P. 

Suppose, for example, that 
we are given PN= a, PM = h, 
we need only measure OM=a and ON==b, and draw the 
parallels PM, PN, which will intersect in the point required. 

It is usual to denote PM parallel to OF by the letter y, 
and PiV parallel to OX by the letter x, and the point Pis said 
to be determined by the two equations a; = a, y = 5* 

2. The parallels PM, PN are called the coordinates of the 
point P. PMk often called the ordinate of the point P; while 
PN, which is equal to OJf the intercept cut of by the ordinate, 
is called the abscissa* 
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The fixed lines XT and FF' are termed llie axes of co- 
ordinatesj and the point Oj in which they intersect, is called the 
origin. The axes are said to be rectangular or oblique, 
according as the angle at which they intersect is a right angle 
or oblique. 

It will readily be seen that the coordinates of the point M 
on the preceding figure are a? = a, y = ; that those of the pobt 
^area; = 0, y = 5; and of the origin itself are x = 0, y = 0. 

3. In order that the equations x^^a, y = ft should only 
be satisfied by one point, it is necessary to pay attention, not 
only to the magnitudes^ but also to the signs of the co- 
ordinates. 

If we paid no attention to the signs of the coordinates, we 
might measure OM=a and ON^b^ on either side of the origin, 
and any of the four points 
P, Pj, P„ P, would satisfy 
the equations x=^a^ y — ^* 
It is possible, however, to 
distinguish algebraically 
between the lines OJf, 
OM! (which are equal in 

magnitude, but opposite in x' J- Y^ k- X 

direction) by giving them 
different signs. We lay 
down a rule that, if lines 
measured in one direction 
be considered as positive, 
lines measured in the oppo- 
site direction must be con- 
sidered as negative. It is, of course, arbitrary in which 
direction we measure positive lines, but it is customary to 
consider OM (measured to the right hand) and 0^ (measured 
upwards) as positive, and 0M\ ON' (measured in the opposite 
directions) as negative lines. 

Introducing these conventions, the four points P, P^, P^, P^ 
are easily distinguished. Their co-ordinates are, respectively, 
x — -\-a\ x — '-a^ a5 = -fa| x = — a\ 




THE POINT. 3 

These distinctions of sign can present no difficulty to the 
learner, who is supposed to be already acquainted with 
trigonometry, 

N.B. — The points whose coordinates are x^a^ y = i, or 
a? =£c', y = y, are generally briefly designated as the point (a, 5), 
or the point icy'. 

It appears from what has been said, that the points (+ a, + 6), 
^-_ a, - b) lie on a right line passing through the origin ; that 
they are equidistant from the origin, and on opposite sides of it. 

4. To express the distance letween tioo points x*y\ x**y'\ the 
axes of coordinates being supposed rectangular. 

By Euclid i. 47, 

pg» = PS' + 8Q\ but P8^ PM^ QAT^y'^ y", 
and Q8=0M'0Ar = x'-- x" ; 

hence 

To express the distance of 
any point from the origin, we 

must make aj" = 0, y = in 

the above, and we find 



Q 
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5. In the following pages Y' 

we shall but seldom have occa- 
sion to make use of oblique coordinates, since formuIaB are, in 
general, much simplified by the use of rectangular axes; as^ 
however, oblique coordinates may sometimes be employed with 
advantage, we shall give the principal formulas in their most 
general form. 

Suppose, in the last figure^ the angle YOX oblique and 
cs €r>, then 

and PQ^ ^PS'+QS'- 2P8. Q8.cos P8Q^ 

or, P(2' = (3^'-yT-f(^'-a^T-f2(y-y")(aj'-0 cosa,. 

Similarly, the square of the distance of a point, xy\ from 
the origin = x'^ + y" + 2x'y' cos «. 
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In applying these formula), attention must be paid to the 
signs of the coordinates. If the point Q, for example, were 
in the angle XOY'^ the sign of y" would be changed, and the 
line PS would be the sum and not the difference of y' and y". 
The learner will find no diflSculty, if, having written the 
coordinates with their proper signs, he is careful to take for PS 
and QS the algebraic difference of the corresponding pair of 
coordinates. 

Ex. 1. Find the lengths of the sides of a triangle, the coordinates of whose 
Tertices are »' = 2, y' = 8 j »" = 4, y" = - 6 j x'" = - 3, y"' = - 6, the axes being 
rectangular. Ans. ^68, ^50, ^106. 

Ex. 2. Find the lengths of the sides of a triangle, the coordinates of whose 
yertices are the same as in the last example, the axes being inclined at an angle 
pf 60«. Ans. J52, J57, ^151. 

Ex. 3. Express that the distance of the point xf/ from the point (2, 3) is equal 
to4. Ans. (x-2)2+(y-3)«=16 

Ex. 4. Express that the point xif ta equidistant from the points (2, 3), (4, 5). 

Ans. (a;-2)2 + (y-3)«=(aj-4)2 + (y-5)2; ora: + y = 7. 

Ex. 5. Find the point equidistant from the points (2, 3), (4, 5), (6, 1). Here we 
)uiTe two equations to determine the two unknown quantities x, y. 

Ans. x=. V> y = t» ^^'^ *^6 common distance is ^-^ 

6. The distance between two points, being expressed in 
the form of a square root, is necessarily susceptible of a double 
sign. If the distance PQ^ measured from P to Q^ be considered 
positive, then the distance QP^ measured from Q to P, 
is considered negative. If indeed we are only concerned 
with the single distance between two points, it would be 
unmeaning to affix any sign to it, since by prefixing a sign we 
in fact direct that this distance shall be added to, or subtracted 
from, some other distance. But suppose we are given three 
points P, Q, ^ in a right line, and know the distances PQy 
QBj we may infer PM = PQ -f QB. And with the explanation 
now given, this equation remains true, even though the 
point -B lie between P and Q. For, in that case, PQ and 
QB are measured in opposite directions, and PB^ which is their 
arithmetical difference, is still their algebraical sum. Except 
in the case of lines parallel to one of the axes, no convention 
bas been established as to which «hall be considered the positive 
I direction. 
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7, To find the coordinates of the point cutting in a given 
ratio m : w, the line joining two given points xy\ x"y". 

Let aj, y be the coordinates of the point B which we seek 
to determine, then 
mxny.PBiBQy.MSiBN^ 

mxnwx —a; : x-x > 
or rax — mx"= nx' — wa?, 
hence 

In like manner 

If the line were to be cut externally in the given ratio we 
should have 



1 ., - rax —nx my — nw 

and therefore (» = , v = -"^ — ^ . 

It will be observed that the formulas for external section 
are obtained from those for internal section by changing the 
sign of the ratio ; that is, by changing m : + w into w : - w. 
In fact, in the case of internal section, PB and BQ are 
measured in the same direction, and their ratio (Art. 6) is to 
be counted as positive. But in the case of external section 
PB and BQ are measured in opposite directions, and their 
ratio is negative. 

Ex. 1. To find the oooidinates of the middle point of the line joining the points 

jLns, X — — 2 — , y — — ^ — . 

Ex. 2. To find the coordinates of the middle points of the sides of the triangle, 
the coordinates of whose vertices are (2, 3), (4, — 6), (— 8,-6). 

Ans. (i,-V),(-*,-f),(3,-l). 

Ex. 3. The line joining the points (2, 3), (4, — 5) is trisected ; to find the co- 
ordinates of the point of trisection nearest the former point. Ans, a: = §, y — ^, 

Ex. 4. The coordinates of the vertices of a triangle being a^y, x"y", x"'y"\ to 
find the coordinates of the point of trisection (remote from the vertex) of the line 
joining any vertex to the middle i>oint of the opposite side. 

Am. X = i (x' + a" + x'"), y = A (y' + y" + y'"). 
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Ex. 5. To find the coordinates of the intersection of the bisectors of sideB of th» 
triangle, the coordinates of whose vertices are given in Ex. 2. Ans, a; = 1, y = — f . 

Ex. 6. Any side of a triangle is cnt in the ratio m : n, and the line joining this to. 
the opposite vertex is oat in the ratio m + n: I; to find the coordinates of the point 
of section. .__ _ 

/+» + ! 



_ Ix' + mxf' + fu^" _ Y+my'^ + ni/"' 



l-^m + u 



TRANSFORMATION OF COORDINATES.* 

8. When we know the coordinates of a point referred to 
one pair of axes, it is frequently necessary to find its co- 
ordinates referred to another pair of axes. This operation is 
called the transformation of coordinates. 

We shall consider three cases separately; first, we shall 
suppose the origin changed, but the new axes parallel to the 
old; secondly, we shall suppose the directions of the axes 
changed, but the origin to remain unaltered ; and thirdly, we 
shall suppose both origin and directions of axes to be altered. 

First. Let the new axes be parallel to the old. 

Let Oar, Oy be 
the old axes, O'X, 
O'F the new axes. 
Let the coordinates 
of the new origin 
referred to the old be 
a?', y', or 0'8^x\ 
O'B^y'. Let the 
old coordinates be 
Xj y, the new X, F, 
then we have 

OM^OR + EM, and PM^PN+NM, 

that is a; = a;' + X, and y = yH- F. 

These formulae are, evidently, equally true, whether the axes 
be oblique or rectangular. 

9. Secondly, let the directions of the axes be changed, while 
the origin is unaltered. 




* The beginner may postpone the rest of this chapter till he has read to the end 
of Art. 41. 
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Let the original axes be (?.r, Oy^ so that we have OQ^x^ 
PQ — y. Let the new axes 
be OX^ OF, so that we have 
ON=X, PN=Y. Let OX, 
OY make angles respectively 
a, 0j with the old axis of in 
and angles a', ff with the old 
axis of y; and if the angle 
xOy between the old axes be - 
o>, we have obviously a + a' = w, 
since XOx + XOi/ — xOy; and in like manner ^8 4- /8' = «. 

The formulae of transformation are most easily obtained by 
expressing the perpendiculars from P on the original axes, in 
terms of the new coordinates and the old. Since 

PM=PQ s\n PQM^ we have PM=i/ sincr). 
But also PM^NR-\^ PS = ON sin NOB -f PN sin PN8. 
Hence y sin ai = X sin a + Y sin 13. 
In like manner 

a; sineo = X sina' + Y sin/9' ; 
or a; sino> =Xsin((» — a)-|- Fsin(cr) — /8). 

In the figure the angles a, )3, o) are all measured on the 
same side of Ox'y and a', /3', a> all on the same side of Oy. 
If any of these angles lie on the opposite side it must be given 
a negative sign. Thus, if OF lie to the left of Oy, the angle 
/3 is greater than ai, and /3' (= w - fi) is negative, and therefore 
the coefficient of F in the expression for x sinw is negative. 
This occurs in the following special case, to which, as the 
one which most frequently occurs in practice, we give a separate 
figure. 

To transform from a system of rectangular axes to a new 
rectangular system making an angle 6 with the old. 
Here we have ' 

a = ^, /8 = 90 + ^, 

a' = 90-^, ^' = -^; 

and the general formulae become 

y = -rski^ + Fcos^, 

x = X cos^ - F sin ^ ; 
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the truth of which may also be seeu directly, since y = PS^NR^ 

x^ OB "SN, while 

F8=PN COS0, NR= ON &in0; OB=ONcob0, 8N=PNsin0. 

There is only one other case of transformation which often 
occurs in practice. 

To transform from oblique coordinates to rectangular^ retaining 
the old axis of x. 

We may use the general for- TS/ 

mulae making 
a = 0, /3 = 90, a' = ft), /3' = w-90. 

But it is more simple to inves* / /v 

tigate the formulae directly. We / / \ 

have OQ and PQ for the old x emd o a> M 

y, OM and PM for the new ; and, since PQM= o), we have 

F=y sinw, ^ = a: + ycosa); 
while from these equations we get the expressions for the old 
coordinates in terms of the new 

ysincD=F, a? since) = X since) — F cos w. 

10. Thirdly, by combining the transformations of the two 
preceding articles, we can find the coordinates of a point re- 
ferred to two new axes in any position whatever. We firat find 
the coordinates (by Art. 8) referred to a pair of axes through 
the new origin parallel to the old axes, and then (by Art. 9) 
we can find the coordinates referred to the required axes. 

The general expressions are obviously obtained by adding x' 
and y' to the values for x and y given in the last article. 

Ex. 1. The coordinates of a point satisfjr the relation 

a^ + y* — 4a; — 6y = 18 ; 

what will this become if the origin be transformed to the point (2, 3) ? 

Ans. Z« + r2 = 3I, 

Ex. 2. The coordinates of a point to a set of rectangular axes satisfy the 
relation y' — a;^ =z 6 j what will this become if transformed to axes bisecting the 
angles between the given axes ? Ans, XY = 3, 

Ex. 3. Transform the equation 2a* — hxy + 2y' = 4 from axes inclined to each 
other at an angle of 60° to the right lines which bisect the angles between the 
given axes. Ana. X^ - 27r« + 12 = 0. 

Ex. 4. Transform the same equation to rectangular axes, retaining the old axis 
Ofx. Ans. 3J:2 + 10r2-7Zr43 = 6. 
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Ex. 5. It is evident that when we change from one set of rectangular axes to 
mnother, a^ + t/^ must =X^ + F', since both express the sqaare of the distance of 
s point from the origin. Verify this by squaring and adding the expressions for 
JTand Fin Art. 9. 

Ex. 6. Verify in like manner in general that 

dc» + y« + 2a^ ooBxOy = Z« 4- T* + 2XY cosXOT. 

If we write Xsinw + Fsrn)3 = Zr, Xcosa + Fcos/S = M^ the expressions in Art. S 
may be written ysincd = £, a;sinc0 = ifsinc0 — Zcosoy; whence 

sin««9 (o^ + 3i'« + 2xy cos «) = (L* + if*) sin«a». 

But £;« + Jf« = X«+r« + 2Xroos(a-/3), and a-/9 = X()F. 

11. The degree of arty equation between the coordinates is not 
altered hy transformation of coordinates. 

Transformation cannot increase the degree of the equation; 
for if the highest terms in the given equation be a?***, y"*, &c., 
those in the transformed equation will be 

\x* sinw+aj 8in((»-a)4y sin(cr)-)S)}"*, [y' sina>+a; sina+y sin^)"*, 

&c., which evidently cannot contain powers o{ x or y above the 
m^ degree. Neither can transformation diminish the degree of 
an equation, since by transforming the transformed equation 
back again to the old axes, we must fall back on the original 
equation, and if the first transformation had diminished the 
degree of the equation, the second should increase it, contrary 
to what has just been proved. 

t*OLAR COORDINATEFI. 

12. Another method of expressing the position of a point 
is often employed. 

If we were given a fixed point 0, and a fixed line through it 
0-B, it is evident that we should 
know the position of any point 
P, if we knew the length OPj 
and also the angle POB. The 
line OP is called the radhis 
vector ; the fixed point is called A 

the pole; and this method is called the method of polar co^ 
ordinates. 

It is very easy, being given the x and y coordinates of a 
point, to find its polar ones, or vice versd. 
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First, let the fixed line 
coincide with the axis of a:, 
then \^'e have 
OPiPMiiBiuPMO : sinPOilf; 

denoting OP by p, POM by 
0^ and YOX by ©, then 



POLAR COORDINATES, 



^,^ p sin^ 
PM or y=^^. ; 




and similarly, 



p sin (o) — ^) 



OM==x = 



sina> 



For the more ordinary case of rectangular coordinates, 



€0 = 90", and we have simply 
a; = p cos^ and .y = p sin^. 
Secondly, let the fixed 

line OB not coincide with the 

axis of a;, but make with it an 

angle = a, then 

POB^e and POM =6 -a, 




X 



and we have only to substitute &- a for in the preceding 
formulas. 

For rectangular coordinates we have 

ic = p cos (^ - a) and y = p sin (5 - a). 

Ex. 1. Change to polar coordinates the following equations in rectangular co- 

x^ + y^ = bmx. Am, p = 5m cos0. 

s^-y^-a\ Ans. p^coa2d = d^. 

Ex. 2. Change to rectangular coordinates the following equations in polar co- 

/b2 sin 20 = 2a2. Ans. xy = a^. 

^2 = a2co820. Ans. (a:* + yT = «MaJ* - S^- 



ordinates: 



ordinates : 



= a* COB 20. 
^*cosi0 = a*. 
pi = aicos40. 



Ans. ic« + y« = (2a - x)«. 

Ans. (2x^ + 2f/^-axy = a^{x^ + l 



13. To express the distance between two points^ in terms of 
their polar coordinates, ^ ^ 

Let P and Q be the two points, 

OP^p\ POB=^&:, 

OQ^p\ QOB^ff'^, o 

then PQ'^Or^r OQ^-20P.OQ.cobPOQj 

or S'* = p'^ + p'" - 2p'p" cos [6" - d'). 
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THE RIGHT LINE. 

14. Any two equations between the coordinates represent 
geometrically one or more points. 

I£ the equations be both of the first degree (see Ex. 5, p. 4) 
they denote a single point. For solving the equations for 
X and y, we obtain a result of the form x = aj y = J, which, 
as was proved in the last chapter, represents a point. 

If the equations be of higher degree, they represent more 
points than one. For, eliminating y between the equations, 
we obtain an equation containing x only; let its roots be a^, 
ttg, a^, &c. Now, if we substitute any of these values (a,) for 
X in the original equations, we get two equations in y, which 
must have a common root (since the result of elimination be- 
tween the equations is rendered = by the supposition x = a J. 
Let this common root be y = /8^. Then the values x^a^^y^ /8,, 
at once satisfy both the given equations, and denote a point 
which is represented by these equations. So, in like manner| 
is the point whose coordinates are x=^a^y y = ^3,, &c. 

Ex. 1. What point is denoted by the eqiiatioiifl 3j? + 5y = 13, 4a; — y = 2 ? 

Ant. X = 1, y = 2 

Ex. 2i What points are represented by the two equations a;« + y* = 6, «y = 2 ? 
Eliminating y between the equations, we get aj* — 6x* + 4 = 0. The roots of this 
equation are x^=l and o^ = 4, and, therefore, the four values of a; are 
« = +l, a; = -l, a: = + 2, a; = -2. 

Substituting these successively in the second equation, we obtain: the corresponding 

values of y, 

y = + 2, y= - 2, y = + 1, y = - 1. 

The twa given equations, therefore, represent tlie four points 

(+ 1, + 2), (- 1, - 2), (+ 2, +1), C- 2. - 1). 

Ex. 3. What points are denoted by the equations 

aj-y = l, a;« + y2 = 26? Ans. (4,8), (-8, -4). 

Ex.4. What points are denoted by the equations 

«j»-6« + y + 8 = 0, a*+y«-6aj-8^+6 = 0? 

Ans. (1, 1), (2, 8), (3, 8), (4, 1), 
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15. A single equation between the coordinates denotes a 
geometrical locus. 

One equation evidently does not afford us conditions enough 
to determine the two unknown quantities a?, y; and an inde- 
finite number of systems of values of x and y can be found which 
will satisfy the given equation. And yet the coordinates of 
any point taken at random will not satisfy it. The assemblage 
then of points, whose coordinates do satisfy the equation, forms 
a locuSj which is considered the geometrical signification of 
the given equation. 

Thus, for example, we saw (Ex. 8, p. 4) that the equation 

(a,-.2)»+(y-3r=16 

expresses that the distance of the point xg from the point 
{2 J 3) = 4. This equation then is at! ificd by the coordinates of 
any point on the circle whose centre is the point (2, 3), and 
-whose radius is 4; and by the coordinates of no other point. 
This circle then is the locus which the equation is said to 
represent. 

We can illustrate by a still simpler example, that a single 
equation between the coordinates signifies a locus. Let ua 
recall the construction by which (p. 1) we determined th(^ 
position of a point from 
the two equations a; = o, 
y = i. We took OM=a^ 
we drew MK parallel to 
OY'j and then, measuring 
MP=b^ we found P, the 
point required. Had we 
been given a different value 
of y, a? = a, y = J', we should 
proceed as before, and we 
should find a point P' still situated on the line MK^ but at 
a dificrent distance from M. Lastly, if the value of y were 
left wholly indeterminate, and we were merely given the 
single equation x^a^ we should know that the point P 
was situated somewhere on the line ilOT, but its position in 
that line would not be determined. Hence the line MK ia 
the locus of all the points represented by the equation x = a^ 
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Bince, whatever pomt we take on the line ilfiT, the x of that 
point will always = a. 

16. lu general, if we are given an equation of any degree 
between the coordinates, let us assume for x any value we 
please (ic = a), and the equation will enable us to determine 
a finite number of values of y answering to this particular 
value of X ; and, consequently, the equation will be satisfied for 
each of the points (/?, g', r, &c.), whose x is the assumed value, 
and whose y is that found from the equation. Again, assume 
for X any other value 
(aj = a'), and we find, 
in like manner, ano* 
ther series of points, 
V\ fi'j ^'j whose co- 
ordinates satisfy the 
equation. So again, 
if we assume x = a" 
or a? = a"', &c. Now, 
if X be supposed to 
take successively all 
possible values, the assemblage of points found as above will 
form a hcus^ every point of which satisfies the conditions of the 
equation, and which is, therefore, its geometrical signification. 

We can find in the manner just explained as many points 
of this locus as we please, until we have enough to represent 
its figure to the eye. 

Ex. 1. Represent in a figure* a series of points which satisfy the equation 
y = 2a; + 3. 

Arts. Giving x the values — 2,-1, 0, 1, 2, Ac, we find for y, - 1, 1, 3, 5, 7, Ac, 
and the corresponding points will be seen all to lie on a right line. 

Ex. 2. Represent the locus denoted by the equation y = a* — 3a; — 2. 

Ans, To the values for », — 1, — J, 0, J, 1, §, 2, f , 3, 2, 4 j correspond for 
y, 2, - i, - 2, - V» - 4, - V, - 4, - V» - 2, - i, 2. If the points thus denoted 
be laid down on paper, they will sufficiently exhibit the form of the curve, which may 
be continued indefinitely by giving x greater positive or negative values. 

Ex. 3. Represent the curve y = 3 + ^(20 - x- x*). 

Here to each value of x correspond two values of y. No part of the curve lies to 
the right of the line a; = 4, or to the left of the line a? = — 5, since by giving greater 
positive or negative values to x, the value of y becomes imaginary, 

* The learner is recommended to use paper ruled into little squares, which is sold 
lUider the name of logarithm paper. 
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17. The whole science of Analytic Geometry is founded 
on the connexion which has been thus proved to exist between 
an equation and a locus. If a curve be defined by any 
geometrical property, it will be our business to deduce from that 
property an equation which must be satisfied by the coordinates 
of every point on the curve. Thus, if a circle be defined as 
the locus of a point [x^ y)^ whoi3e distance from a fixed point 
(a, h) is constant, and equal to r, then the equation of the circle 
in rectangular coordinates is (Art. 4), 

On the other hand, it will be our business when an equation is 
given, to find the figure of the curve represented, and to deduce 
its geometrical properties. In order to do this systematically, 
we make a classification of equations according to their degrees, 
and beginning with the simplest, examine the form and pro- 
perties of the locus represented by the equation. The degree 
of an equation is estimated by the highest value of the sum 
of the indices of x and y in any term. Thus the equation 
ay + 2a5 + 3^ =s 4 is of the second degree, because it contains 
the term acy. If this term were absent, it would be of the 
first degree. A curve is said to be of the n^ degree when the 
equation which represents it is of that degree. 

We commence with the equation of the first degree, and we 
shall prove that this always represents a right line^ and, 
conversely, that the equation of a right line is always of the 
first degree. 

18. We have already (Art. 15) interpreted the simplest case 
of an equation of the first degree, namely, the equation x = a. 
In like manner, the equation y = h represents a line PN parallel 
to the axis OX^ and meeting the axis Y at a distance from 
the origin 0N=^ h. If we suppose h to be equal to nothing, 
we see that the equation y = denotes the axis 0X\ and in 
like manner that x = denotes the axis OY. 

Let us now proceed to the case next in order of simplicity, 
and let us examine what relation subsists between the co- 
ordinates of points situated on a right line passing through 
the origin. 
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If we take any point P 
on such a line, we see that 
hoik the coordinates PM^ 
OM^ will vary in length, 
but that the ratio PM: OM 
will be constant, being = 
to the ratio 

sin POif: sin^PO. 
Hence we see that the 
equation 

_ sin P03f 

^"sini/PO^ 

will be satisfied for every 

point of the line OP, and 

therefore this equation is said to be the equation of the line OP. 

Conversely, if we were asked what locus was represented 
by the equation 

write the equation in the form ^ = »w, and the question is : " To 

find the locus of a point P, such that, if we draw PM^ PN 
parallel to two fixed lines, the ratio PM: PN may be constant." 
Now this locus evidently is a right line OP, passing through 
0, the point of intersection of the two fixed lines, and dividing 
the angle between them in such a manner that 

sinPOJf=^wsinPO^. 

If the axes be rectangular, sin PO-W= cos PO J/; therefore, 
m = tan POif, and the equation y — mx represents a right line 
passing through the origin, and making an angle with the 
axis of a;, whose tangent is m, 

19. An equation of the form y =» + mx will denote a line 
OP^ situated in the angles FOX, Y'OX\ For it appears, 
from the equation y^-^-mXy that whenever x is positive y 
will be positive, and whenever x is negative y will be negative. 
Points, therefore, represented by this equation must have their 
coordinates either both positive or both negative, and such 
points we saw (Art. 3) lie only in the angles YOX^ Y'OX'. 
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On the contrary, in order to satisfy the equation y = -mx^ 
if X be positive y must be negative, and if x be negative y 
must be positive. Points, therefore, satisfying this equation 
will have their coordinates of different signs; and the line 
represented by the equation, must, therefore (Art. 3), lie in the 
angles Y'OX, YOX'. 

20. Let us now examine how to represent a right line PQ^ 
situated in any manner 
with regard to the axes. 

Draw OB through 
the origin parallel to PQ, 
and let the ordinate PM 
meet OB in B. Now it 
is plain (as in Art. 18), 
that the ratio BM : OM 
Will be always constant 
{BM always equal, sup- 
pose, to m.OM)'j but the ordinate PM differs from EM by 
the constant length PB=^OQ^ which we shall call b. Hence 
we may write down the equation 

PM=BM+PB, or PM=m.OM+PBj 
that is y = mx + h. 

The equation, therefore, ^ = wo; + i, being satisfied by every 
point of the line PQ, is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as OR^ parallel to the right line PQy lies in 
the angle YOX^ or Y' OX. And, again, b will be positive 
or negative according as the point Q^ in which the line meets 
OY^ lies above or behw the origin. 

Conversely, the equation y=-mx-\-b will always denote a 
right line ; for the equation can be put into the form 

• = 7W« 

X 

Now, since if we draw the line QT parallel to OM^ TM will 
be =J, and PT therefore =y—bj the question becomes: "To 
find the locus of a point, such that, if we draw PT parallel 
to or to meet the fixed line QTj PT may be to QT in 9, 
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constant ratio ;'' and this locus evidently is the right line FQ 
passing through Q. 

The most general equation of the first degree, ^a:+J?y+(7=0, 
can obviously be reduced to the form y = mx-\'b^ since it is 
equivalent to 

A 

this equation therefore always represents a right line* 

21. From the last Articles we are able to ascertain the 
geometrical meaning of the constants in the equation of a 
right line. If the right line represented by the equation 
i/ = mx-\-b make an angle =a with the axis of x^ and =/3 
with the axis of ^, then (Art. 18) 

sin a 
sm/8' 

and if the axes be rectangular, m = tana. 

We saw (Art. 20) that b is the intercept which the line cuts 
off on the axis of y. 

If the equation be given in the general form Ax-\- By -{■ C =0^ 
we can reduce it, as in the last Article, to the form y = mx + b^ 
and we find that 

A 8ina 

c 

or if the axes be rectangular =tana} aiid that - -jt is the 

length of the intercept made by the line on the axis of y. 

Cor. The lines y = mx -{-b^ y = m'x + b' will be parallel to 
each other if w = w', since then they will both make the same 
angle with the axis. Similarly the lines Ax-{-By+O==0^ 
A'x + By + C = 0, will be parallel if 

A _A' 
B-B"' 

Beside the forms Ax 4 jBy + C = and y = mx 4 i, there 
are two other forms in which the equation of a right line 
IS frequently used; these we next proceed to lay before the 
reader. 

D 
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22. To express the equation of a line MN in terms of the 
intercepts OM^a^ ON^h which it cuts off on the axes. 
We can derive this from the form already considered 

A B 
-4aj + % + (7 = 0, or -^a:-f -^,^-1-1=0. 

This equation must be satisfied by the coordinates of every 
point on MN^ and there- 
fore by those of M^ which 
(see Art. 2) are ar = a, 
y = 0. Hence we have 

-a+l=0, -^=--. 

In like manner, since 

the equation is satisfied 

by the coordinates of N^ 

(a; = 0, y = J), we have 

B _ 1 

o~ r 

Substituting which values in the general form, it becomes 

- + ? = !• 
a 

This equation holds whether the axes be oblique or rect- 
angular. 

It is plain that the position of the line will vary with the 
signs of the quantities a and h For example, the equation 

X u 

- + ~ = 1, which cuts off positive intercepts on both axes, re- 
presents the line MN on the preceding figure ; f = !> cutting 

off a positive intercept on the axis of x^ and a negative in- 
tercept on the axis of y, represents MN\ 

Similarly, *" f ~ ^ represents NM' ; 




and 



X t/ 
f-^^ represents M'N*. 



By dividing by the constant term, any equation of the first 
degree can evidently be reduced to some one of these four forms. 
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Ex. 1. Examine the position of the following lines, and find the interoep ts thej 

make on the axes : 

2a;-8y = 7; 8« + 4y + 9 = 0; 

8x+2y = 6j 4y-6«=20. 

Ex. 2. The sides of a triangle being taken for axes, form the equation of the line 
joining the points which cut o£ the m^^ part of each, and shew, by Art. 21, that it 
is parallel to the base. x v I 

Ans. -+! = -. 
a b m 

23. To escpress the equation of a right line in terms of the 
length of the perpendicular on it from the origin^ and of the 
angles which this perpendicular makes with the axes. 

Let the length of the perpendicular OF=pj the angle POM 
which it makes with the axis of a; = a, 
FON=: i8, Oif = a, 0N=^ b. \ 

We saw (Art. 22) that the equa- ^ 

tion of the right line MNvraa 

a 

Multiply this equation by p, and wo 
have 



\x + '^y=p. 




ButH = 
a 



cos a, 



IB 



[, ^=cos/8; therefore the equation of the line ia 
a; cosa + y cos^ =|>. 
In rectangular coordinates^ which^j^f^gtall generally use, we 
have y3 = 90" - a ; and the equaj^fg^gcomes aj cosa + y sin a = p. 
This equation will includ€|^^ f^^^ cases of Art. 22, if we 
suppose that a may tak^^^ ^^^^^ fr^^ni to 360^ Thus, for 
the position -^^-^^^f^etween 90^ and 180% and the coefficient 
of oj is negatij^°L position M'N\ oi is between 180 and 

between JFB ^o ^^^ ^^^ ^ ^^^^^.^^ ^^^ ^^^ ^,,, 

coBine. M^'^ ""^ ^ ' ^^^ Vnwever it is more convenient 

i„ wri#i. .1". '••',"'° "r;.r."--r, -a «»»«■'« ' '» 
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angle, not exceeding 180**, made with the axis of x either by 
the perpendicular or its production. 

The general form -4j;4 5y + (7=0, can easily be reduced 
to the form a? cos a H- y sip a = j? ; for, dividing it by V(4* + ^), 
we have 

But we may take 

since the sum of squares of these two quantities = 1, 

A B 

Hence we learn that ,, .^ . p, . and , ., ^ are re- 

spectively the cosine and sine of the angle which the per- 
pendicular from the origin on the line [Ax-\-By-\- (7=0) makes 

Q 

with the axis of x^ and that -jrji — nax '^ the length of this 
perpendicular, 

*24. To reduce the equation Ax-\-By+ G=0 [rcj erred to 
oblique coordinates) to the form x cosa + y cos 13= p. 

Let us suppose that the given equation when multiplied 
by a certain factor B is reduced to the required form, then 
jB-4 = cosa, iJ5=cos^, But it can easily be proved that, if at 
9.nd fi be any two angles whose sum is co, we shall have 

cos*a + cos'iS — 2 cos a cos^ coso = sin*o>* 
Hence B^ (^« + £» - 2AB cos ©) = sin»», 

and the equation reduced to the required form is 
A Binea B sin en.^ 

i/{A'-^B''-2ABQ0B<o) ^■*" '^lA^TW^^2ABZ^ ^ 

C Bin ft) 

■^ V(^* + £'*- 2AB'cos^) 
And we learn that 

u4 sin a> B sin ft> 

V(4'* + i^--2^5cosG))' V(-4'+JB^-2-4i?cosft>)* 

* ArticlM and Chapters marked with an asteiisk may be omitted on a first reading; 
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are respectively the cosines of the angles that the perpendicular 
from the origin on the line Ax-\-By-\- G^O makes with the 

axes of X and y ; and that ,. ., . y ^^ — -— ^^ r is the length 

of this perpendicular. This length may be also easily cal- 
culated by dividing the double area of the triangle NOMj 
{ON. OM sin m) by the length of MN^ expressions for which 
are easily found. 

The square root In the denominators is, of course, susceptible 
of a double sign, since the equation may be reduced to either 
of the forms 

a? cos a + y cos^ ^2? == 0, as cos (a + 180°) f y cos (^ + 180**) + ^ = 0, 

25. To find the angle hetween two lines whose equations with 
regard to rectangular axes are given. 

The angle between the lines is manifestly equal to the angle 
between the perpendiculars on the lines from the origin; if 
therefore these perpendiculars make with the axis of x the 
angles a, a, we have (Art. 23) 

A , B 

cosa= ,, .,_^p ^; sma = 



\/{A' + B')' ~"""V(^" + ^')' 

, A' . , B 

cosa = // A')t . Tyatx ; Sin a = ' 



' V(^" + B') ' •'^" '^ - ^i^A" + B"") • 

11 w 'A BA'^AB 

Hence sm{a^a)^ VpM^^ V(^" + B'*) ? 

. . A A'-\-BB' 

cos (a a ; - ^(^« ^ -^.j ^(^'« ^ £'«j , 

^ ,. i. . f »^ BA'^AB 

and therefore tan (a - a ) = ^ ., ^ p/ • 

Cor. 1. The two lines are parallel to each other when 
BA'^AB = (Art 21), 
since then the angle between them vanishes. 

Cor. 2. The two lines are perpendicular to each other when 
AA' + BB'=^Oj since then the tangent of the angle between 
them becomes infinite. 
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If the equations of the lines had been given in the form 

Binoe the angle between the lines is the difference of the angles 
they make with the axis of a?, and since (Art. 21) the tangents 
of these angles are m and m\ it follows that the tangent of the 

required angle is -— , j that the lines are parallel if wi = m' ; 

and perpendicular to each other if mm' + !=(>, 

*26. To find the angle between two linesj the coordinates being 

oblique. 

We proceed as in the last article^ using the expressions of 

Art. 24, 

A sinQ> 

^^®* ^ V(^' + -B*-2^5cosa)) » 

, __ -4' sin Q> 

^®* ■"V(^'' + 5"'-2^'5'cosai) 5 



consequently, 



B—A cosfi> 
sin a = 



Bin a =s 



V(^" + 5* -2-45 008 0))' 

B—A cos ft) 

V(^'* + 5"-2-4'5'cosa))' 



Hence 

. . _^ « { BAl - ^g^) sin ft) 

sm (a a ) - ^^^, ^ ^ _ 2^5cosg)) V(^'*4 5'* - 24'5' cos ft)) ' 

»_ 55^ + AAl - (^g + AB) cos ft) 

cos (a a ) - ^^^, _^ ^, _^ 2^^ cos «>) V(^" + B' - 2^'^' cos ft)) ' 

, , (Jg4^-u4g) sino) 

^*°^*""*^""^^' + 5g-(^5' + i^^'jcosft)* 

Cor. 1. The lines are parallel if BA = AB. 

Cor. 2. The lines are perpendicular to each other if 

AA ^-BB^ {AB' + BA) cos o). 

27. ^ right line can be found to satisfy any two conditions. 

Each of the forms that we have given of the general equa- 
tion of a right line includes two constants. Thus the forms 
y=imx + bj X co»a+y sina=p, involve the constants m and 5, 
p and a. The only form which appears to contain more con- 
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stants IS Ax + 5y + (7= ; but in tbis case we are concerned not 

with the absolute magnitudes, but only with the mutual ratios 

of the quantities -4, J?, C. For if we multiply or divide the 

equation by any constant it will still represent the same line : 

we may divide therefore by 0, when the equation will only 

A B 
contain the two constants p^ -p' Choosing, then, any of these 

forms, such asy = ma; + &9 to represent a line in general, we 
may consider m and b as two unknown quantities to be deter- 
mined. And when any two conditions are given we are able 
to find the values of m and J, corresponding to the particular 
line which satisfies these conditions. This is sufficiently illus- 
trated by the examples in Arts. 28, 29, 32, 33. 

28. To find the equation of a right line parallel to a given 
one^ and passing through a given point xy\ 

If the line y = mx + J be parallel to a given one, the con- 
stant m is known (Cor., Art. 21). And if it pass through a 
fixed point, the equation, being true for every point on the line, 
is true for the point xy\ and therefore we have y' ^mx \h^ 
which determines 5. The required equation then is 

y = inx'\'y''' mx\ or y — y' = w (aj — x'). 

If in this equation we consider m as indeterminate, we 
have the general equation of a right line passing through the 
point xy', 

29. To find the equation of a right line passing through two 
fixed points xy\ x"y\ 

We found, in the last article, that the general equation of 
a right line passing through xy' is one which may be written 
in the form 

z — x ' 

where m is indeterminate. But since the line must also pass 
through the point x!'y'\ this equation must be satisfied when 
the coordinates oj", y'\ are substituted for x and y ; hence 

7, — -, = w. 

X - X 
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Sabstltuting this value of nij the equation of the line becomes 

X —a? X --x 
In this form the equation can be easily remembered, but, 
clearing it of fractions, we obtain it in a form which is some-» 
times more convenient, 

(y - y") «'-(«''- ^") y + f y - y'a;" = o. 

The equation may also be written in the form 
{x - x') {y - y") = (a? " x') (y - y'). 

For this is the equation of a right line, since the terms ocy^ 
which appear on both sides, destroy each othei:; and it is 
satisfied either by making x = x'j y=^y\ or aj= a?", y = y^'» 
Expanding it, we find the same result as before. 

Cor. The equation of the line joining the point x'y' to the 
origin is y'x = x'y, 

Ex. I. Fonn the equations of the sides of a triangle, the coordinates of whose 
vertices are (2, 1), (3,-2), (-4,-1). ^>w. a; + 7y + 11 = 0, Sy- a? = 1, 3x + y = 7. 

Ex. 2. Form the equations of the sides of the triangle formed by (2, 3), (4, — 5), 
(_ 3, - 6). Ans, 0? - 7y = 39, 9a; - 5y = 3, 4a: + y = 11. 

Ex. 3. Form the equation of the line joining the points 

, , , mx' + nx" mi/ + nV' 
»y and ; , -^——— • 

Arts, (y'-y")a?-(a'-«")y + »y'-yV' = 0. 

Ex. 4. Form the equation of the line joining 

a-y and — ^ — , "^ g^ . 

Ans, (y" + y'" - 2y') x - {x" + x'" - 2a;') y + ar'y - y'V + x'y - y* V = 0, 

Ex. 5. Form the equations of the bisectors of the sides of the triangle described 
in Ex. 2. Ans, 17a; - 3y = 25, 7a; + 9y + 17 = 0, 5a; - 6y = 21. 

Ex. 6. Form the equation of the line joining 

Ix'-mx" y - my" Ix' - no!" l^f -nf 
l^rri ' l-m ' l-n » /-« ' 

Ans, x[l{m- n) y'+ m{n^T) y"+ n{l-m) y'"} -y{l{m-n) x'+ m{n-T) aj"+ n {t- m) x '"} 
= Im (yV - xY) + mn (y'V" - x'Y') + nl (y"V - yV"). 

30. To find the condition that three points shall lie on one 
right line. 

We found (In Art. 29) the equation of the line joining two 
of them, and we have only to see if the coordinates of the 
third will satisfy this equation. The condition, therefore, is 
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^hich can be put into the more symmetrical form 

y, (aJ,-a?,)+y,{aj,-a?J + 3^3(a:,-ar,)=0» 

31. To find the coordinates of the point of intersection of two 
right lines whose equations are given. 

Each equation expresses a relation which must be satisfied by 
the coordinates of the point required ; we find its coordinates, 
therefore, by solving for the two unknown quantities x and y, 
from the two given equations. 

We said (Art. 14) that the position of a point was deter- 
mined, being given two equations between its coordinates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci represented by the equations. Even the simplest 
equations to represent a point, viz. a; = a, y = i, are the equa- 
tions of two parallels to the axes of coordinates, the intersection 
of which is the required point. When the equations are both 
of the first degree they denote but one point ; for each equation 
represents a right line, and two right lines can only intersect in 
one point. In the more general case, the loci represented by 
the equations are curves of higher dimensions, which will inter- 
sect each other in more points than one. 

Ex. 1. To find the coordinates of the verticea of the triangle the equations of 
whose sides area; + y = 2; a; — 3y = 4j 3a; + 6y + 7 = 0. 

^w. (- tV, - «), (V, - V), (^ - f). 
Ex. 2. To fiad the coordinates of the intersections of 

3a: + y - 2 = J a; + 2y = 5 J 2a; - .•Jy + 7 = 0. 

^ns, (i, V),(-T»i, ?!),(- I, V). 
Ex. 3. Find the coordinates of the intersections of 

2a; + 3y = 13 J 6aj - y = 7 J X - 4y + 10 = 0. 

Ana. They meet in the point (2, 3)* 

Ex. 4. Find the coordinates of the vertices, and the equations of the diagonal^ 
of the quadrilateral the equations of whose sides are 

2y - 3a; = 10, 2y + a; = 6, 16a; - lOy = 83, 12a; + Uy + 29 = 0. 

Am. (-1,^), (3, f), (i,-$), (-3,i)j 6y-a; = 6, 8a; + 2y + l = 0, 

* In using this and other similar formulae, which we shall afterwards have occasion 
to employ, the learner must be careful to take the coordinates 

in a fixed order (see engraving). For instance, in the second member y^"^^** 

of the formula just given, y^ takes the place of y„ a*, of Xj, and Xi r'l ) 1 

of X,. Then, in the third member, we advance from y^ to y,, from A. Jf 

X, to x„ and from X| to x,, always proceeding in the order just ^^ Jr'** 
indicated. 
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Ex. 5. Find the intersections of opposite sides of the same quadrilateral, and the 
equation of the line joining them. Arts. (83, ^»), (- V» Vy)» 162^ - 199a; = •k^(M. 

Ex. 6. Find the diagonals of the parallelogram formed by 
x = aj x=a% y = b, y-b\ 
Ans. {J> - b') X - {a - a') y = a'b - ab' ', {b - b') X + {a - oT) y = ab - a'b'- 

Ex. 7. The axes of coordinates being the base of a triangle and the bisector of 
the base, form the equations of the two bisectors of sides, and find the coordinates 
of their intersection. Let the coordinates of the vertex be 0, y', those of the base 
angles x\ ; and - x\ 0. _ _ . __ / y\ 



Ans, Bx'y - y'x -x'y'zzO; 8x'y + y'x - x'l/ = ; (o, ^j . 



Ex. 8. Two opposite sides of a quadrilateral are taken for axes, and the other 
two are 

2a ^ lb ~ ' 2a' ^ 2o' ~ ' 

find the coordinates of the middle points of diagonals. Ana. (a, b')^ (a', b), 

Ex. 9. In the same case find the coordinates of the middle point of the line 

joining the intersections of opposite sides. 

a'b.a — ab'.a' a'b.b' — ah',b ■• ^-l , ' - ., ,, , 

Ans. — ,. — .-- , TT Ti — ; and the form of the result shows (Art. 7) 

a'b — ah ' a'b — ab ^ ^ ' 

that this point divides externally, in the ratio a'b : ab\ the line joining the two middle 

points (o, A'), {a'y b)» 

32. To find the equation to rectangular axes of a right line 
passing through a given pointy and perpendicular to a given line^ 
y = mx + h. 

The condition that two lines should be perpendicular, being 
mm =- 1 (Art. 25), we have at once for the equation of the 
required perpendicular 

It is easy, from the above, to see that the equation of the per- 
pendicular from the point x'y on the line Ax ■{ By + C=0 is 

A{y--y') = B{x^x% 
that is to say, we interchange the coefficients of x and y, and alter 
the sign of one of them, 

Ex. 1. To find the equations of the perpendiculars from each vertex on the 
opposite side of the triangle (2, 1), (3, - 2), (- 4,-1). 
The equations of the sides are (Art. 29, Ex. 1) 

a: + 7y + ll = 0, 3y - a; = 1, 3a + y = 75 
and the equations of the perpendiculars 

7a? - y = 13, 3a; + y = 7, 3y - aj = 1. 
The triangle is consequently right-angled. 

Ex. 2. To find the equations of the i)erpendicular8 at the middle points of the 
side of the same triangle. The coordinates of the middle points being 

(-i,-f), (-1,0), (i,-i). 
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The perpendiculara are 
7a; -^ + 2 = 0, 3a; + y + 3 = 0, 3y-« + 4 = 0, intersecting in (- |, - 3). 

Ex. 3. Find the equations of the perpendiculars from the vertices of the triangle 
(2, 3), (4, - 6), (- 3, - 6) (see Art. 29, Ex. 2). 

Atu. 7x +y = 17, 6a; + 9jr + 25 = 0, a? — 4y = 21 j intersecting in (§», - ^). 

Ex. 4. Fi&d the equations of the perpendiculars at the middle points of the sides 
of the same triangle. 

Afu. 7a; + y + 2 = 0, 6a; + 9y + 16 = 0, « - 4y = 7 ; intersecting in (- ^V* - ti)- 

Ex. 6. To find in general the equations of the perpendiculars from the vertices on 
the opposite sides of a triangle, the coordinates of whose vertices are given. 

Ant. (oT - a;"') x-^iff' - y'") y + (arV" + y'y'" ) - {afx'* + yY ) = 0, 
(aJ^'-a;')a;+(y'"-y')y + (a;'V + yY )-(*"«"' + y"/") = 0, 
(^ -a/')a;+Cy' - y" ) y + (aTx" + y'^y'O - (a:" V + y* V ) = 0. 
Ex. 6. Find the equations of the perpendiculars at the middle points of the sidis. 

Aas. {oT -a;'")a; + (y" - y*") y = i (a:"* -«'"^ + J (y"« -y"^, 
(a;"'-a;' )x + {f/"--i^ ) y = i (a:'"«-a;'« ) + ^ [y"*^-y'^ ), 
(a;' -ar)a;+(/ -y")y = J(x^ -*^) + 4(y'« -y"«). 

Ex. 7. Taking for axes the base of a triangle and the perpendicular on it from 
the vertex, find the equations of the other two perpendiculars, and the coordinates 
of their intersection. The cooxdioates of the vertex are now (0, yQ, and of the 
base angles (a/', 0), (- ar% 0). 

y' 

Ex. S. Using the same axes, find the equations of the perpendiculars at the middle 
points of sides, and the coordinates of their intersection. 

Ans. 2{x''*x+/y)=y'^-x'"^,2ix''x-y*y)=af*^-y^,2xz=x''-xr, (f^^, ^—S^)' 

Ex. 9. Form the equation of the perpendicular from a^ o^ ^^ ^^ *<x>9 a +y sin a ^p ; 

and find the coordinates of the intersection of this perpendicular with the given line. 

Ans. {x* + cosa {p - a;' cos a — /sino), y' + sina^p — a;'coso — y* sina)}. 

Ex. 10. Find the distance between the latter point and a;'/. 

Ana, ±{p — af cosa — y* sina). 

33. To find the equation of a line passing through a given 
point and making a given angle ^, with a given line y = mx + h 
(the axes of coordinates being rectangular)^ 

Let the equation of the required line be 

and the formula of Art. 25^ 

m — m*^ 
tan© = r— , ^ 

enables us to determine 

, m — tan <p 
" 1 + w tan ^ ' 



Ans. a;'"(x-a;n+yV = 0, ar(x + ar)-y'y = 0, (o, ^'). 
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34. To find the length of the perpendicular from any point 
xy on the line whose equation is x cosa-\-y cosfi-p^O. 

We have already indicated (Ex. 9 and 10, Art. 32) one way 
of solving this question, and 
we wish now to shew how the 
same result may be obtained 
geometrically. From the given 
point Q draw QB parallel to 
the given line, and Q8 perpen- 
dicular. Then OK=x\ and 
OT will be = x' cos a. Again, 
gince SQK^P, and QK^y\ 
JiT= QS=y cos^i 

hence x' cosa + y' cos^S = OB. 

Subtract OP^ the perpendicular from the origin, and 

X* cos a + y' cosfi —p = PB = the perpendicular Q V. 

But if in the figure the point Q had been taken on the side 
of the line next the origin, OB would have been less than OPj 
and we should have obtained for the perpendicular the expression 
p—x' cos a — y cos iS ; and we see that the perpendicular changes 
sign as we pass from one side of the line to the other. If we 
were only concerned with one perpendicular, we should only 
look to its absolute magnitude, and it would be unmeaning to 
prefix any sign. But if we were comparing the perpendiculars 
from two points, such as Q and 5, it is evident (Art. 6] that the 
distances QVy 8V^ being measured in opposite directions, must 
be taken with opposite signs. We may then at pleasure choose 
for the expression for the length of the perpendicular either 
±[p'~z' cos a- y' cos/8). If we choose that form in which the 
absolute term is positive, this is equivalent to saying that the 
perpendiculars which fall on the side of the line next the origin 
are to be regarded as positive, and those on the other side as 
negative ; and vice versd if we choose the other form. 

If the equation of the line had been given in the form 
Ax + By+ C==0^wG have only (Art. 24) to reduce it to the 
foru^ 

;r co5 « 4 y cos )8 -^ = 0, 
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and the length of the perpendicular from any point xy 

Ax+By-{-C [Ax'-^-By-V C) 8ina> 

" ^{A'±B*) »^''v(^'' + ^'-2^5co8a))» 
according as the axes are rectangular or oblique. By comparing 
the expression for the perpendicular from x'y' with that for the 
perpendicular from the origin, we see that xy' lies on the same 
side of the line as the origin when Ax + By + has the same 
sign as (7, and vice versd. 

The condition that any point xy should be on the right line 
Ax-{-By-\- (7=0j is, of course, that the coordinates xy' should 
satisfy the given equation, or 

Ax-{-By-^ (7=0. 

And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from 
the point x'y' on the given line is = 0. 

Ex. 1. Find the length of the perpendicular from the origin on the line 
Sx + 4y + 20 = 0, 
the axes being rectangular. Ana, 4. 

Ex. 2. Find the length of tte perpendicular from the point (2, 8) on 2a; + y - 4 = 0. 

Q 

Ans. f= , and the given point is on the side remote from the origin. 

Ex. 8. Find the lengths of the perpendiculars from each vertex on the opposite 
Bide of the triangle (2, 1), (3,-2), (-4, - 1). 

Ans, 2 ^(2), ^(10), 2 ^/(10), and the origin is within the triangle. 

Ex. 4. Find the length of the perpendicular from (8, — 4) on 4j; + 2y = 7, the 
angle between the axes being 60*^. • 

Ans. i J and the point is on the side next the origin. 

Ex. 5. Find the length of the perpendicular from the origin on 

a (x - a) + 6 (y - 6) - 0. Ans. ^(a* + b^. 

35. To find ike equation of a line bisecting the angle between 
two lines^ x cosa + y sina — ^ = 0, x cos/3 + y sin/8-y = 0. 

We find the equation of this line most simply by expressing 
algebraically the property that the perpendiculars let fall from 
any point xy of the bisector on the two lines are equal. This 
immediately gives us the equation 

X cosa + y sina-^ = ± (a; cos/8 + y sin/8— p'), 

since each side of this equation denotes the length of one of 
those perpendiculars (Art. 34). 
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If the equations had been given in the form Ax + J?y + C= 0> 
A'x 4 By + (7' = 0, the equation of a bisector would be 

Ax + Bt/-\- G _ A'x H- jg y + C 
^{A'-\-B'] "^ V(^" + i'") ' 

It is evident from the double sign that there are two bisectors : 
one such that the perpendicular on what we agree to consider 
the positive side of one line is equal to the perpendicular on 
the negative side of the other; the other such that the equal 
perpendiculars are either both positive or both negative. 

If we choose that sign which will make the two constant 
terms of the same sign, it follows, from Art. 34, that we shall 
have the bisector oif that angle in which the origin lies ; and if 
we give the constant terms opposite signs, we shall have the 
equation of the bisector of the supplemental angle. 

Ex. 1. Reduce the equations of the bisectors of the angles l)etween two lines to 
the form a; cos o + y sin o =p, 

An8.xcoB[k{a + P)-\- 900} +y 8in{i (« + ^ + 90^} = gil^f^fr^* 

«COsHa + ^)+y8ini(a + ^ = 2-^j'^(f^- 

Ex. 2. Find the equations of the bisectors of the angles between 
3a; + 4y-9 = 0, 12» + 6y-3 = 0. 

Arts. 7a; - 9y + 34 = 0, 9a; + 7y = 12. 

36. To find the area of the triangle formed hy three points. 
If we multiply the length of the line joining two of the 
points, by the perpendicular on that line from the third point, 
we shall have double the area. Now the length of the perpen- 
dicular from ^3^3 on the line joining x^y^^ xjj^^ the axes being 
rectangular, is (Arts. 29, 34) 

and the denominator of this fraction is the length of the line 
joining ajj^, a^^y,, hence 

represents double the area formed by the three points. 

If the axes be oblique, it will be found, on repeating the 
investigation with the formulae for oblique axes, that the only 
change that will occur is that the expression just given is to be 
multiplied by sin ©. Strictly speaking, we ought to prefix to 
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these expressions the double sign implicitly involved in the 
square root used in finding them. If we are concerned with 
a single area we look only to its absolute magnitude without 
regard to sign. But if, for. example, we are comparing two 
triangles whose vertices xjf^^ xju^^ are on opposite sides of the 
line joining the base angles ar^y,, xjf^^ we must give their areas 
difierent signs ; and the quadrilateral space included by the four 
points is the sum instead of the difiference of the two triangles. 

Cor. 1. Double the area of the triangle formed by the lines 
ioining the points rc^y^, xjj^ to the origin is y,a?a — y^a?,, as appears 
by making x^ = 0, ^3 = 0, in the preceding formula. 

Cor. 2. The condition that three points should be on one 
right line, when interpreted geometrically, asserts that the area 
of the triangle formed by the three points becomes = (Art. 30). 

37. To express the area of a polygon in terms of the co- 
ordinates of its angular points. 

Take any point xy within the polygon, and connect it with 
all the vertices xjf^^ ^ay3"^^„y„; *^®° evidently the area of the 
polygon is the sum of the areas of all the triangles into which 
the figure is thus divided. But by the last Article double these 
areas are respectively 

"When we add these together, the parts which multiply x and y 
vanish, as they evidently ought to do, since the value of the total 
area must be independent of the manner in which we divide it 
into triangles ; and we have for double the area 

{x^y, - x^y;) + {x^y, - x^^) + {xj/^ - ar^J +. . . {x^y^ _ x^yj. 
This may be otherwise written, 

or else 
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Ex. 1. Find the area of the triangle (2, 1), (3, - 2), (- 4, - 1). Ans. 10. 

Ex. 2. Find the area of the triangle (2, 8), (4, - 6), ( - 3, - 6). Am. 29. 

Ex. 3. Find the area of the qnadrilateral (1, 1), (2, 8), (3, 3), (4, 1). Ans. 4. 

38. To find the condition that three right lines shall meet in 
a point. 

Let their equations be 

Ax + By-{-G^O, A'x + B't/+C=^0, A'x^ B"y+ G'^0. 
If they intersect, the coordinates of the intersection of two of 
them mast satisfy the third equation. But the coordinates of 

the mtersection of the first two are -j-^^ jj^ , -j-zpr, jr^ . 

AB - AB ' AB - AB 

Substituting in the third, we get, for the required condition, 
A" {BC ^B'C) + B" ( GA' - G'A) + G" {AB' - A'B) = 0, 

which may be also written in either of the forms 
A {B' G" - B" G') + B{ G'A" - G'A') + G {A'B" - A"B') = 0, 
A [BG" - B"G') + A' {B"G- BG") + A" [BG' ^B'G) = 0. 

*39. To find the area of the triangle formed hy the three lines 
Ax-\-By\-G=0, -4'a: + i'^+(7' = 0, A"x + B'y-\- G" ^0. 

By solving for x and y txpm each pair of equations in turn 
we obtain the coordinates of the vertices, and substituting 
them in the formula of Art. 36 we obtain for the double area 
the expression 

BG'-B'G { A'C'^G'A " _ A'G^G"A \ 

AB' - BA' \ B'A" - A'B" B'A - A"b\ 

BC'-B'G' [A'C- C'A __ AG'-GA \ 

■*■ A'B' - BA" \B'A - A'B BA - Ab\ 

B'Cj-BG" ( AG'^GA _ AC'^G'A" ) 

■^ A'B-B'A [BA'-'AB' BA'^-AB'] * 

But if we reduce to a common denominator, and observe that 
the numerator of the fraction between the first brackets is 

{A"{BC'''B'G) + A{B'C"''B'C') + A' [B'G- G"B)] 
multiplied by -4", and that the numerators of the fractions 
between the second and third brackets are the same quantity 
multiplied respectively by A and -4', we get for the double area 
the expression 

{A jB'G" - B'G') + A [B'G-- BG") + A' {BG' - BG)Y 
[AB - BA')[AB" - BA") [A'B- B'A) 
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If tbe three Hues meet in a point, this expression for the 
fa-ea vanishes (Art. 38) ; if any two of them are parallel, it 
becomes infinite (Art. 25). 

40. Oiven the equations of two right lines j to find the equation 
of a third iJiroiigh their point of intersection^ 

The method of solving this question, which will first occur 
to the reader, is to obtain the coordinates of the point of inter- 
section hj Art 31, and then to substitute these values for x'y in 
the equation of Art. 28, viz., y —y =^m{x —a?'). The question, 
however, admits of an easier solution bj the help of the following 
ijnportant principle : If 8=^0^ 8'^% be the equations of any two 
locij then the locus represented by the equation S -H k8' = {where 
k is any constant) passes through every point common to the two 
given loci. For it is plain that any coordinates which satisfy 
the equation S'=0, and also satisfy the equation fi" = 0, must 
likewise satisfy the equation 8 \'k8 = (L 

Thus, then, the equation 

{Ax-{-By + C) + k{A'xi-ffy-^C)=dy 
which is obviously the equation of a right line, denotes one 
passing through the intersection of the right lines 
Ax + By-{- C=0, Ax-hB'y-^- O' = 0, 
for if the coordinates of the point common to them both be sub- 
stituted in the equation {Ax -\-By-^ G)-\-k {Ax + By •{- C) = 0, 
they will satisfy it, since they make each nxeraber of the 
equation separately = 0. 

Ex. 1. To find tbe equation of the line joining, to the origin t^he intersection of 

Ax + Bf/+C=Oy A'x + B'y + C" = 0. 

Multiply tbe first by C", tbe second by C, and subtract, and the equation of the 

required lino \a {AC -r A'C) x + {BC — CB') y = j for it passes through tbe origin 

(Art. 18)j and, by the present article it passes through the intersection of tbe given lines. 

Ez; 2. To find tbe equation of the line drawn through the intersection of the same 
lines, parallel to the axis of a?^ Am. {BA' — AB*) y + CA' — AC = (i. 

Ex. 3. To find tbe equation of tbe line joining the intersection of tbe same lines 
to the point x'y'. Writing down by this article the general equation of a line through 
the intersection of the given lines, we determine k from, the consideration that it must 
be satisfied by the cooixlinates x'y'^ and find for the required eqjiation 

{Ax + By+C) {A'x' + B'y' + C) = {Ax' + By' + C) {A'x + B'y + C). 

Ex. 4. Find the equation of the line joining the point (2, 3) to the intersection of 
2x + By-\-l = 0f3x-4y = 5. 

Alls, 11 (2a; + 3y + 1) + 14 3a; - 4y - 5) = ; or 64a: - 2Sy = 59. 
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41. The principle established in the last article gives us a 
test for three lines intersecting in the same point, often more 
convenient in practice than that given in Art 38. Three right 
lines will pass through the same point if their equations being 
multiplied each by any constant quantity^ and added together^ the 
sum is identically = ; that is to say, if the following relation 
be true, no matter what x and y are : 

l{Ax+By-^C)-\-m{A'x + B'y-\- C) + n{A"x-\- B"y+ C?") = 0. 
For then those values of the coordinates which make the first 
two membera severally =? must also make the third == 0. 

Ex. 1. The three bisectors of the sides of a triangle meet in a point. Their 
equations are (Art. 29, ISx. 4) 

(y"+y"'-2y')x-(x^+a;'"-2a;')y + (x'y - y"x' ) + {x'Y -y"V)=0, 

(y"'+ ^ -2^)x- {x'" + »' - 2x" ) y + (x"y' -y"V') + {x'y" - y'x" ) = 0, 

(y* + sT - 2y"') x-{7^ + a:" - 2^") y + {xY' - ^x'" ) + (a: V - 1/"^"*) = 0. 

And since the three equations when added together yanish identically, the lines 

represented by them meet in a point. Its coordinates are found, by solving between 

any two, to be H^?' + ^' + «"')» 4 (y* + y" + y"% 

Ex. 2. Proye the same thing, taking for axes two sides of the triangle whose 

lengths a« a and 6, ^»,.2; + «_i^0, ? + ^-l = 0, 5-? = 0. 

a b ' a b * a b 

Ex. 3. The three perpendiculars of a triangle, and the three perpendiculars at 
middle points of sides respectiyely meet in a point. For the equations of Ex. 6 
and 6, Art. 82, when added together, yanish identically. 

Ex. 4. The three bisectors of the angles of a triangle meet in a point. For their 
equations are 

(a; cos a + y sin a —I? ) — (a; cos j3 + y sin)9 —p') = 0, 
{x COS/3+ y sin/3 -p' ) - {x cosy + y siny -p") = 0, 
(acosy + y siny-y)— (a;coso + y ema-p ) = 0, 

*42. To find the coordinates of the intersection of the line 
joining the points x'y\ x'y\ with the right line Ax + -B^ + (7=0. 
We give this example in order to illustrate a method (which 
we shall frequently have occasion to employ) of determining the 
point in which the line joining two given points is met by a 
given locas. We know (Art. 7) that the coordinates of any 
point on the line joining the given points must be of the form 
mx" + naf my" + nv' 

wi + n ' ^ m-\-n ' 

7n 
and we take as our unknown quantity — , the ratio, namely, in 
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which the line joining the points is cut by the given locus ; and 
we determine this anknown quantity from the condition, that 
the coordinates just written shall satisfy the equation of the 
locus. Thus, in the present example, we have 

m-\-n m + n ' 

hence >»_ Ax' + B^f'+C , 

and consequently the coordinates of the required point are 

_ {Ax' + Bt/'+C) x" ^ {Ax" + Bf + G) x ' 
^ " {Ax' + By' + 0) - (^aj" ^By" + G) ' 

with a similar expression for y. This value for the ratio m : n 
might also have been deduced geometrically from the considera- 
tion that the ratio in which the line joining a?y, cc'y is cut, is 
equal to the ratio of the perpendiculars from these points upon 
the given line ; but (Art. 34) these perpendiculars are 

A:x!^By'^G Ax"ArBy"^-G 
^{A' + ff) *'''* ^/[A'-¥B') • 

The negative sign in the preceding value arises from the fact 
that, in the case of internal section to which the positive sign of 
m : n corresponds (Art. 7), the perpendiculars fall on opposite 
sides of the given line, and must, therefore, be understood as 
having different signs (Art. 34). 

If a right line cut the sides of a triangle BG^ GA^ AB^ in 
the points LMN^ then 

BL.CM.AN_ 
LC.MA.NB'^ ^' 

Let the coordinates of the vertices be x'y^ ^"y"? ^"y*\ ^^^n 
£L _ Ax" + B y"+G , M 

X0~ Ax"'-\-By"'TG 
CM _ Ax'" -\- By'" + G L 

MA Ax' + By'-^G^ ^ 

AN__ Ax' -¥B y' +g 
NB Ax" + By"-^ G^ 

and the truth of the theo- 
rem is manifest. N 
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*43. To find the ratio in which the line joining two points 
^iVv '^J/^^ *** ^"^ ^y ^^^ line Joining two other points xj^^^ xjt)^. 
The equation of this latter line is (Art. 29) 

Therefore, by the last article, 

^ ^ _ (y3-y4)^i-K-^4)y. + ^«y4-^4y8 

W (y3-3^4)^a-K-'^4)y2 + ^3y4-^43/3* 

It IS plain (by Art. 36) that this is the ratio of the two triangles 
whose vertices are iB,y„ x^^^ oj^^, and x^^^ x^^^ cc^^, as is also 
geometrically evident. 

If the lines connecting any assumed point with the vertices of 
a triangle meet the opposite sides BG^ CA^ AB respectively^ in 
2>, E^ F^ then 

BD.CE.AF 
DG.EA.FB"'^ ' 

Let the assumed point be x^^^ and the vertices x^y^^ xjtf^^ 
3-3^3, then 

^(^ ^, (i/a - ^3) + ^4 (ye - yJ + ^3 iyi - v^) ' 
£J^ _ ^2(^8 - ^4^ +^«(y4-yJ + ^4(^2- ^3 ) 

EA oj, (y,-^^,) + x^[y^^y^)-{-x^ [y,-y^^ ' 

AF ^ x^ (y,-y,) 4 x^ (y^ -y,) +a^8 (y^-y*) 
FB x^{y,-y,) + x, (y,-y,) + x^y^-y^) ♦ 

and the truth of the theorem is evident. 

44. To find the polar equation of a right line (see Art. 12)< 
Suppose we take, as our fixed axis, OP the perpendicular on 

the given line, then let OR be 

any radius vector drawn from 

the pole to the given line 

OR = p, EOP=0i 
but, plainly, 

OR cos 0=^OP^ 
hence the equation is 

p QOB0=^'p. 
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If the fixed axis be OA making an angle a with the perpen- 
dicular, then ROA = 6^ and the equation is 

p cos [d - a) =j?. 

This equation may also be obtained by transforming the 
equation w ith regard to rectangular coordinates, 

X cosa + y sin a = p. 
Kectangular coordinates are transformed to polar by writing 
for a?, p cos^, and for y, p sin 6 (see Art. 12) ; hence the equation 
becomes 

p(cos^ cosa + sin^ sina) =/?; 
or, as we got before, p cos {d — a) =^. 
An equation of the form 

p[A cos0 + B&iu0)=G 
can be (as in Art. 23) reduced to the form p cos (^— a) =py by 
dividing by \/(^' H- -2*) ; we shall then have 

A . B C 

'^®'' " ^/{A^'-\-B') ' ^'""""Vi^M^) '-P ~ V(3M^) • 

^ 1. Beduce to lectaxigular coordinates the equation 

p = 2aBec(0+^). 
JBz. 2. Find the polar coordinates of the intersection of the following lines, and 
also the angle between them : /> cos (fl — - J = 2a, /> cos (^0 — - ) = a. 

-4fw./) = 2a, = ^, ang]e = ^. 

Ex. 3. Find the polar equation of the line passing through the points whose 
J)olar coordinates are p', ^ ) p' , 0". 

Am. p'p" sin (0' - 0") + p"p sin (0" - 0) + />/>' sin (0 - 0') = 0. 
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CHAPTER III. 



EXAMPLES ON THE BIGHT LINE. 



45. Having in the last chapter laid down principles by 
which we are able to express algebraically the position of any 
point or right line, we proceed to give some further examples 
of the application of this method to the solution of geometrical 
problems. The learner should diligently exercise himself in 
working out such questions until he has acquired quickness 
and* readiness in the use of this method. In working such 
examples our equations may generally be much simplified by a 
judicious choice of axes of coordinates; since, by choosing for 
axes two of the most remarkable lines on the figure, several of 
our expressions will often be much shortened. On the other 
hand, it will sometimes happen that by choosing axes uncon- 
nected with the figure, the equations will gain in symmetry 
more than an equivalent for what they lose in simplicity. 
The reader may compare the two solutions of the same question, 
given Ex. 1 and 2, Art. 41, where, though the first solution 
IS the longest, it has the advantage that the equation of one 
bisector being formed, those of the others can be written down 
without further calculation. 

Since expressions containing angles become more complicated 
by the use of oblique coordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera- 
tion of angles is involved. 

46. Loci. — Analytical geometry adapts itself with peculiar 
readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
coordinates of the point whose locus we seek, and then the 
statement of this relation in algebraical language gives us at 
once the equation of the required locus. 
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Ex. 1. Grlven base and difference of squares of sides of a triangle, to find the 
locus of vertex. 

Let us take for axes the base and a perpendicular through ita middle point. Lei 
the half base = e, and let the coordinates of the vertex 
be Xf y. Then 

^C» = y' + (c + »)^♦ SC^=ry» + (o-»)», 

AC^ - BC^ = 4cx, 

and the equation of the locus is icx = m!^. The locqs 

is therefore a line perpendicular to the base at a dia- 

tance from the middle point x = ^ . It is easy to see 

that the difference of squares of segments of base = difference of squares of sides. 

Ex. 2. Find locus of vertex, given base and cot ^ + n» cot£. 
It is evident, from the figure, that 




COt^ = 7775 = 



AR c + x 



0OtS = - 



'C^-'y 
and the required equation is c + x + n» (c -- x) = jpy, the equation of a right line. 

Ex. 3. Given base and sum of sides of a triangle, if the perpendicular be pro- 
duced beyond the vertex until its whole length is equal to one of the sides, to find 
the locus of the extremity of the perpendicular. 

Take the same axes, and let us inquire what relation exists between the coordi- 
nates of the point whose locus we are seeking. The x of this point plainly is MRf 
and the y is, by hypothesis, = AC; and if m be the given sum of sides, 

BC=m-y, 
Now (EucUd II. 13) BC^^AB^ + AC^- 2AB . AR ; 

or (m — y)* = 4o» + y« - Ac (c + x). 

Beducing this equation we get 

2my — 4cx = i»', 
the equation of a right line. 

Ex. 4. Given two fixed lines, OA and OB^ if any line AB be drawn to intersect 
them parallel to a third fixed line OCj to find the locus of the point P where AB 
is cut in a given ratio ; viz. PA = nAB, 

Jjet us take the lines OAj OC for axes, and let the 
equation of OB hey- mx. Then since the point B lies 
on the latter line, its ordinate is m times its abscissa ; or 

AB = mOA. Therefore PA = mnOA ; but PA and OA / ^^ /P 

are the coordinates of the point P, whose locus is there- 
fore a right line through the origin, having for its equation 
y = mnx. 




♦ This is a particular case of Art. 4, and c + x is the algebraic difference of the 
abeciBsse of the points A and C (see remarks at top of p. 4). Beginners often reason 
that since the line AR consists of the parts AM=. — c, and MR = x, its length is 
— c + X, and not c + x, and therefore that ^C^ = y^ + (x - c)^. It is to be observed 
that the sign given to a line depends not on the side of the origin on which it lies, 
but on the direction in which it is measured. We go from ^ to /2 by pioceeJing 
in the positive direction AM — c^ and still further in the same direction MR = x, 
therefore the length AR zzo + x; but we may proceed from R to B by fii-st going 
in the negative direction RM = — x, and then in the opposite direction MB = c, 
hence the length RB is « — x. 
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Ex. 5. PA drawn parallel to OC, as before, meets any number of fixed lines in 
points Bj B', B"f &c.y and PA is taken proporLional to the som of all the ordinates 
BAy B'A, Ac, find the locus of P. 

A/ns, If the equations of the Unes be ^ 

y = mXf y = m'x + «', y = m"x + n", Ac, 
^h^ equation of th^ locus is 

ky = mx + {m'x + n') + {;m."x + n") + Ac 

Ex. 6. Qiven bases and a.am of areas of cuiy number of triangles haying a common 
vertex, to find its locus. 

Let the ec^^ua^tions of the bases bo^ 

x cosfli + y sina — p = 0, x cos/9 + y sin/S — pi = 0, Ac, 

(knd their lengths, a, ^, c, Ac; and let the given sum = m^; then, since (Art. 34) 
accosa+y sina— |? denotes the perpendicular from the point xy on the first line, 
a(a;oosa + y slna — />) will be double the area of the fiivt triangle, Ac, and the 
equation of the \ocus will be 

a(a;cosa + ysintt-i?) + *(aJCOS/3+ysinj8-/)i) + c (ajoosy +y8iny -/>2) + Ac = 2m*, 

which, since it contains x and y only in the first degree, will represent a right line. 

Ex. 7. Given vertical angle and sum of sides of a triangle, find the locus of the 
point where the base is cut in a given ratio. Ij 

The sides of the triangle are taken for axes,^ Ny_\P 

and the ratio PK : PL is given =»:»». Then 
by similar triangles. 



^^^(m + n)a:^^^^(m + n)_y^ 




M 



K 



and the locus is a right line whose equation is — + - = 



m + n 




Ex. 8. Find the locus of P, if when perpendiculars PM, PN are let fall on two 
fixed lines, OM + ON is given. 

Taking the fixed lines for axes, it is evident 
that 0M= a; + y cos CO, ON = y + x cosw, and 
the locus is x + y =r constant. 

Ex. 9. Find the locus if MN be parallel to 
a fixed line. 

Ans. y + X costa = m {x + y cos (a), 

Ex. 10. If MN be bisected [or cut in a given 
ratio] by a given line y = mx + n. 

The coordinates of the middle point ex- O Ou M 

pressed in terms of the coordinates of P are ^ (r + y cos w), J (y + a; cosw) j and since 
these satisfy the equation of the given line, the coordinates of P satisfy the equation 

y + a; cos w = ffi (« + y cos co) + 2n. 

Ex. 11. P moves along a given line yz=mx + n, find the locus of the middle point 
of MN. If the coordinates of P be o, /3, and those of the middle point a:, y, it has 
just been proved that 2a; = a + /3 cos w, 2y = /3 + a cos w. Whence solving for a, /3, 

a sin*« = 2a; — 2y cos w, /3 sin^w = 2y — 2a; cos w. 
But o, )3 are connected by the relation /3 = ma + », hence 

i^ — 2a? cosoi = m (2a; — 2y oosw) + n sin'o*. 
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47. It is customary to denote by x and y the coordinates of 
a variable point which describes a locus, aud the coordinates of 
fixed points by accented letters. Accordingly in the preceding 
examples we have from the first denoted by x and y the 
coordinates of the point whose locus we seek. But frequently in 
finding a locus it is necessary to form the equations of lines 
connected with the figure ; and there is danger of confusion 
between the x and y, which are the running coordinates of a 
point on one of these lines, and the x and y of the point whose 
locus we seek. In such cases it is convenient at first to denote 
the coordinates of the latter point by other letters such as a, )8, 
until we have succeeded in obtaining a relation connecting these 
coordinates. Having thus found the equation of the locus, we 
may if we please replace a, /3 by a; and y, so as to write the 
equation in the ordinary form in which the letters x and y are 
used to denote the coordinates of the point which describes 
the locus. 

Ex. 1. Find the loGus of the vertex of a triangle, given the base C/>, and th« 
ratio AM : NB of the parts into which the sides 
divide a fixed line AB parallel to the base. Take 
AB and a perpendicular to it through A for axes, 
and it is necessary to express AM, NB in terms 
of the coordinates of P, Let these coordi- 
nates be a/9, and let the coordinates of C, i) be 
a?y> *'y> *he y' of both being the same since CJ) 
is parallel to AB, Then the equation of PC joining 
the points a/3, a;y is (Art. 29) 

(^-y')«-(a-«')y = /3a/-ay'. 
This equation being satisfied by the x and y of every point on the line PC is satisfied 
by the point M, whose y = and whose x = AM, Making then y^O in thia 
equation we get 

In like manner, AN = ^ "" / i 

and if AB = c, the relation AM zz hBN gives 

We have now expressed the conditions of the problem in terms of the coordinates of 
the point P J and now that there is no further danger of confusion, we may replnC?- 
o, ^, by a, yj when the equation of the locus, cleared of fractions, becomes 
V^' -x^-h {<J(y-y')-(y«"-aryO}- 
Ex. 2. Two vertices of a triangle ABC move on fixed right lines LM, LN, and 
the three sides pass through three fixed points 0, P, Q which lie on a right line 
find the locus of the third vertex. 
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Take for axis of x the right line OP, containing the three fixed points, and fot 
axis of y the line OL joining the inter- 
section of the two fixed lines to the point 
through which the base passes. Let the 
coordinates of C be o, /3, and let 
OL=b, OM=a, ON=a\ OP = c, OQ-c\ 
Then obviously the equations of LM^ LN 
are 

X 



a b 



= 1 and-, + ? = l. 
a o 




The equation of CP through a/9 and 
P (y = 0, a; = 0) is 

(a - c) y - /3a; + ^c = 0. 
The coordinates of A^ the intersection of this line with 

a5 (a — c) + ac^ _ b {a— c) ^ 
"^® . *» " b{a-c) T'af ' y» - b{a-c) + a^ ' 

The coordinates of 5 are found by simply accentuating the letters in the preceding : 
a'b (g - gQ + aV/3 b {a' - c') p 

^" b{a-c') + a'^ * ^*-b{a-c')+a'fi' 
Now the condition that two points x^^ x^2 shall lie on a right line passing thiough 

the origin is (Art. 30) ^ = ^. 
a?i x^ 

Applying this condition we hare 

b{a-c)p _ b(a'-c') p 

ah {a-c) + acp a'b (a - </) + aV^ * 

We have now derived from the conditions of the problem a i>elation -wrQich must be 

satisfied by o/3 the coordinates of Cj and if we replace o, /5 by a;, y we have the 

equation of the locus written in its ordinary form. Clearing of fractions, we have 

(a - c) \a*b {x - c') + a'c'y] = (a' - {?') [ab {x-c)-\- acy], 



{flcf — a'c) X 






eif {a — a') — aa'{c — c') 
the equation of a right line through the point L. 

Ex. 3. If in the last example the points P, Q He o*n a right line passing not 
through but through Z, find the locus of vertex. 

We shall first solve the general problem in which the points P, Q have any 
position. We take the fixed lines LMy LN for axes. Let the coordinates of 
P, Q, Of C he respectively a;'y', a;*'y", x"'y'"i a/3; and the condition which we 
want to express is that if we join CP. CQj and then join the points A, By in which 
these lines meet the axes, the line AB shall pass through 0, The equation of CP 
is (/9- y') X - (o - aO y = /8»' - ai/. 

And the intercept which it makes on the axis of a; is 

^x' - ay' 

In like manner the intercept which CQ makes on the axis of y Is 

a — x" 

The equation of AB\b 



LA: 



+ ^ = l,or 



LA ^ LB 



/3«'-ay' "^ ay"-^ 



*1. 
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And the condition of the problem is that this equation shall be satisfied by t^e 
coordinates acf't/". In order then that the point C may fulfil the conditions of the 
problem, its coordinates a/3 must be connected by the relation 

^x' - ay' "^ ay" - fi^' " ^• 
When this equation is cleared of fractions, it in general inrolyes the coordinates 
a/3 in the second degree. But suppose that the points af^, x"y" lie on the same 
line passing through the origin y = mx, so that we have y' = vm!\ y" •=. mx'\ the 
equation may be written 

«'03- am) "^aj^Com - ^~ 
Clearing of fractions and replacing a^^hyx and y, the locns is a right line, tIx. 
«"V' (y - /) - y"V (x - x") = s^x" (mx-y). 

48. It is often convenient, instead of expressing the condi- 
tions of the problem directly in terms of the coordinates of the 
point whose locus we are seeking, to express them in the first 
instance in terras of some other lines of the figure; we must 
then obtain as many relations as are necessary in order to 
eliminate the indeterminate quantities thus introduced, so as to 
have remaining a relation between the coordinates of the point 
whose locus is sought. The following Examples will suflSciently 
illustrate this method. 

Ex. 1 . To find the loous of the middle points of rectangles insaibed in a given 
triangle. 

Let us take for axes CB and AB-, let CH = p,RB = «, AR = »'. The equations 
of ^Cand^Care ^ 

^ — ^- = 1 and- + - = ^. 

Now if we draw any line F8 parallel to the base 

at a distance FK = k, we can find the abscissae of 

the points F and 5, in which the line FS meets 

AC and BCy by substituting in the equations of 

AC and BC the value y = *. Thus we get from _ 

the first equation ~~A~KEL 

and from the second equation 

^-+f=l;.v.ori?i: = .(i-D. 
Having the abscissae of^i^ and S, we have (by Art. 7). the abscissa of the middle 
point of F8,y\z.x = t^.(i^Sj, This is evidently the abscissa of the middle 
point of the rectangle. But its ordinate is y = i^. Now we want to find a relation 
which will subsist between this ordinate and abscissa whatever k be. We have 
only then to eUminate k between these equations, by substituting in the first the 
value of k (= 2y), derived from the second, when we have 





2»=(.-.')(l-|'), 
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2a? 2y ^ 
- * s — s'p 

This is tHe equation of the locus which we seek. It obviously represents a right line, 
imd if we examine the intercepts which it outs ofE on the axes, we shall find it to be the 
Une joining the middle point of the perpendicular CR to the middle point of the base. 

Ex. 2. A line is drawn parallel to the base of a triangle, and the points where it 
meets the sides joined to any two fixed points on the base ; to find the locus of the 
point of intersection of the joining lines, 

We shall preserye the same axes, Ac, as in Ex, 1, and let the coordinates of the 
^ed points T and F, on the base, be for T (m, 0), and for V (», 0), 

The equation of FT will be found to be 



imd that of iSfF to be 



•[«' (l - -) + mj y + ^a? - *i7i = qi, 
1^ U - '^ J - »| y - Ara: + Arn = 0. 



ITow since the point whose locus we are seeking lies on both the lines FT^ 8V^ each 
of the equations just written expresses a relation which must be satisfied^ by its co- 
ordinates. Still, since these equations involve Ar, they express relations which are only 
true for that particular point of the locus which corresponds to the case where the 
parallel F8 is drawn at a height h above the base. If, however, between the equations 
we eliminate the indeterminate h, we shall obtain a relation involving only the 
coordinates and known quantities, and which, since it must be satisfied whatever be 
(he position of the parallel FS^ will be the required equation of the locus. 
In order, then, to eliminate h between the equations, put them into the form 

and &V («-»)y-*(^y4-a;-wj = 05 

and eliminating h we get for the equation of the locus 

But this Is the equation of a right line, since x and y are only in the first degree. 

Ex. 9. A line is drawn parallel to the base of a triangle, and its extremities 
joined transversely to those of the base \ to find the locus of the point of intersection 
of the joining lines. 

This is a particular case of the foregoing, but admits of a simple solution by 
choosing for axes the sides of the triangle AC and CB, Let the lengths of those 
lines be a, bj and let the lengths of the proportional intercepts made by the parallel 
be fia, fijb. Then the equations of the transversals will be 

^ + 4 = 1 and— + ^ = 1. 
a fw fxa 

Subtract ope {p)m the other, divide by the constant 1 , and we get for th« 

equation of the locus 

a b * 
which we have elsewhere found (see p, 34) to be the equation of the bisector of the 
base of the triangle. 

Ex, 4. Given two fixed points A and B, one on each of the axes, if A' and B' be 
taken on the axes so tha^ OA' + 0^' = QA, 4- OB : find the locus of the intersection 
^ AMt 4'B. 
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Let OA=.ay OB = h, OA* = a + k, then, from the conditions of the problem, 
Off — b — h The equations of AB\ A'B are respectiyeiy 

a^b-k^^' a + k^b-^' 
or bx + ay'-ah-\-k{ci — x) = 0, 

bx + ay — ab + k{y — b)-=:(S, 
Sabtracting, we eliminate k^ and find for the equation of the locus 

X -I- y = a + 6. 

Ex. 5. If on the base of a triangle we take any portion ATy and on the other side 
of the base another portion BS, in a fixed ratio to ^7" and draw ET and F8 parallel 
to a fixed line CR \ to find the locus of 0, the point of intersection of EB and FA, 

Take AB and CR for axes j let AT =k, BR = », 
AR = g^y CR=Pf let the fixed ratio be m, then 
BS wiIl=mAr ; the coordinate of iS will b§ {s—mk^ 0), 
and of r {-(«'-*), 0}. 

The ordinates of E and F will be found by sub- 
stituting these values of ;e in the equations of AC 
and^C. We get for 

E, »=-(»'-*),y= ^ 

and for -P, » = »-«»*, y= - . 

Kow form the equations of the transverse lines, and the equation of EB is 

(- 

and the equation of AF is 




(. + ^-*)y + P^«-P^ = 0, 



To eliminate kj subtract one equation from the other, and the result, divided 
by kf will be 

which is the equation of a right line. 

Ex. 6. PP' and QQ' are any two parallels to the sides of a parallelogram ; to 
find the locus of the intersection of the lines PQ and P'Q^, 

Let us take two of the sides for our axes, and let the lengths of the sides be a 
and bj and let AQ' = mf AP = n. Then the equa- q 

tion of PQ, joining P (0, n) to Q (»», b) is ^^^ ^ 

{b — n) x — my + mn = Of 
and the equation of P'Q' joining P' (o, n) to 
Q: (m, 0) is 

fia; — (a — m) y — mn = 0. 

There being ttoo indeterminates m and n, we 

should at first suppose that it would not be pos- A Q B 

Bible to eliminate them from two equations. However, if we add the above equations, 

it will be found that both vanish together, and we get for our locus 

bx — ay z=. 0, 
the equation of the diagonal of the parallelogram. 

Ex. 7. Given a point and two fixed lines j draw any two lines through the fixed 
point, and join transversely the points where they meet the fixed lines j to find the 
loeoB of intersection of the transverse lines. 
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Take the fixed Uues for azea^ and let the eqaationa of thd lines thiough the iSxed 
point be 

5 + « = I,and^+4=l. 
m n * m' n' 

The conditions that these lines should pass through the fixed point af}f give us 
or, subtracting, 

Kow the equations of the tranverse lines clearly are 

m »' ' f»' » ' 

or, subtracting, 

Now from this and the equation just found we can eliminate 

\f» m'J \n n'l * 

and we hare ar'y + y'a? = 0> 

the equation of a right line through the origin. 

Ex. 8. At any point of the base of a triangle is drawn a line of giyen length, 
parallel to a given one, and so as to be cut in a given ratio by the base ; find the 
locus of the intersection of the Hues joining its extremities to those of the base. 

49. The fundamental idea of Analytic Geometry is that 
every geometrical condition to be fulfilled by a point leads to 
an equation which must be satisfied by its coordinates. It 
is important that the beginner should quickly make himself 
expert in applying this idea, so as to be able to express by an 
equation any given geometrical condition. We add, therefore, 
for his further exercise, some examples of loci which lead to 
equations of degrees higher than the first. The interpretation 
of such equations will be the subject of future chapters, but 
the method of arriving at the equations, which is all with w^hich 
we are here concerned, is precisely the same as when the locus 
is a right line. In fact, until the problem has been solved, we 
do not know what will be the degree of the resulting equation. 
The examples that follow are purposely chosen so as to admit 
of treatment similar to that pursued in former examples, 
according to the order of which they are arranged. In each of 
the answers given it is supposed that the same axes are chosen, 
and that the letters have the same meaning as in the corre- 
sponding previous example. 
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Ex. 1. Find the locus of vertex of a triangle, given base and sum of squares 
of Bides. Ana. x* + y* = im* - c*. 

Ex 2. Given base and m squares of one side + n squares of the other. 

Ans, {m ± n) («« + y*) + 2 (»» T ») cos + (m ± ») c* =i>«. 

Ex. 3. Given base and ratio of sides. 

Ex. 4. Given base and product of tangents of base angles. 

In this and the Examples next following^ the learner will use the values of the 
tangents of the base angles given Ex. 2, Art. 46. Ana. y* + m^a? = mV. 

Ex. 6. Given base and vertical angle or, in other words, base and sum of base 
angles. Ans. a* + y* — 2cy ootC = c^. 

Ex. 6. Given base and difference of base angles. Ans, x^ — y* + 2xy cot D = c*. 

Ex. 7. Given base, and that one base angle is double the other. 

Ans. Sx* - y« + 2ex = c«. 

Ex. 8. Given base, and tan C= m tan ^. Ans. tn (x* + y'' - c') = 2c (c - oj). 

Ex. 9. PA is drawn parallel to OCy as in Ex. 4, p. 39, meeting two fixed lines in 
points By B' ; and FA^ is taken = PB.PB', find the locus of P. 

Ans. mx {m'x + »' ) = y (mx + m'x + n*). 

Ex. 10. PA is taken the harmonic mean between AB and AB*. 

Ans, 2mx {m'x -k-n*) =y {mx + m'x + »'). 

Ex. 11. Given vertical angle of a triangle, find the locus of the point where the 
base is cut in a given ratio, if the area also is given. Ans. xy = constant. 

Ex. 12. K the base is given. . £* 4. ?! _ ^y CQ"<^ _ ^ 

' j»2 n* mn ~ {m + n)* * 

Ex. 13. If the base pass through a fixed point. . mx , n\^ 

*^ ° Ans. h -^ = »i + «, 

X y 

Ex. 14. Find the locus of P [Ex. 8, p. 40] if MNis constant. 

Ans, sc* 4- y* + 2xy cos w = constant. 

Ex. 15. If MN pass through a fixed point. . x' \f __ 

' X + y cos w y -h X cos ta 

Ex. 16. If MN pass through a fixed point, find the locus of the intersection of 

x' y' 
parallels to the axes through J[f and N, Ans. — + - - 1. 

X y 

Ex. 17. Find the locus of P [E-x.. 1, p. 41] if the line CD be not parallel to AB. 
Ex. 18. Given base CB of a triangle, find the locus of vertex, if the intercept AB 
on a given line is constant. 

Ans, {x'y-y'x) (y - y") - {x"y - y"x) {y - y') = c {^ - y') iy-y"). 

50. Prohlems where it is required to proje that a moveable 
right line passes through a fixed point. 
We have seen (Art. 40) that the line 

Ax-^By^-C+k[A'x-\ By\ (7'j = 0; 

or, what Is the same thing, 

(^ + A^ ' ) cc + (5 + A 5') y + (7 + A; (7' = 0, 
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where h Is indeterminate, always passes through a fixed pointy 
namely, the intevsection of the lines 

Ax + By-\- C= 0, and A'x + JS'y + 0'= 0. 

Hence, if the equation of a right line contain an indeterminate 
quantity in the first degree^ the right line will always pass through 
a fixed point, 

Ex. 1. Given vertical angle of a triangle and the sum of tbe reciprocals of the 
sides, the base will always pass through a fixed point. 

Take the sides for axes ; the equation of the base is - + r = 1 j and we are given 

the condition 

111 111 

- + 3r = -,0rT = , 

therefore, equation of base is 

where m is constant and a indeterminate, that is 

where - is indeterminate. Hence the base must always pass througli the intersection 
of the two lines a; "- y = 0, and y = m, 

Ei. 2. Given three fixed lines OAj OB, OC, meeting in a point, if the three vertices 
of a triangle move one on each of these lines, and two sides of the triangle pass throtigh 
fixed points, to prove that the remaining side passes through a fixed point. 

Take for axes the fixed lines OA, OB on which the base angles move, then the 
line OC on which the vertex moves will have 
an equation of the form y = mx, and let the 
fixed points be x'y\ x"yi'. Now, in any position 
of the vertex, let its coordinates be a; = a, and 
consequently y=zma'j then the equation of ^(7 is 

(«' - a) y - (y* - ma) x-k-a (^ - mx') = 0. 
Similarly, the equation of J? (7 is 

(»" -a)y-{^"-'ma)x + a (y" - mjj") = 0. ^^j ^ 

Now the length of the intercept OA is found by making a: = in equation AC, Of 
__ __ a iy' — true) 
^~ x'-a ' 

Similarly, OB is found by making y = in BC, or 

a (y" — mx") 
y" - ma ' 
Hence, from these intercepts, equation of AB is 

/' - ma _ a/~g 
""y^'-mx" ^73^ = «- 
But since a is indeterminate, and only in the first degree, this line always passes through 
a fixed point. The particular point is found by arranging the equation in the form ° 
y" a' f mx V \ 
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Hence the line passes through the intersection of the two lines 

y ' — mx'* y' — mx' ~ 

Ex. 3. If in the last example the line on which the vertex C mores do not pan 
through (?, to determine whether in any case the base will pass through a fixed point. 

We retain the same axes and notation as before, with the only difference that the 
equation of the line on which C moves will be ^ = mx + n, and the coordinates of the 
vertex in any position will be a, and ma + n. Then the equation of ^C is 

(a;' — a) y — (y' — ma — ») a; + a (y' — mx') — ikd' = 0. 

The equation of BC is 

(aj'' — a) y — (y" — ma — n) « + a (y" — mx") — nx" = 0, 

0A = - ^ (y" "~ *"^0 •" *^ . Q^ _ q (y" - mx") - nx" 
of — a ' y" -* ma — » 

The equation of AB is therefore 

y" — ma — n at* — a . 

a (y" - mx"; — nx" a (^ — mx') - nx' 

Now when this is cleared of fractions, it will in general contain a in the second degree, 
and therefore the base will in general not pass through a fixed point j t/J however^ 
the points x'y', x"f/' lie in a right line (y = hx) passing through 0, we may substitufce 
in the denominators y" = kx"j and y' = kx^y and the equation becomes 

v" — ma — n as' — a ., . 

g • ^" ^/ y -^7-=o(A-m)-«, 

which contains a in the first degree only, and therefore denotes a right line passing 
through a fixed point. 

Ex. 4. If a line be such that the sum of the perpendiculars let fall on it from 
a number of fixed points, each multiplied by a constant) may = 0, it will pass through 
a fixed point. 

Let the equation of the line be 

a; cos a + y sin a — 17 = 6, 
then the perpendicular on it from 7^y' is 

a;' cos a + y' sin o — p, 
and the conditions of the problem give us 
m' {x' cosa + y' sin o— />) -fm" {x" cosa + y" ema — p) 

+ m'" {x'" cos a + y*" sin a - j?) + Ac. = 0, 
Or, using the abbreviations E {mx') for the sum* of the mxy that iS| 

m'x' + m V + m"'x"' + &c., 
and in like manner £ {my") for 

my + mV + m'V' + Ac., 
and Z (m) for the sum of the m's or 

m' + m" + m'" + <fec., 



* By sum we mean the algebraic sum, for any of the quantities m', m", Ac. may 
be negative. 

H 
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we may write the preceding equation 

Z {mx') cos a 4- £ (my*) sin o - jt>I (m) = 0. 
Substituting in the original equation the value of p hence obtained, we get for the 
equation of the moveable line 

xZ (m) cos a + yS (m) sin o — E (mx*) cos o — S (my') sin er = 0> 
or »£ (f») — Z (mx*) 4- {yS (m) — L (my')} tan «t = 0. 

Now as this equation involves the indeterminate tan a in the fir^t degree, the line 
passes through the fixed point determined by the equations 

xZ (m) - £ (mx') - 0, and yt (m) - Z (my*) = 0, 
or, writing at full length. 



_ m'x' -f m"x" + m"'x"' + <fec. __ m'y' 4- m"y" + m'"^" + &c. 

*" w' + 7»" + »»'" + Ac. * ^~ m' + w" + m'" + Ac. ' 

This point has sometimes been called the centre of mean position of the given points. 



51. If the equation of any line involve the coordinates of 
a certain point xy in the first degree, thus, 

[Ax' + By'+C)x^ {A'x' + By + C) y + {A"x' + By + C") = ; 

then if the point x'y move along a right line, the line whose 
equation has just been written will always pass through a fixed 
point. For, suppose the point always to lie on the line 

then if, by the help of this relation, we eliminate «' from the 
given equation, the indeterminate y' will remain in it of the first 
degree, therefore the line will pass through a fixed point. 

Or, again, if the coefficients in the equation Ax + By-h (7=0 
he connected by the relation aA-^ bB-\-cG^O (where a, 5, c are 
constant and -4, B^ G may vary)^ the line represented by this equa" 
tion will always pass through a fixed point. 

For by the help of the given relation we can eliminate (7, 
and write the equation 

[ex '-a)A'\-{cy''b)B = Oj 
a right line passing through the point fa; = -,y=i:-j . 

52. Polar Coordinates. — It is, in general, convenient to use 
this method, if the question be to find the locus of the extremities 
of lines drawn through a fixed point according to any given law. 

Ex. 1. A and B are two fixed points ; draw through B any line, and let fall on 
a perpendicular from A, AP; produce AP so that the rectangle AF .AQ may b« 
constant ; to find the locus of the point Q. 
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51 



Take A for the pole, and AB for the fixed axis, then AQ lAOxn radius rector, 
designated by p, and the angle QAB = 0, and our object 
is to find the relation existing between p and 6. Let us 
call the constant length AB = c, and from the right-angled 
triangle APB we have AP=c cos 6, but ilP . -4 (^ = const. = *» s 
therefore 

|oc cos = A;«, or /o cos = - ; 
but we have seen (Art. 44) that this is the equation of a right 
liAe perpendicular to AB^ and at a distance from A s 




Ex. 2. Given the angles of a triangle ; one vertex A is fixed, another B movo) 
along a fixed right line : to find the locus of the third. 

Take the fixed vertex A for pole, and AP perpendicular 
to the fixed line for axis, then AC^^p, CAP = 0. Now 
since the angles of ABC are given, AB is in a fixed ratio 
taAC{:^mAC)faLdBAP-e-a',hutAP = AB<x»BAPi 
therefore, if we call AP, a, we have 

mp cos (0 — o) = «, 
which (Art. 44) is the equation of a right line, making 
an angle a with the given line, and at a distance from 




Ex. 3. Given base and sum of sides of a triangle, if at either extremity of the 
base B a perpendicular be erected to the conterminous side BC] to find the locus 
of P the point where it meets CP the external bisector of vertical angle. 

Let us take the point B for our pole, then BP will be our radius vector p ; and 
Jet us take the base produced for our fixed axis, then 
PBD = 0, and our object is to express /> in terms of 0. 
Let us designate the sides and opposite angles of the —^S^y 

triangle o, by Cy Aj B, C, then it is easy to see that 

the angle -BCP = 90®-iC, and from the triangle ^^ \ >^P 

PCB thata = /t)taniC7. Hence it is evident that if __ 
we could express a and tanJCin terms of 0, we oou*$» ^ 
express p in terms of 0. Now from the triangle ABC we have 

6« = a2 + c2-2acco8B, 

bat if the given sum of sides be m, we may sub8titu.te for *^ «i — a ; and cos B plainly 
= sin ; hence 

»« - 2am -V a^ = a!^ -^ d^ ^ 2ac siu0, 

- m* - c« 

and « = r-^^ , 

2 (m — c sm 0) 

Thus we have expressed a in terms of and constants, and it only remains to find 
an expression for tan ^ C 




Now 



but 



benoe 



^^^^-b{\ + Qo^Cy 
6 Bin C -= c Bin B := c Gos$j and * cos C = a — c cos .B = a — ^ sin ^1 



'w-csinO' 
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We are now able to ezpiess p in terms of 0, for, anbatitute in the equation 
a = /> tan i^C| the yalnes we have found for a and tan ^C^ and we get 

2(f»-tf8ine)~(i»-csm0)* ^^'■^^ 2c * 

Hence the locus is a line perpendicular to the base of the triangle at a distance 

from B = — TT — • . 

The student may exercise himself with the corresponding locus, if CP had been 
the internal bisector, and if the difference of sides had been given. 

Ex. 4. Given n fixed right lines and a fixed point ; if through this point any 
ladius vector be drawn meeting the right lines in the points rj, rj, r^...rn, and on 

this a point R be taken such that -jrj^ = ^rr + V)«i + 7^ +••• ^r" » ^ ^^ ^® 
locus of R. 

Let the equations of the right lines be 

/t) cos (6 - o) = j?i ; /) cos (0 - /?) =;>„ Ac. 
Then it is easy to see that the equation of the locus is 

n _ cos (0 - a) coa (0 - /?) 

I Z "^ Z + *^' 

P Pi Pt 

the equation of a right line (Art. 44). This theorem is only a particular case of 

a general one, which we shall prove afterwards. 

We add, as in Art. 49, a few examples leading to equations of higher degree. 

Ex. 5. BP is a fixed line whose equation is p cos = m, and on each radius vector 
18 taken a constant length PQ j to find the locus of Q [see fig., Ex. 1]. 

AP is by hypothesis = — « ; therefore AQ = p = - Q + d, which, transformed 

to rectangular coordinates, is (» — ib)* (a;* + y') = d^sd^, 

Ex. 6. Find the locus of Q, if P describe any locus whose polar equation is given, 
p = <f> (0). We are by hypothesis given AP in terms of 0, but AP is the p of the 
locus — rf J we have therefore only to substitute in the given equation p — d for p. 

Ans. p-d=<t> (0). 

Ex. 7. If .^Q be produced ao that AQ may be double AP^ then ^P is half the 
p of the locus, and we must substitute half p for pin. the given equation. 

Ex. 8. If the angle P-4jB were bisected, and on the bisector a portion AP* be 
taken so that AP^ = mAPf find the locus of P' when P describes the right line 

/» cos = m. PAB is now twice the of the locus, and therefore AP = sn » ^^^ 

the equation of th« locus is f * cos 20 = •»>• 
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♦CHAPTER IV. 

APPLICATION OF ABRIDGED NOTATION TO THE EQUATION OP 
THE RIGHT LINE. 

53. We have seen (Art. 40) that the line 

[x cosa + y sina-^) -4 (a: cos^S + y sin)9— y) = 

denotes a line passing through the intersection of the lines 

oj cos a + y sin a -2? = 0, a; cos ;8 + y sin ;8 — y = 0. 

We shall often find it convenient to use abbreviations for 
these quantities. Let us call 

a: cos a + y sin a - 2?, a ; a: cos )9 + y sin ^ — p', fi. 

Then the theorem just stated may be more briefly expressed ; the 
equation a — kl3 = denotes a line passing through the intersec- 
tion of the two lines denoted by a = 0, j3 = 0. We shall for 
brevity call these the lines a, /3j and their point of intersection 
the point afi. We shall, too, have occasion often to use abbre- 
viations for the equations of lines in the form Ax + By +(7=0. 
We shall in these cases make use of Boman letters, reserving 
the letters of the Greek alphabet to intimate that the equation 
is in the form 

X cosa + y sina-j? = 0. 

54. We proceed to examine the meaning of the coefficient k 
in the equation a - A;8 = 0. We saw (Art. 34) 
that the quantity a (that is, a? cos a + y sin a -^) 
denotes the length of the perpendicular PA let fall 
from any point xy on the line OA (which we 
suppose represented by a). Similarly, that ^8 is the 
length of the perpendicular PB from the point ary on the line 
OBj represented by /3. Hence the equation a - A/3 = asserts 
that if, from any point of the locus represented by it, perpen- 
diculars be let fall on the lines 0-4, OB, the ratio of these per- 
pendiculars (that is, PA : PB) will be constant and = k. Hence 
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the locus represented by a - A/3 = is a right line through 0, ani 

._PA smPOA 

^'PB' ^""^ sin FOB' 
It follows from the conventions concerning signs (Art. ^4) that 
a+i)8 = denotes a right line dividing externally the angle 

A OB into parts such that . ^ ^ - = A. It is, of course, assumed 

in what we have said that the perpendiculars PA^ PB are those 
which we agree to consider positive ; those on the opposite 
sudes of a, iS being regarded as negative. 

Ex. 1. To express in this notation the proof that the three biseetors of the angles 
of a triangle meet in a point. 

The eguations of the three bisectors are obyionsly (see Arts. 36, 54) a — ^ = o> 
/8 — y = 0, y — = 0, which, added together, vanish identically, 

Ex. 2. Any two of the external bisectors of the angles of a triangle meet on the- 
third internal bisector. 

Attending to the convention about signs, it is easy to see that the equations of 
two external bisectors area + ^ = 0, a + y = 0, and subtracting one from the othes 
we get /3 — Y = 0, the equation of the third internal bisector. 

Ex. 8. The three perpendiculars of a triangle meet in a point. 

Let the angles opposite to the sides a, /?, y be -4, 5, C respectively. Then since 
the perpendicular divides any angle of the triangle into parts, which are the com- 
plements of the remaining two angles, therefore (by Art. 54) the equations of the 
perpendiculars are 

a cos-4 — /3 cos5 = 0, /3 cosB — y cos C= 0, y cos C— a cos-4 = 0, 
which obviously meet in a point. 

Ex. 4. The three bisectors of the sides of a triangle meet in a point. 
The ratio of the perpendiculars on the sides from the point where the bisector 
meets the base plainly is sin ^ : sin B. Hence the equations of the three bisectors are 
a sin ii — /3 sin J? = 0, ^wa.B — y sinC=0, y sin C— asini4 = 0. 

Ex. 5. The lengths of the sides of a quadrilateral 9XQa^b,e,d\ find the equation 
of the line joining middle points of diagonals. 

Ans. aa - */3 + cy — rfi = ; for this line evidently passes through the inter- 
section of aa — bfij and cy — di; but, by the last example, these are the bisectors 
of the base of two triangles having one diagonal for their common base. In like 
manner aa — dd, 6/3 — cy intersect in the middle point of the other diagonal. 

Ex. 6 To form the equation of a perpendicular to the base of a triangle at its 
extremity. Ans, a + y cos 5 = 0. 

Ex. 7. If there be two triangles such that the perpendiculars from the vertices of 
one on the sides of the other meet in a point, then, vice versa, the perpendiculars from 
the vertices of the second on the sides of the first will meet in a point. 

Let the sides be a, /3, y, a', /S', y', and let us denote by (a/3) the angle between 
a and /3. Then the equation of the perpendicular 

from a/3 on y' is a cos (/3y') - /3 cos (ay') = 0, 
from /3y on o' is ^ cos (ya') - y cos (/3tt') = 0, 
from yo on /3' is y cos (a/3') ~ c: cos (y^') = 0, 



THE ttmnt LINE— ABRIDGED NOTATION. 65 

The condition that these should meet in a point is found by eliminating /3 between 
the first two, aud examining whether the resulting equation coincideB with the 
t^uzd. Itifl 

eos (a/30 cos 03y') cos {ya') = cos (a'^) cos (/9'y) cos (y'a). 
But the symmetry of this equat^n shews that this is also the condition that the 
perpendiculars from the vertices of the second triangle on the sides of the first 
should meet in a point. 

55. The lines a — i/S = 0, and ia — /8 = 0, are plainly such 
that one makes the same angle with the line a which the other 
makes with the line /3, and are therefore equally inclined to the 
bisector a - /S. 

. Ex. If through the vertices of a triangle there be drawn any three lines meeting 
in a point, the three lines drawn through the same angles, equally inclined to the 
bisectors of the angles, will also meet in a point. 

Let the sides of the triangle be a, ^, y, and let the equations of the first three 
lines be 

fa - to/3 = 0, to/3 — «y = 0, ny — 7a = 0, 
which, by the principle of Art. 41, are the equations of three lines meeting in a 
point, and which obviously pass through the points a/3, ^y, and yo. Now, from 
this Article, the equations of the second three lines will be 

«e. = 0,^-2f = 0, and 21-5 = 0^ 
I m ' TO n ' f» / ' 

which (by Art. 41) must also meet in a point. 

56. The reader is probably already acquainted with the fol- 
lowing fundamental geometrical theorem : — " If a pencil of four 
right lines meeting in a point be intersected by any transverse 
right line in the four points A^ Py Pj B^ then m , 

. AP.PB . . / y^ 

the ratio -jpr-pp «« constant^ no matter how / / p 

the transverse line be drawn^'* This ratio is 

called the anharmonic ratio of the pencil. In q^ 

fact, let the perpendicular from on the transverse line =p ; then 

p.AP= OA, OP.sin A OP(both being double the area of the triangle 

AOP) ; p.PB= OP.OB sinFO^; p.AP=^ OA.OP smAOP] 

p.PB=^ OP. OB An FOB] hence 

p\AP.PB= OA.OP. OP. OB. BinAOP.Hm FOB; 

p\AP.PB^ OA.OP. OP. OB. sin AOP. slnPOB; 

AP.PB ^ BJnAOP. smPOB 

AF.PB " sin^OP'. sinPO^' 
but the latter is a constant quantity, independent of the position 
of the transverse line. 
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57. If a - iiS = 0, a - i'yS = 0, be the equations of two lines, 
then T7 will be the anharmonic ratio of the pencil formed by the 

tC 

four lines a, ^, a - k/S^ a - fc')8, for (Art. 54) 
y sin^OP J, sin A OF 
^^ sin FOB' "AnPOB^ 

^ . k sm AOP.sinP OB, 

therefore j. = sin^C^F. sin POJ? 

but this is the anharmonic ratio of the pencil. 

k 
The pencil is a harmonic pencil when tt? =* - Ij for then the 

angle A OB is divided internally and externally into parts whose 
sines are in the same ratio. Hence we have the important 
theorem, two lines whose equations are a— 4/3 = 0, a + 4)3 = 0, 
form with a, j3 a harmonic pencil, 

58. In general the anharmonic ratio of four lines a — k0j 

a -IB, a- m/S, a- w^S is y-^^^ . \ " / . For let the pencil be 

' ' [n — m] (I- K) 

cut by any parallel to )8 in the four points JT, i, Jf, N^ and the 
ratio IS iTjTT-f-v ■*^"* smce p 

has the same value for each of 
these four points, the perpen- 
diculars from these points on a are 
(by virtue of the equations of the O"^ ? 

lines) proportional to 4, 7, tw, w; and AK^ AL^ AM^ AN dXQ 
evidently proportional to these perpendiculars ; hence NL is pro- 
portional to w — Z; MKio w — 4; NMton-m] and LKiol-k. 

59. The theorems of the last two articles are true of lines 
represented in the form P— kP^ P— ZP, &c., where P, P denote 
ax-\-hy -\- c, ax + h'y + c', &c. For we can bring P to the 
form X cos a + y sin a -p by dividing by a certain factor. The 
equations therefore P~4P = 0, P— ZP= 0, &c., are equivalent 
to equations of the form a — kpP = 0, a — IpP = 0, &c., where p 
is the ratio of the factors by which P and P must be divided 
in order to bring them to the forms a, ^. But the expressions 
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for anharmonic ratio are unaltered when we substitute for h^ 7, 

It is worthy of remark, that since the expressions for 
anharmonic ratio only involve the coefficients k^ ?, m, n^ it follows 
that if we have a system of any number of lines passing through 
a point, P—kPj P--IP^ &c. ; and a second system of lines 
passing through another point, Q^kQ\ Q — lQ^&c.^ the line 
P-kP being said to correspond to the line Q — kQ^ &c. ; then 
the anharmonic ratio of any four lines of the one system is 
equal to that of the four corresponding lines of the other system. 
We shall hereafter often have occasion to speak of such systems 
of lines, which are called homographic systems. 

60. Given three lines a, )9, ^^ forming a triangle /* the equation 
of any right line^ oo? + % -I- c = 0, can be thrown into the form 

la + m0 + «7 = 0. 

Write at full length for a^ fiy y the quantities which they 
represent, and la + mff + ny becomes 

{I cosa + m cos/3 + n cosy) a; + (Z sina + wi sin^S 4 n sin 7) if 

-{lp + mp + np'*) = 0» 
This will be identical with the equation of the given line, 
if we have 

I cosa + m cos^ + n C0S7 = a, Z sina + m sin/8 + n siny = 5, 
Ip + mp' + wp" = -c^ 

and we can evidently determine Z, w, w, so as to satisfy these 
three equations. 

The following examples will illustrate the principle that it id 
possible to express the equations of all the lines of any figure 
in terms of any three, a = 0, ^ = 0, 7 = 0. 

Ex. 1. To deduce analytically the harmonic properfciee of a complete quadrilateral. 
(See figure, next page). 

Let the equation of AChea=:0; of AB, p^O; of BD, y = Oj of AD 
/o - w^ = J and of BC, m^ - ny = 0. Then we are able to express in terms of 
these quantities the equations of all the other lines of the figure 



♦ We say « forming a tnaugle," for If the lines o /9, y meet in a point, 7a + w/3 + ny 
must always denote a line passing through the same point, since any values of the 
coordinates which make o, /?, y sepai-ately = 0, must make la + mfi + ny -. 0. 

I 
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For instanoe, the eqnatioa of CD is 
/a - f»/3 + ny = 0, 
for it is the equation of a right line passing 
through the intersection of la — fii/3 and y, that 
is, the point D, and of a and m/3 — ny, that is, 
the point C. Again, /o — ny = is the equa- 
tion of OE^ for it passes through ay or E^ and 
it also passes through the intersection of AD 
and BC^ since it is = {la — mp) + (m/3 — ny), 

EF joins the point ay to the point A 1^ 

ija — m/9 + ny, j3), and its equation will be found to be ?a + ny = 0. 

From Art. 67 it appears that the four lines EA, EO, EB^ and EF form a 
harmonic pencil, for their equations have been shown to be 

«f = 0, y = 0, and la±ny=i 0. 

Again, the equation of FO, which joins the points {la + ny, /?) and {la—m^f m/3- ny) 
is 

la - 2m/9 + ny = 0. 

Hence (Art. 67) the four lines FEf FC, FOf and FB are a harmonic pencil, for 
their equations are 

/o - m/9 + ny = 0, /3 = 0, and /a - f»/9 + ny + m/3 = 0. 
Again, OC, OEf ODj OF are a harmonic pencil, for their equations are 

la — mfi = 0, TO/3 — ny = 0, and la — m^± (m/3 — ny) = 0. 

Ex. 2. To discuss the properties of the system of lines formed by drawing through 
the angles of a triangle three lines meeting in a point. 

Let the equation of AB be y = j of AC, /3 = j of BC, a = j and let the lines 
OAf OB, OC, meeting in a point, 
be m/3 — ny, ny — la, la — to/3 (see 
Art. 55). 

Now we can form the equa- 
tions of all the other lines in the 
figure. 

For example, the equation of 
EFis 

n7/3 + ny — ?a = 0, 
since it passes through the points 
(^, ny — la) or E, and (y, mfi — la) 
or F. 

In like manner, the equation of Df is 

la - TO/3 + ny = 0, 
and of DE /o + to/3 - ny = 0. 

Now we can prove that the three points L, if, iV are all in one right line, whos3 
equation is 

/a + TO/3 + ny = 0, 

for this line passes through the points {la + to/3 — ny, y) or N; {la — to/3 + ny^ /3) 
or M', and (toj3 + ny - la, a) or L. 
The equatio]^ of CiVis 

/o + TO/3 = 0, 

for this is evidently a line through (a, /3) or C, and it also passes through A", since 
it i= {la + TO/3 + ny) - ny. 
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Hence BN is cut hannonicallj, for the equations of the four lines CN^ CA* 
CF, CBare 

o = 0, /3 = 0, /o - m/3 = 0, 7a + m/9 = 0. 

The equations of this example can be applied to many particular cases of frequent 
occurrence. Thus (see Ex. 3, p. 54) the equation of the line joining the feet 
of two perpendiculars of a triangle Is acoSi4+/3coB£--7COsC=0; while 
acos^ + /9cos£ + Y cos C passes through the intersections with the opposite sides 
of the triangle^ of the lines joining the feet of the perpendiculars. In like manner 
a sinA-\-^ einB — y sm(7 represents the line joining the middle points of two 
sides, &c, 

Ex. 3. Two triangles are said to be komoIogovSf when the intersections of the 
corresponding sides lie on the same right line called the cuei* of homology ^ prove 
that the lines joining the corresponding vertices meet in a point [called the ctwtre 
of homology] . 

I^st the sides of the first triangle be a, /9; y ; and let the line on which the corre- 
aponding sides meet be la + mp + ny; then the equation of a line through the 
intersection of this with a must be of the form /'a + m/3 + ny = 0, and similarly those 
of the other two sides of the second tiiangle are 

la + f»'/3 + ny =zOy la + m^ -^ n'y = 0. 

Bu^b subtracting successively each of the Ust three equations from another, vn 
get for the equations of the Mnes joining corresponding vertices 

(Z-r)« = (»-in^)/3, (in-w*)p=(n-n')y, (n-nO y = (f- «» 

which obviously meet in a point. 

61. To find the, condition that two lines la + mfi + 127, 
Va + Tw'yS + n'y may he mutually perpendicular. 

Write the eq,uations at full length as in Art. 60, and ^pply 
the criterion of Art. 25, Cor. 2 [A A' + jB5' = 0), when we find 

U + mm' + nn! + (nun + m^n) cos (/8.— 7) + [nV + nl) cos {7 — a) 

+ [Im' + Vm) cos (a - /3) = 0. 

Now since fi and 7 are the angles made with the axis of x by 
the perpendiculars on the lines /3, 7, iS — 7 is the angle between 
those perpendiculars, which again is equal or supplemental to 
the angle between the lines themselves. If we suppose the 
origin to be within the triangle^ and -4, J5, G to be the angles 
of the triangle, ^ — 7 is the supplemeut of -4. The condition 
for perpendicularity therefore is. 

U'+mm'+nn'— [mn'-[m'n) cos^ - (w?+w'?) cosB— (^tti+Z'w.) cos (7=0. 

As a particular case of the above, the condition that IdA-m/i + ny 
may be perpendicular to 7 is 

w = wi cos ^ 4 ? cos -&• 

In like manner we find the length of the perpendicular from a:y 
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on la + vnfi + ny. Write the equation at full length and apply the 
formula of Art. 34, when, if we write a?' cosa + y' Bina-p = a\ 
&c., the result is 

la + mff -f ny 

V(f + m* + n* - 27nn cos 4 - 2nl cosB- 2bn cos C) ' 

Ex. 1. To find the equation of a perpendicular to y through its extremity. The 
equation is of the form la + ny = 0. And the condition of this article giTes 
« = / COS £, as in Ex. 6, p. 64. 

Ex. 2. To find the equation of a perpendicular to y through its middle point. 
The middle point being the intersection of y with aeaxA— fisanB, the equation 
of any line through it is of the form asin^ — /38in^ + n<y = 0, and the conditiQa 
of this article gives » = sin (-4 - jB). 

Ex. 8. The three perpendiculars at middle points of sides meet in a pcnnt. For 
•Uminating a, /3, y in turn between 

a mnA -fiwaB + y gm{A-B) = 0, ^sinB-yanC+aBin{B-C) = Of 
-we get for the lines joining to the three vertices the intersection of two perpen- 
diculars . = ;3.r» = z;r/t ; ^^^ th« symmetry of the equations proves that the 

cos A cos JO COS o 

third perpendicular passes through the same point. The equations of the perpen- 
diculars vanish when multiplied by sin'C, sin'^, sin'^, and added together. 

Ex. 4. Find, by Art. 25, expressions for the sine^ cosine, and tangent of the anglo 
between /a + m/3 + ny, Va + m'fi + »'y 

Ex. 5. Prove that a cos Ji + /3 cosB-\- y cos 67 is perpendicular to 

« sin^l C08^sin(j9 — C7)+/3BinP cos5 sin {C— A) + y em C coa C an{A — B), 

Ex. 6. Find the equation of a line through the point a'^'y' perpendicular to the 
hue y. Ans, a 03' + y' cos-4) - p (a' + y' cosi5) + y (j3' COS J8 - a' cos-4). 

62. We have seen that we can express the equation of any 
right line in the form la + ml3 + W7 = 0, and so solve any problem 
by a set of equations expressed in terms of a, )3, 7, without any 
direct mention of x and y. This suggests a new way of looking 
at the principle laid down in Art. 60. Instead of regarding a 
as a mere abbreviation for the quantity x cos a + y sin a - /?, we 
may look upon it as simply denoting the length of the perpen- 
dicular from a point on the line a. We may imagine a system 
of trilinear coordinates in which the position of a point is defined 
by its distances from three fixed lines, and in which the 
position of any right line is defined by a homogeneous equation 
between these distances, of the form 

la + mP + W7 = 0. 

The advantage of trilinear coordinates is, that whereas in 
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Cartesian (or x and y) coordinates the utmost simplification we 
can introduce is by choosing two of the most remarkable lines in 
the figure for axes of coordinates, we can in trilinear coordi- 
nates obtain still more simple expressions by choosing three of 
the most remarkable lines for the lines of reference a, ^, 7. The 
reader will compare the brevity of the expressions in Art. 54 
with those corresponding in Chap. ii. 

63. The perpendiculars from any point on a^ 13^ 7 are 
connected by the relation aa + bff -\-cy — M^ where a, J, c, are 
the sides, and M double the area, of the triangle of reference. 
For evidently aa, JyS, 07 are respectively double the areas of 
the triangles OBG^ OCA^ OAB. The reader may suppose 
that this is only true if the point be taken within the triangle ; 
but he is to remember that if the point were on the other 
side of any of the lines of reference (a), we must give a negative 
sign to that perpendicular, and the quantity aa + i/9 + cy would 
then be double OCA-\^ OAB- OBC^ that is, still = double the 
area of the triangle. Since sin^ is proportional to a, it is plain 
that a sin^ -I- )8 sin5 + 7 sin is also constant, a theorem which 
may otherwise be proved by writing a, )8, 7 at full length, as in 
Art. 60, multiplying by sin (/8 — 7), sin (7 - a), sin (a — yS), 
respectively, and adding, when the coefficients of x and y vanish, 
and the sum is therefore constant. 

The theorem of this article enables us always to use hom(H 
geneous equations in a, )8, 7, for if we are given such an equation 
as a = 3, we can throw it into the homogeneous form 

Ma = 3{aoL + bff-icy). 

64. To express in trilinear coordinates the equation of the 
parallel to a given line la + mfi + ny. 

In Cartesian coordinates two lines Ax -\-By-\- G^ Ax -k^By-k- C\ 
are parallel if their equations differ only by a constant. It 
follows then that 

loL + mfi + W7 + i (a sin ^ + /8 sin J5+ 7 sin C^ = 

denotes a line parallel to la + mfi + 717, since the two equations 
diff*er only by a quantity which has been just proved to be 
constant. 
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In tbe same case Ax-\- By-\- C+ {Ax-\- By-\- C) denotes a 
line also parallel to the two given lines and half-way between 
them; hence if two equations P = 0, P' = are so connected 
that P- P' = constant, then P-\- F denotes a parallel to P and 
P' half-way between them. 

Ex. 1. To. find the ec^aatioii of a paraQisl to the base of a triangle drawn throngh 
the vertex. Asm. aBin^-|-j9ginjB = 0. 

For this, obvionsly, is a line through a/3 ; and wnting the equation in the form 
y sin C - (a sin^ + /3 sin5 + y sin C) = 0, 
it appears that it diffets onljr by a constant from y ^ 0. 

We see, also, that the parallel a sin^ + ^sin^, and the bisectox of the base 
a sin^l — /9 sin£, form a harmonic pencil with a, /3, (Art. 67). 

Ex. 2. The line j^inipg the middle points of sidea of a triangle is pandliel to the 
base. Its equation (see Ex. 2^ p. 58) is 

o sin ^ + /3 sin J5 — y sin (7= 0, or 2-/ sin C= o sin it + /S^sfco B + ywnC, 

Ex. 8. The line aa — bfi + cy — dd (see Ex. 5, Art. 54) passes through the middle 
point of the line joining ay, pd. For {aa + ey) + (^/3 + dS) is constant, being twice the 
area of the quadrilateral ; hence aa ■{■eyjbfi+di axe parallel, and {aa + cy) — (3/3 + dd) 
is also parallel and half-way between them. It therefore bisects the line joining (ay),, 
which is a point on the first line, to {fii) which is a point on the second. 

65. To write in the form la + m0 + ny = the equation of the 
line Joining two given points xy\ x"y\ 

Let a', as before, denote the quantity a;' cos a + y' sin a — /?. 
Then the condition that the coordinates z'y shall satisfy the 
equation la + m^ -i- W7 = may be written 
1(1 +«i^' +W7' =0. 

Similarly we have Za" 4 w/8" + n^" = 0. 
7 ^j 
Solving for - , - , from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 
the two points 

a (/3 V - 7'/3") + /S. (7V' - 7V) + 7 (a /3" - o!'P) = 0. 
It is to be observed that the equations in trilinear coordi- 
nates being homogeneous, we are not concerned with the actual 
lengths of the perpendiculars from any point on the lines of 
reference, but only with their mutual ratios. Thus the preceding 
equation is not altered if we write pa\ p/8', P7 , for a', /8', 7 . 
Accordingly, if a point be given as the intersection of the lines 

-y = - = - , we may take Z, wi, n as the trilinear coordinates 
I m n^ '' ' ' 
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of that point. For let p be the common value of these fractions, 
and the actual lengths of the perpendiculars on a, ^, 7 are 
Ip^ mpj npj where p is given by the equation alp + bmp 4 cnp = Jf, 
but, as has been just proved, we do not need to determine p. 
Thus, in applying the equation of this article, ive may take for 
the coordinates of intersection of bisectors of sides, sin£sin(7, 
sin C sin -4, sin ^ sin 5; of intersection of perpendiculars, 
cosB cos (7, cos C cos-4, cos-4 cos5; of centre of inscribed circle 
1, 1, 1 ; of centre of circumscribing circle cos-4, cos£, cos (7, &c. 

Ex. 1. Find the equation of the line joining intersections of perpendiculars, and 
of bisectors of sides (see Art. 61, Ex. 5). 
Am, a sin ^ cos ^ sin (5— (7)+/3 sin5 cosBsin(C— -4)+"/ sinCcosCBin(il — P)=0. 

Ex. 2, Find equation of line joining centres of inscribed and drcnmscribing circles. 
Ans. a (cos-B — cos C) + /3 (cos C— cos -4) + y (cos^ — cosjB) = 0. 

66. It is proved, as in Art. 7, that the length of the per- 
pendicular on a from the point which divides in the ratio I : m 
the line joining two points whose perpendiculars are a', a" is 

—J . Consequently the coordinates of the point dividing 

in the ratio I : m the line joining a'ySV, a")8"7" are la + ma'\ 
Iff H- mff\ ly 4 my". It is otherwise evident that this point 
lies on the line joining the given points, for if a'/SV, a'ff'y" 
both satisfy the equation of a line AoL-hBfi+ (^7 = 0, so will 
also la + ma" J &c. It follows hence, without difficulty, that 
la —ma" J &c., is the fourth harmonic to 7a' + «ia", a', a"; that 
the anharmonic ratio of a' - ia", a' — la\ a' - wa", a' — na" is 

) ^ \ (7 S h\ ' *°^ *^®^ *^**' given two systems of points on 

two right lines a'-Aa", a'-?a",&c., a"' -ka"", a"' -la"", &c.; 
these systems are homographic^ the anharmonic ratio of any four 
points on one line being equal to that of the four corresponding 
points on the other. 

Ex. The intersection of perpendiculars, of bisectors of sides, and the centre of 
circumscribing circle lie on a right line. For the coordinates of these points are 
cos B cos C, «$:c., sin B sin C, &c., and cos A, &c. But the last set of coordinates may- 
be written sin fi sin C — cos -B cos C, Ac. 

The point whose coordinates are C08(B — C), cos(C— -<4), cos(i4 — B) evidently 
lies on the same right line and is a fourth harmonic to the three preceding. It will 
be found hereafter that this is the centre of the ch'cle tlurough the middle points 
of the sides. 
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67. To examine what line is denoted hy the equation 

a sin -4 + yS sin 5+ 7 sin 0= 0. 

This equation is included in the general form of an equation 

of a right line, but we have seen (Art. 63) that the left-hand 

member is constant, and never = 0. Let us return, however, 

to the general equation of the right line Ax + -By + (7=0. We 

C C 
saw that the intercepts cut off on the axes are — ^ , "" "S 5 

consequently, the smaller A and B become the greater will be 
the intercepts on the axes, and therefore the more remote the 
line represented. Let A and B be both =^ 0, then the intercepts 
become infinite, and the line is altogether situated at an infinite 
distance from the origin. Now it was proved (Art. 63) that the 
equation under consideration is equivalent to Go? + 0^ + (7=0, and 
though it cannot be satisfied by any finite values of the coordi- 
nates, it may by infinite values, since the product of nothing by 
infinity may be finite. It appears then that a sin^H- iS sinyS + 7 sin (7 
denotes a right line situated altogether at an infinite distance from 
the origin; and that the equation of an infinitely distant right 
line, in Cartesian coordinates, is0.aj-|-0.y+(7 = 0. We shall, 
for shortness, commonly cite the latter equation in the less 
accurate formC=0. 

68. We saw (Art. 64) that a line parallel to the line a = 
has an equation of the form a+ (7=0. Now the last Article 
shows that this is only an additional illustration of the principle 
of Art. 40. For a parallel to a may be considered as intersecting 
it at an infinite distance, but (Art. 40) an equation of the form 
a+ C=0 represents a line through the intersection of the lines 
a = 0, (7 = 0, or (Art. 67) through the intersection of the line a 
with the line at infinity. 

69. We have to add that Cartesian coordinates are only a 
particular case of trilinear. There appears, at first sight, to be 
an essential difiference between them, since trilinear equations 
are always homogeneous, while we are accustomed to speak of 
Cartesian equations as containing an absolute term, terms of the 
first degree, terms of the second degree, &c. A little reflection, 
however, will show that this difiference is only apparent, and 
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that Cartesian equations must be equally homogeneous in reality, 
though not in form. The equation x = 3j for example, must 
mean that the line x is equal to three feet or three inches, or, in 
short, to three times some linear unit ; the equation a;y = 9 must 
mean that the rectangle x^ is equal to nine square feet or square 
inches, or to nine squares of some linear unit ; and so on. 

If we wish to have our equations homogeneous in form as well 
as in reality, we may denote our linear unit by z^ and write the 
equation of the right line 

Ax-^-Siz-h Cz = 0* 

Comparing this with the equation 

AoL-\-Bl3+Cy^Oj 

and remembering (Art. 67) that when a line is at an infinite dis-^ 
tance its equation takes the form iS = 0, we learn that equations 
in Cartesian coordinates are only the particular form assumed 
hy trilinear equations when two of the lines of reference are 
what are called the coordinate axes^ while the third is at an 
infinite distance^ 

70. We wish in conclusion to give a brief account of what id 
meant by systems of tangential coordinates^ in which the position 
of a right line is expressed by coordinates, and that of a point by 
an equation. In this volume we limit ourselves to what is not 
so much a new system of coordinates as a new way of speaking 
of the equations already in use. If the equation (Cartesian or 
trilinear) of any line be Xaj + yity + i'« = 0, then evidently, if 
\, fi^ V be known, the position of the line is known ) and we 
may call these three quantities (or rather their mutual ratios 
with which only we are concerned) the coordinates of the right 
line. If the line pass through a fixed point xyz\ the relation 
must be fulfilled aj'\4y/A + «V = 0j if therefore we are given 
any equation connecting the coordinates of a line, of the form 
a\ + i/A + cv = 0, this denotes that the line passes through the 
fixed point (a, &, c), (see Art. 51), and the given equation may 
be called the equation of that point. Further, we may use 
abbreviations for the equations of points, and may denote by 
a, fi the quantities aj'\ + y'/A + «V, x"\-\-y"ii-\- z"v\ then it i» 
evident that Id + m^ = is the equation of a point dividing in 

K 
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a given ratio the line joining the points a, P ; that la = Wj8, 
m^ = W7, ny = loL are the equations of three points which lie on 
a right line ; that a + 4/8, a — k/S denote two points harmonically 
conjugate with regard to a, /8, &c. We content ourselves here 
with indicating analogies which we shall hereafter develope 
more fully ; for we shall have occasion to show that theorems 
concerning points are so connected with theorems concerning 
lines, that when either is known the other can be inferred, and 
often that the same equations differently interpreted will prove 
either theorem. Theorems so connected are called reciprocal 
theorems. 

Ex. Interpret in tangential eoordinatcs the equations used in Art. 60, Ex. 2. 

Let o, /3, y denote the' points -4, 5, C; mfi — ny, ny — /a, la — mfS^ the points 
Lf My N) then j»/3 + ny — Za, ny + /o — m/3, la + m/9 — ny denote the vertices of the 
triangle formed by LA, MB, NC; and la + mp + ny denotes a point in which 
meet the lines joining the vertices of this new triangle to the corresponding vertices 
of the original : mfi + ny, ny + 1a^ la + m^ denote D, E, F, It is easy henoe to see 
the points in the figiiie, which are harmonically conjugate. 
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CHAPTER V. 



EQUATIONS ABOVE THE FIRST DEGREE REPRESENTING 
RIGHT LINES. 

71. Before proceeding to speak of the curves represented 
by equations above the first degree, we shall examine some cases 
where these equations represent right lines. 

If we take any number of equations i = 0, if = 0, N= 0, &c., 
and multiply them together, the compound equation LMN&c. = 
will represent the aggregate of all the lines represented by its 
factors ; for it will be satisfied by the values of the coordinates 
which make any of its factors = 0, Conversely, if an equation of 
any degree can he resolved into others of lower degrees^ it mil repre- 
sent the aggregate of all the loci represented by its different factors. 
If, then, an equation of the n^ degree can be resolved into n 
factors of the first degree, it will represent n right lines. 

72. A homogeneous equation of the n^^ degree in x and y 
denotes n right lines passing through the origin. 

Let the equation be 

a?" -px^y + qo^y^ - &c. ...4 <y" = 0. 
Divide by 3^", and we get 

Let a, J, c, &c., be the n roots of this equation, then it Is 
resolvable into the factors 

and the original equation is therefore resolvable into the factors 

(cc — ay) [x — hy) (» — cy) &c. = 0, 
It accordingly represents the n right lines a?- ay = 0, &c., all of 
which pass through the origin. Thus, then, in particular, the 
homogeneous equation 
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represents the two right lines a? — ay = 0, a; — Jy = 0, where a and 
b ar^ thQ two roots of the quadratic 

(p)'-(^^-«- ^ 

It Is proved, in like manner, that the equation 
denotes n right lines passing through the point (a, i)« 

Ex. 1. What locus is represented by the equation a^ = 0? 

Afu, The two axes } since the equation is satisfied by either of the suppositiona 
jc = 0, y = 0. 

Ex. 2. What locus is represented by x« — y« = ? 

Ans^ The bisectors of the angles between the axes, x±jf=0 (see Art. 35). 

Ex. 3. What locus is represented by oj* -. 6xy + 6y2 = o ? Ans, a;-2y=0, a;-3^=0. 

Jbc. 4, What locus is represented by »» - 2a?y sec + y* = ? 

Ans, a; = ytan(45*'±i0), 
Ex. 6. What lines are represented by jd* - 2xy tan 6 - y* = ? 
Ex. 6. What lines are represented by »» - 6x^1/ + lla:y« -Gy» = 0? 

73. Let us examine more minutely the three cases of the 
solution of the equation x^ -^pxy -I- qy^ — 0, according as its roots 
are real and unequal, real and equal, or both imaginary. 

The first case presents no difficulty : a and h are the tangents 
of the angles which the lines make with the axis of y (the axes 
being supposed rectangular), p is therefore the sum of those 
tangents, and q their product. 

In the second case, when a = J, it was once usual among 
geometers to say that the equation represented but one right 
line [x — ay^ 0). We shall find, however, many advantages in 
making the language of geometry correspond exactly to that of 
algebra, and as we do not say that the equation above has only 
one root, but that it has two equal roots, so we shall not say 
that it represents only one line, but that it represents two CQincident 
right lines. 

Thirdly, let the roots be both imaginary. In this case no real 
coordinates can be found to satisfy the equation, except the 
coordinates of the origin a? = 0, y = ; hence it was usual to say 
that in this case the equation did not represent right lines, but 
was the equation of the origin. Now this language appears to 
us very objectionable, for we saw (Art. 14) that two equations 
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are required to determine any point, hence we are unwilling 
to acknowledge any single equation as the equation of a point. 
Moreover, we have been hitherto accustomed to find that two 
different equations always had different geometrical significations, 
but here we should have innumerable equations, all purporting to 
be the equation of the same point ; for it is obviously immaterial 
what the values of p and q are, provided only that they give 
imaginary values for the roots, that is to say, provided that /?* be 
less than 4j. We think it, therefore, much preferable to make 
our language correspond exactly to the language of algebra ; and 
as we do not say that the equation above has no roots when^* 
is less than 4^, but that it has two imaginary roots, so we shall 
not say that, in this case, it represents no right lines, but that 
it represents two imaginary right lines. In short, the equation 
X — pxy + qy* =s being always reducible to the form 
{x^ay) (a? — Jy) = 0, we shall always say that it represents two 
right lines drawn through the origin ; but when a and b are real, 
we shall say that these lines are real ; when a and b are equal, 
that the lines coincide ; and when a and b are imaginary, that the 
lines are imaginary. It may seem to the student a matter of 
indifibrence which mode of speaking we adopt ; we shall find, how- 
ever, as we proceed, that we should lose sight of many important 
analogies by refusing to adopt the language here recommended. 
Similar remarks apply to the equation 

which can be reduced to the form a? —pxy + qj^ = 0, by dividing 
by the coefficient of a". This equation will always represent 
two right lines through the origin ; these lines will be real if 
J3* — 4-4C7 be positive, as at once appears from solving the 
equation ; they will coincide if ^ - 4-4 C= ; and they will be 
imaginary if 5* -4-40 be negative. So, again, the same 
language is used if we meet with equal or imaginary roots In the 
solution of the general homogeneous equation of the w*^ degree. 

74. To find the angle contained by the lines represented by the 
equation a? —pxy + qy'^ = 0. 

Let this equation be equivalent to [x - ay) [x - by) = 0, then 

the tangent of the angle between the fines is (Art. 25) . 
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but the product of the roots of the given equation = g, and their 
difference =* VCp'* — ^j). Hence 

1 + 2 
If the equation had been given in the form 

it would have been found that 

Cor, The lines will cut at right angles, or tan will became 
infinite, if y = — I in the first case, or if -4 + 0= in the second. 

Ex. Find the angle between the lines 

a!« + a;y - 6y« = 0. Ant, 46** 

aj»-2a^8ec0 + y« = (>. iUw. a 

*If the axes be oblique we find, in like manner,. 

, ^ sin wVfJ?*- 4^(7) 

tan ^ = —7-—^ — o ' • 

^ A-\- G- B cosG) 

75. To find the equation which will represent the lines htsectvng 
the angles between the lines represented by the equation 

Ax"" + Bxy + (7/ = 0. 

Let these lines be a; — ay = 0, a? — Jy = ; let the equation of 
the bisector he x — fiy = 0^ and we seek to determine /i. Now 
(Art. 18) fi is the tangent of the angle made by this bisector with 
the axis of y, and it is plain that this angle is half the sum of the 
angles made with this axis by the lines themselves. Equating, 
therefore, tangent of twice this angle to tangent of sum, we get 
2fi _ a-\-b 
r^^ ~ T^ab ' 

but, from the theory of equations. 



therefore 

B 



a+ J=- 


B 

A' 


a& = 



^ A' 


2/t 


^ — 


B 
A- 


"C 



or ^»_2^^yit_l = 
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This gives us a quadratic to detertoine /a, one of whose roots 
will be the tangent of the angle made with the axis of y by the 
internal bisector of the angle between the lines, and the other 
the tangent of the angle made by the external bisector. We 
can find the combined equation of both lines by substituting in 

the last quadratic for /a its value = - , and we get 

If 

and the form of this equation shows that the bisectors cut each 
other at right angles (Art. 74). 

The student may also obtain this equation by forming 
(Art. 35) the equations of the internal and external bisectors 
of the angle between the lines a; — ay = 0, a; -6^ = 0, and 
multiplying them together, when he will have 

(a?--fly )' _ {x - hyf 

and then clearing of fractions, and substituting for a + 5, and ah 
their values in terms of -4, 5, (7, the equation already found is 
obtained. 

76. We have seen that an equation of the second degree 
vnay represent two right lines ; but such an equation in general 
cannot be resolved into the product of two factors of the first 
degree, unless its coeflScients fulfil a certain relation, which can 
be most easily found as follows. Let the general equation of 
the second degree be written 

ao^ + Ihxy + hy' 4 "^gx + 2/y + c := 0,t 

or ax' -\-2{hy-\-ff)x + J/ + 2/y + c = 0. 



♦ It is remarkable that the roots of this last equation will always be real, even 
the roots of the equation Ax^ + Bxy + Cy^ = be imaginary, which leads to the 
curious result, that a pair of imaginary lines has a pair of real lines bisecting 
the angle between them. It is the existence of such relations between real and 
imaginary lines which makes the consideration of the latter profitable. 

t It might seem more natural to write this equation 

ax^ + bxy + cy^ + dx ■¥ ey +/= 0, 

but as it is desirable that the equation should be written with the same letters all 
through the book, I have decided on using, from the first, the form which will 
hereafter be found most convenient and symmetrical. It will appear hereafter 



72 EQUATIONS REPBE8EMT1N0 RIQUT LINES. 

Solving this equation for x we get 

In order that this may be capable of bemg reduced to thd 
form a;smy + ti| It is necessary that the quantity nnder the 
radical should be a perfect square, in which case the equation 
would denote two right lines according to the different signs 
we give the radical. But the condition that the radical should 
be a perfect square is 

Expanding, and dividing by a, we obtain the required condition, 
viz. aJc + 2^A-a/^-iy*-cA' = 0» 

1. Yerify that the following eqnatlGii represents right lineB^ and find the lineaa 

«»-6xy + 4y* + a?-»-2y-2 = 0. 
An$^ Solving for « as in the text, the lines are found to ba 

x-y-l = 0, a;-4y + 2=:0. 
Ex. 2. Verify that the following equation represents right lines t 

(o* + ^y-r«)« = (a» + /3»-r») (x» + y»-r«). 
Ex. 8. What lines are represented by the equation 

An$. The imaginary lines » + ey + 6* = 0, ar-f6V+© = 0, where 6 is one of thd 
imaginary cube roots of 1. 

Ex. 4. Determine A, so that the following equation may represent right lines ! 

flc» + 2hxy + y*-6aj-7y + 6-0. 

An$. Subittituting tlicse values of the coefficients in the general condition, we get 
for h the quadratic 12A* — 8fiA + 25 = 0, whose roots are ^ and f . 

*77. The method used in the preceding Article, though the 
most simple in the case of the equation of the second degree, is 
not applicable to equations of higher degrees ; we therefore give 
another solution of the same problem. It is required to ascertain 

that this equation is intimately connected with the homogeneous equation in threo 
yariables, which may be most symmetrically written 

(la:* + V + <f«' + Vv^ + 2^-^* + 2*ay = 0. 
The form in the text is derived from this by making « = 1. The coefficient 2 is affixed 
to certain terms, because formule connected with the equation, which we shall have 
occasion to use, thus become simpler and more easy to be remembered. 

* If the coefficients y, g, h in the equation had been written without numerical 
multipliers, this condition would have been 

Aabc +fgh -ap^hg^^ cA« = 0, 
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whether the given equation of the second degree can be identical 
with the product of the equations of two right lines 

(aaj + )8y- 1) (a'a; f )8'y- 1) =0. 

Multiply out this product| and equate the coefficient of each 
term to the corresponding coefficient in the general equation of 
the second degree, having previously divided the latter by c, 
80 as to make the absolute term in each equation = 1. We thus 
obtain five equations, viz. 

««' = ^, « + «' = -f , /S)8'=i, /3 + ^ = -^/, «/3' + a'/3 = ^5 

from which eliminating the four unknown quantities a, a', )3, )3\ 
we obtain the required condition. The first four of the equa* 
tions at once give us two quadratics for determining a, a' ; ^, ^9^ ; 
which indeed might have been also obtained from the considera** 
tion that these quantities are the reciprocals of the intercepts 
made by the lines on the axes ; and that the intercepts made by 
the locus on the axes are found (by making alternately x^O^ 
y = 0, in the general equation) from the equations 

We can now complete the elimination by solving the quadratics^ 
substituting in the fifth equation and clearing of radicals; oir 
we may proceed more simply as follows t Since nothing shews 
whether the root a of the first quadratic is to be combined with 

the root )3 or ff of the second, it is plain that — may have 

c 

either of the values a^S* + a')8 or ayS + a'ff. This is also evident 

geometrically, since if the locus meet the axes in the points 

£, T/ ; My M'] it is plain that if It represent right lines at all, 

these must be either the pair LM^ LM\ or else LM\ L'M^ 

whose equations are 

(ooj + )8y-l) {(ix + /3'y-l) = 0, or {(ix + ffy - 1) {ptx^-Py - 1) = 0. 

The sum then of the two quantities afi' + a')3, o^ + al0 

C 

and their product 

' c cr c c 
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Hence - is given by the quadratic 

? " 7 • T "*■ c' ^"» ^ 

which, cleared of fractions, is the condition already obtained. 

Ex. To determine A bo that «« + Vixy + y' — 6» — 7y + 6 = may repiesent right 
lines (see Ex 4, p. 72). 

The intercepts on the axes are given by the equations 

a«-5aj + 6 = 0, y*-7y + 6 = 0> 
whose roots are a; = 2, « = 3 ; y = 1, y = 6. Forming, then, the equation of the lines 
joining the points so found, we see that if the equation represent right lines, it must 
be of one or other of the forms 

(a? + 2y-2) (2aj + y-6) = 0, (a; + 3y-8) (aB^-y-6) = 0, 
whence, multiplying out, h is determined. 

*78. To find how many conditions must he satisfied m order 
that the general equation of the n^^ degree mxty represent right lines. 

We proceed as in the last Article ; we compare the general 
equation, having first by division made the absolute term = 1| 
with the product of the n right lines 

(cw? + )8y- 1) (a'a; + iSy- 1) (a"aj + )8"y - 1) &c. « 0. 

Let the number of terms in the general equation be N\ then 
from a comparison of coefficients we obtain ^—1 equations 
(the absolute term being already the same in both) ; 2n of these 
equations are employed in determining the 2n unknown quan- 
tities a, a', &c., whose values being substituted in the remaining 
equations afibrd -W— 1 — 2n conditions. Now if we write the 
general equation 

A 

+ Bx-{-Cy 

+ 2>x' + Exy + Fy^ 

+ Gx"" + Hx^'y + Kxy' + iy" 

+ &c. = 0, 

it is plain that the number of terms is the sum of the arithmetic 
series 

J^=l42 + 3+...(«+l)=l!i±il^; 

1 • « 

V. XT t n(n + 3) ^, , _ n(n-l) 

hence ^-1= \ » ; ^-l-2n=- \ , \ 
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CHAPTER VI. 



THE CIRCLE. 



79. Before proceeding to the discussion of the general equa 
tiOQ of the second degree, it seems desirable that we should 
shew, in the simple case of the circle, how all the properties of a 
curve may be deduced from its equation, without assuming any 
previous acquaintance with the geometrical theory. 

The equation, to rectangular axes, of the circle whose centre 
ia the point (a^) and radius is r, has already (Art. 17) been 
found to be 

Two particular cases of this equation deserve attention, as 
occurring frequently in practice. Let the centre be the origin, 
then a = 0^ /8 = 0^ and the equation is 

Let the axis of a: be a diameter, and the axis of y a per- 
pendicular at its extremity, then a = r, /S=:0, and the equation 
becomea 

80. It will be observed that the equation of the circle, to 
rectangular axes, does not contain the term xy^ and that the 
coefficients of a?* and y^ are equal. The general equation therefore 

aa;' 4 2^ry + J/ + 2^a? + 2/y + c = 
cannot represent a circle, unlesa we have A = and a = &.. Any 
equation of the second degree which fulfils these two conditions 
may be reduced to the form {x — a)* + (y- /8)' = r', by a process 
corresponding to that used in the solutioa of quadratic equations. 
If the common coefficient of a?' and y* be not already unity, by 
division make it so ; then having put the terma containing x and 
y on the left-hand side of the equation, and the constant term 
on the right, complete the squares by adding to both sides the 
sum of the squares of half the coeffiolents of x and y. 
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Ex. Kedncc to the farm (» - o)« + (y - ^)« = r«, the eqnationi 

Ans, («-l)« + (y-2)« = 25; (x --«)* + (y -|)« = ff; andtheooordinatea of the 
centre and the radiua are (1, 2), and 5 in the first case; (|, %) and ^ ^(62) in the second. 

If we treat in like manner tbe equation 

then the coordbates of the centre are — , — , and the radius 

If g* +/* - ac is negative, the radius of the circle is imaginary, 
and the equation being equivalent to (a? - a)* + (y - ^8)' 4 r* = 
cannot be satisfied by any real values of x and y. 

If ^+/'= ao, the radius is nothing, and the equation being 
equivalent to [x — a)' + (y — fiY = 0, can be satisfied by no 
coordinates save those of the point (a;9). In this case then the 
equation used to be called the equation of that point, but for the 
reason stated (Art. 73) we prefer to call it the equation of an 
infinitely small circle having that point for centre. We have 
seen (Art. 73) that it may also be considered as the equation of 
the two imaginary lines (a? — a) ± (y — /S) V(— 1) pas?ing through 
the point (a)3). So in like manner the equation af-^y^^Q may 
be regarded as the equation of an infinitely small circle having 
the origin for centre, or else of the two imaginary linesa:±yV(- !)• 

81. The equation of the circle to oblique axes is not often 
used. It is found by expressing (Art. 5) that the distance of 
any point from the centre is equal to the radius, and is 

(a;-a)' + 2(a;-a) (y-)3) cosfl)+ (y-/9)* = r^. 

If we compare this with the general equation, we see that 
the latter cannot represent a circle unless a = & and A = a cos ca. 
When these conditions are fulfilled we find by comparison of 
coefficients that the coordinates of the centre and the radius are 
given by the equations 



a + i8cosa = -'2^ )8 + a cosw^-*^, a' + /8" + 2(Xi8 



coso)— r =- . 
a 
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Since «! 13 are determined from the first two equations, which 
do not contain c, we learn that two circles will be concentric if 
their equations differ only in the constant term. 

Again, if c = 0, the origin is on the curve. For then the 
equation is satisfied by the coordinates of the origin a? = 0, y = 0. 
The same argument proves that if an equation of any degree want 
the absolute term^ the curve represented passes through the origin. 

82. To find the coordinates of the points in which a given 
right line x cos a + y sin a =j> meets a given circle aj* 4 y* = r*. 

Equating to each other the values of y found from the two 
equations we get, for determining x^ the equation 

» — a? cos a .. , ,. 
sm a ^ '' 

or, reducing a? — 2px cos a +2?* ■- r^ sin*a = ; 
hence, a* =^ cos a ± sin a VC**' - p')i 

and, in like manner, 

y ^p sin a 7 cos a V(^* -■^')- 

(The reader may satisfy himself, by substituting {hese values 
in the given equations, that the - in the value of y corresponds 
to the + in the value of a;, and vice versd). 

Since we obtained a quadratic to determine a?, and since every 
quadratic has two roots, real or imaginary, we must, in order to 
make our language conform to the language of algebra, assert 
that every line meets a circle in two points, real or imaginary. 
Thus, when p is greater than r, that is to say, when the distance 
of the line from the centre is greater than the radius, the line, 
geometrically considered, does not meet the circle ; yet we have 
seen that analysis furnishes definite imaginary values for the 
coordinates of intersection. Instead then of saying that the 
line meets the circle in no points, we shall say that it meets it in 
two imaginary points, just as we do not say that the corre- 
sponding quadratic has no roots, but that it has two imaginary 
roots. By an imaginary point we mean nothing more than a 
point, one or both of whose coordinates are imaginary. It is a 
purely analytical conception, which we do not attempt to repre- 
sent geometrically ; just as when we find imaginary values for 
Toots of an equation, we do not try to attach an arithmetical 
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meaning to our result. But attention to these imaginary 
points Is necessary to preserv^e generality in our reasonings, for 
we shall presently meet with many cases in which the line 
joining two imaginary points is real, and enjoys aU the geome- 
trical properties of the corresponding line in the case where the 
points are real. 

83. When^aar it is evident, geometrically, that the line 
touches the circle, and our analysis points to the same conclu- 
sion, since the two values of a> in this case become equaly as do 
likewise the two values of y. Consequently the pointa answer- 
ing to these two values, which are in general different, will in 
this case coincide. We shall, therefore, not say that the tangent 
meets the circle in qply one point, but rather that it meets it in 
two coincident points; just as we do not say that the corre- 
sponding quadratic has only one root, but rather that it has two 
equal roots. And in general loe define the tangent to any carve, 
as the line joining tv)o indefinitely near points on that curve. 

We can in like manner find a quadratic to determine the 

points where the line Ax + By-\- C meets a circle given by the ^ 

general equation. When this quadratic has equal roots the line 

is a tangent. 

Ex. 1. Find the coordinates of the intersectionB of a:* + ^^ = 65 ; 3a; + y = 25. 

Ans, (7, 4) and (8, 1) 

Ex. 2. Find intersections of («-«)* + (y - 2c)« - 25c* ; 4aj + 3y = 3Se, 

Ant. The line touches at the point (5c, Be), 

Ex. 3. When will y = wo; + 6 touch sfi + t/^ = r^? Ans. When ft* = r» (1 + 1»*). 
Ex. 4. When will a line through the origin, y = mx, touch 

o (aj* + 2xy cos to + y«) + 2^aj + 2yy + c = ? 
The points of meeting are given bj the equation 

o (I + 2»» cos a» + OT«) a* + 2 (^ +/»») x-\-e = 0, 
which will have equal roots when 

(^ +/w)* = ac {i + 2m COB t»+ m«). 
We hare thus a quadratic for determining m, 

Ex. 5. Find the tangents from the origin to x* + y* — 6a; — 2y + 8 = 0. 

Ana, oj — y = 0, a + 7y = 0. 

84. When seeking to determine the position of a circle 
represented by a given equation, it is often as convenient to do so 
by finding the intercepts which it makes on the axes, as by 
finding its centre and radius. For a circle is known when 
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three points on It are known ; the determination, therefore, of 
the four points where the circle meets the axes serves completelj 
to fix its position. By making alternately ^ = 0, a; = in the 
general equation of the circle, we find that the points in which 
it meets the axes are determined by the quadratics 

The axis of x will be a tangent when the first quadratic has 
equal roots, that is, when g* = aCj and the axis of y when f*=^ac. 
Conversely, if it be required to find the equation of a circle 
making intercepts \, V on the axis of a;, we may take a = 1, and 
we must have 2g = — {X + X')^ c = XX\ If it make intercepts 
ft, fA on the axis of y, we must have 2/= — (/* + /a'), c^fifi!. 
Thus we see that we must have XX' = fifi' (Euc. III. 86). 

Ex. 1. Find the points where the axes are cnt by a:* + y* — 6« — 7y + 6 = 0. 

Ans. ar = 8, a; = 2j y = 6, y = l. 

Ex. 2. What is the equation of the circle which touches the axes at distances from 
the origin = o? Ant, «* + y« - 2ax - 2ay + o« = 0. 

Ex. 3. Find the equation of a circle, the axes being a tangent and any line through 
the point of contact. Here we haye \f \', /u all = ; and it is easy to see from the 
figure that fi' = 2r sinio, the equation therefore is 

a? + 2xy cos a + y* — 2ry sin oi = 0. 

85. To find the equation of the tangent at the point x*y' to a 
given circle. 

The tangent having been defined (Art. 83) as the line joining 
two indefinitely near points on the curve, its equation will be 
found by first forming the equation of the line joining any two 
points {xy\ x"y") on the curve, and then making od ^od' and 
y' =y" in that equation. 

To apply this to the circle : first, let the centre be the origin, 
and, therefore, the equation of the circle x^ + y'* = r". 

The equation of the line joining any two points [x'y) and 
(«y) is (Art. 29) 

y-y _ y -y . 

X-X'" X'-'X"^ 

now if we were to make in this equation y' = y" and x' = x'\ the 
right-hand member would become indeterminate. The cause 
of this is, that we have not yet introduced the condition that 
the two points {x'y\ x'y") are on the circle. By the help of this 
condition we shall be able to write the equation in a form which 
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will not become indetermiDate when the two points are made to 

coincide. For, since 

r^ = aj'« + y- = a;"» + /', we have a:"- a?"*=y"'-yS 

, , . v'-v" a' + o;" 

and therefore —, — ^ = -, jr • 

X —x y +y 

Hence the equation of the chord becomes 

y — y' _ a;' 4 x" 

And if we now make x' = x" and y' =y'\ we find for the equation 
of the tangent 

y-y' _ X* 

a?- X y ' 

or, reducing, and remembering that a;'* + y'' = r', we get finally 

XX* + yy' = 1^. 
Otherwise thus:* The equation of the chord joining two 
points on a circle may be written 

For this is the equation of a right line, since the terms 
aj* + y' on each side destroy each other ; and if we make x = a?', 
y = y\ the left-hand side vanishes identically, and the right-hand 
side vanishes, since the point x*y' is on the circle. In like 
manner the equation is satisfied by the coordinates x"y'\ This 
then is the equation of a chord ; and the equation of the tangent 
got by making a;' = a;", y'=y", is 

which reduced, gives, as before, a;aj' + yy* = r^. 

If we were now to transform the equations to a new origin, 
80 that the coordinates of the centre should become a, ^3, we 
must substitute (Art. 8) ar - a, a;' - a, y - ^8, y' — ^8, for a?, x\ y, y', 
respectively ; the equation of the circle would become 

(aJ-a)'+(y-)8r = r», 
and that of the tangent 

(a:^a)(aj'-a)4(y-^)fy'-/3) = r«; 
a form easily remembered from its similarity to the equation of 
the circle. 

* This method is due to Mr. Burnside. 
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Cor. The tangent is perpendicular to the radius, for the 
equation of the radius, the centre being origin, is easily seen to be 
»'y -y'a? =* ; but this (Art. 32) is perpendicular to xx + yy* = r*. 

86. The method used in the last article maj be applied to 
the general equation* 

aa;' + ikxy -h %* + ^gx + 2^ + c = 0. 
The equation of the chord joining two points on the curve may 
be written 
a(aj-a:')(a?-0 + 2A(aj-x')(y-/)+»(y-y)(y-/) 

^a3^-\^ 2hxy + ly* + 2gx ■{•2fy-\-C* 
{"or the equation represents a right line, the terms above the 
first degree destroying each other ; and, as before, it is evidently 
satisfied by the two points on the curve x'y^ x"y". Putting 
aj" = aj'j y" =y\ we get the equation of the tangent 
a(a?-a;y+2A(a;-aj')(y-y)+ b [y-y'Y^ax^ 2hxy-i- by^+ 2yx+ 2/y +tf j 
or, expanding, 

2axx 4 2A [x'y + yx) 4 2hy'y + 2gx + y^y + c- ax'*+ ihxy* + ly"^. 
Add to both sides Igx + 2/y + c, and the right-hand side will 
vanish, because xy satisfies the equation of the curve^ Thus the 
equation of the tangent becomes 

aa;'aj + A(a;'y+ya?) + jy2/+5'(« + ^0+/(2/ + y) + ^ = O. 

This equation will be more easily remembered if we compare. 
It with the equation of the curve, when we see that it is derived 
from it by writing xx and yy for a?* and y', oiy + y'x for 2a?y, 
and aj' + a?, y + y for 2a; and %y, 

Ex. 1. Find the equations of the tangents to the curves xy=zo'^ and ^ = px, 

Ans. x'y + y'x = 2e* and 2yy =. i? (a? + a^, 
Ex. 2. Find the tangent at the point (5, 4) to (a: - 2)« + (y - 3)2 = 10. 

Ans, 3a? + y 3 19. 

Ex. 3. What is the equation of the chord joining the points x't/y xf't/' on the 

cuxjle a^ + t/^zzr^? Ans, {pcf + a/') x + {tf + yf') y = r^ + afaf' + y'y". 

Ex. 4. Find the condition that Ax + By-k-O-0 should touch 
(ar-a)« + (y-^« = r«. 

Ans, ~]r^rTr]^r = r > since the perpendicular on the line from a^ is equal to r. 

♦ Of course when this equation repi^ents a circle we must have 3 = a, A = a cos <» ; 
tut since the process is the same, whether or not 3 or A have these particular values, 
^e prefer in this and one or two similar cases to obtain at once formulae which will 
^teirwards be required in our discussion of the general equation of the second degi-eo, 

M 



82 THE CIKCI.E. 

87. To draw a tangeyit to the circle a;* + y=r' from any 
point xy\ Let the point of contact be xy\ then since, by hypo- 
thesis, the coordinates xy satisfy the equation of the tangent at 
xy\ we have the condition xx + yy' = r*. 

And since vi'y' is on the circle, we have also 

These two conditions are sufficient to determine the coordinates 
a", y'\ Solving the equations we get 

^ " «"+y > 3^ -" aj'^ + y'' 

Hence, from every point may be drawn two tangents to a circle. 
These tangents will be real when aj'^-f y* is > r*, or the point 
outside the circle; they will be imaginary when aj'^ + y* is < r'*, 
or the point inside the circle; and they will coincide when 
aj" + y = r'*, or the point on the circle. 

88. We have seen that the coordinates of the points of 
contact are found by solving for x and y from the equations 

XX + yy = r'* ; cc* + y* = r\ 
Now the geometrical meaning of these equations evidently is, 
that these points are the intersections of the circle £C* + y^ = r* 
with the right line xx 4 yy = r'*. This, last, then is the equation 
of the right line joining the points of contact of tangents from 
the point xy *^ as may also be verified by forming the equation 
of the line joining the two points whose coordinates were found 
in the last article.* 

We see, then, that whether the tangents from xy be real or 
imaginary, the line joining their points of contact will be the real 
line XX ■\-yy =-r^^ which we shall call the polar of xy with 
regard to the circle. This line is evidently perpendicular to the 

♦ In general the equation of the tangent to any curve expresses a relation con- 
necting the coordinates of any point on the tangent, with the coorrlinates of the 
point of contact. If we are given a point on the tangent and required to find the 
point of contact, we have only to accentuate the coordinates of the point which is 
supposed to be kno^v•n, and remove the accents from those of the point of contact, 
when we have the equation of a curve on which that point must lie, and whose 
intersection with the given curve determines the point of contact. Thus, if the 
equation of the tangent to a curve at any point x'y' be arx** + yy"^ — r^, the points 
of contact of tangents drawn from any point x'y' must lie on the curve x'7^-\-yy^ — r'. 
It is only in the case of curves of the second degi-ee that the equation which deter- 
mines the points of contact is similar in form to the equation of the tangent. 
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line (cr'y — ya? = 0), which joins a:y to the centre; and it3 dis- 

tance from the centre (Art. 23) is --— ^ . Uence, the polar of 

any point P is constructed geometrically by jo'ning it to the 
centre C, taking on the joining line a point J/, such that 
CM.CP=r^^ and erecting a perpendicular to CP at M. We 
see, also, that the equation of the polar is similar in form to that 
of the tangent, only that in the former case the point xi/' is not 
supposed to be necessarily on the circle ; if, however, x't/' be on 
the circle, then its polar is the tangent at that point. 

89. To find the equation of the polar ofx'y^ with regard to the 
curve ax* + 2hxy + hy* + 2gx 4 2/y 4 c = 0. 

We have seen (Art. 86) that the equation of the tangent is 
axx 4 h {xy 4 y'x) 4 hyy 4 .9 (a; 4 x') -{f{y 4 y') + c = 0. 
This expresses a relation between the coordinates xy of any 
point on the tangent, and those of the point of contact xy\ 
We indicate that the former coordinates are known and the 
latter unknown^ by accentuating the former, and removing the 
accents from the latter coordinates. But the equation, being sym- 
metrical with respect to the coordinates a?y, xy\ is unchanged 
by this operation. The equation then written above (which 
when xy is a point on the curve, represents the tangent at that 
point), when x'y' is not on the curve^ represents a line on which 
lie the points of cantact of tangents real or imaginary from xy\ 

If we substitute xy' for xy in the equation of the polar we 
get the same result as if we made the same substitution in the 
equation of the curve* This result then vanishes when xy is on 
the curve. Hence the polar of a point passes through that point 
only when the point is on tlie curve, in which case the polar is 
the tangent. 

Cor. The polar of the origin is gx ■\-fy 4 c = 0. 

Ex. 1. Find the polar of (4, 4) with regard to (aj-l)2+(y-2)«=13. Ant. 3aH-2y=20. 
Ex. 2. Find the polar of (4, 6) with regard to a;*+y«-3x-4y=8. Ans. 5x+6y=48. 
Ex. 8. Find the pole oi Ax + By -VC =1^ with regard to ai* + y* = r*. 

(Ar^ Br^\ 
— ^ I — ^J , as appears from comparing tho given equation with 

SKc' 4- yy' = r«. 

Ex.4. Find the pole of 3a; + 4y = 7 with regard to aj" + y' = 14. Ans. (6,8). 

Ex. 6. Find the pole of 2a; + 8y = 6 with regard to (« - 1)« 4 (y - 2)? = 12. 

Ans, (r 11, - 16)* 
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90. To find the length of the tangent drawn from any point to 
the circle [x-ay + fj/^fiy-^r'^O. 

The square of the distance of any point from the centre 

= (^-a)'+(y-)8/; 

and since this square exceeds the square of the tangent by the 
square of the radius, the square of the tangent from any point is 
found by substituting the coordinates of that point for x and y 
in the first member of the equation of the circle 

Smce the general equation to rectangular coordinates 

a(«' + y") + 25'aJ+2/y + c = 0, 
when divided by a, is (Art. 80) equivalent to one of the form 

(a:-a)"+(2^-^)"-»-' = 0, 
we learn that the square of the tangent to a circle whose equa- 
tion is given in its most general form is found by dividing by 
the coefficient of o;^, and then substituting in the equation the 
coordinates of the given point. 

The square of the tangent from the origin is found by 
making x and y = 0, and is, therefore, = the absolute term in the 
equation of the circle, divided by a. 

The same reasoning is applicable if the axes be oblique. 

*91. To find the ratio in which the line joining tux> given 
points x'y'j a'y , is cut hy a given circle. 

We proceed precisely as in Art. 42. The coordinates of any 
point on the line must (Art. 7) be of the form 
he" + mx* ly" + my' 
l + m ' l-^m 

Substituting these values in the equation of the circle 

«' + 3^'-^' = 0, 
and arranging, we have, to determine the ratio Z: wi, the quadratic 

P (x"» +/" - O + 2lm {x'x" + yY - r») + m'* {x" + f' - r') = 0. 
The values of 7: w being determined from this equation, we have 
at once the coordinates of the points where the right line meets 
the circle. The symmetry of the equation makes this method 
sometimes more convenient than that used (Art. 82). 
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lix"y" lie on the polar of x'y\ we Lave ajV+^y' — y' = 
(Art. 88), and the factors of the preceding equation must be of 
the form Z4 /awi, I— fim ; the line joining x'y\ x"y" is therefore cut 
internally and externally in the same ratio, and we deduce the 
well-known theorem, any line drawn through a point is cut har- 
monically hy the pointy the circh^ and the polar 0/ the point, 

*92. To find the equation of the tangents from a given point 
to a given circle. 

We have already (Art. 87) found the coordinates of the 
points of contact ; substituting, therefore, these values in the equa- 
tion xx" +yy" — r^sO, we have for the equation of one tangent 

r[xx'^yy'^x'' -y'«) + [xy'^yx') V(^"H-y*- r«) =0, 
and for that of the other 

T {xx' 4 yy' - x'^ - y'*) - [xy' - yx') ^[x" + y« - r«) =0. 
These two equations multiplied together give the equation of the 
pair of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a still more 
simple form. For the equation which determines I : m will have 
equal roots if the line joining xy\ x'y" touch the given circle ; 
if then x"y" be any point on either of the tangents through x'y'^ 
its coordinates must satisfy the condition 

(aj" + y*-r»)(aj» + i^-r») = (a?aj' + yy'-ry. 
This, therefore, is the equation of the pair of tangents through 
the point x'y\ It is not difficult to prove that this equation is 
identical with that obtained by the method first indicated. 

The process used in this afid the preceding article is equally 
applicable to the general equation. We find in precisely the 
same way that I: mis determined from the quadratic 

r {ax"' H- 2hxY + h" + 2^«" + 2// + c) 

+ 2lm {ax'x" + h {x'y" + xY) + hy'y" -\-g{x'^ x") +f{y' + y") + c] 
+ w' (aa?" + 2hxy' 4 hy'^ 4 ^gx' 4 2/^' 4 c) = ; 
from which we infer, as before, that when x"y" lies on the polar 
of x'y the line joining these points is cut harmonically ; and also 
that the equation of the pair of tangents from x'y' is 

{ax"+ ikxy'^ hy'^-{ 2gx' -V^fy ■{ c) [ax^^'lhxy^-hf-V2gx-\-2fy-^c) 
= [ax'x 4 h {x'y 4 xy') 4 hyy'-^9{x 4 x') ■^f{y-\-y') 4 c]\ 
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93. To find the elation of a circle iiassing through tliree 
given points. 

We have only to write down the general equation 

a* H- ?/ 4- ^gx + 2/y + c = 0, 
and then substituting in it, successively, the coordinates of each 
of the given points, we have three equations to determine the 
three unknown quantities g^ /, c. We might also obtain the 
equation by determining the coordinates of the centre and the 
radius, as in Ez. 5, p. 4. 

Ex. 1. Find the circle thiough (2, S), (4, 5), (6, l>. 

Ans. {x - V)* + Cy - f)*= y (see p. 4). 
Ex. 2. Find the circle through the origin and through (2, 3) and (3, 4). 
Here c = 0, and we have 13 + 4^ + 6/= 0^ 25 + 6^ + 8/"= 0, whence "Ig = - 23, 2/= 11. 

Ex. 3. Taking the same axes as in Art. 48, Ex. 1, find the equation of the circle 
through the origin and through the middle points of sides; and shew that it also 
passes through the middle point of base. 

Ans, 2p (a;2 + y^) ^p{s-t')x- (p« + m') y = 0. 

*94. To express the equation of the circle through three points 
A y , x"y\ x"'y" in terms of the coordinates of those points. 
We have to substitute in 

the values of (7, /, c derived from 

(^'* +y' ) + 2(7a:' 42/y +c = 0, 
(^""+y") + 2^^''+2//+c = 0, 
(aj'"» + /") + 2^aj'" + 2/y " + c = 0. 
The result of thus eliminating g^ f c between these four equa- 
tions will be found to be* 

-{X-* +y''){x"(y--t/)+x'"{y -f) + x (/'-/')} 
+ {x"*+y'n{x"'(y -y')+x.{y' -y'")+x' {y'"-y )} 
-{x"''-^f'){x (y -/)+«• (y"-y )+x"(y -y )}=0, 
as may be seen by multiplying each of the four equations by 
the quantities which multiply (aj* + y*) &c. in the last written 
equation, and adding them together, when the quantities multi- 
plying (7,/, c will be found to vanish identically. 

* The reader who is acquainted with the determinant notation will at once Bee how 
the equation of the circle may be written in the form of a determinant. 
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If it were required to find the condition that four points 
should lie on a circle, we have only to write £r^, y^ for x and y 
in the last equation. It is easy to see that the following is the 
geometrical interpretation of the resulting condition. If -4, 5, 
O, D be any four points on a circle, and any fifth point taken 
arbitrarily, and if we denote by BCD the area of the triangle 
BCD^ &c., then 

OA\BCD^OG\ABD = OB\ACD^-OD\ABC. 

95. We shall conclude this chapter by showing how to find 
the polar equatmi of a circle. 

We may either obtain it by substituting for a?, p cos^, and 
for y, p sin (Art. 12), in either of the equations of the circle 
already given, 

«(«Vy')42^x4 2/;y + c = 0, or (« - a)" + (y - ^8)" = r", 

or else we may find it independently, from the definition of the 
circle, as follows : 

Let be the pole, C the centre of the circle, and 0(7 the 
fixed axis; let the distance OC=-d^ 
and let OP be any radius vector, and, 
therefore, = p, and the angle F00=6j 
then we have 

PC™=OP*+OC'-20P.OCcosPOC7, 

that is, r* = p" + <? - 2pd cos ^, 

or p"- 2dp cos5+d*-r' = 0. 

This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with OC, but made with it 
any angle a, the equ:ition would be, as in Art. 44, 

p*-2c7p cos(^-a)H-d*-r' = 0. 

If we suppose the pole on the circle, the equation will take a 
simpler form, for then r = df, and the equation will be reduced to 

p = 2r cos^, 

a result which we might have also obtained at once geometrically 
from the property that the angle in a semicircle is right ; or else 
by substituting for x and y their polar values in the equation 
(Art. 79) a;*S/ = 2ra?. 
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CHAPTER VIL 



THEOREMS AND EXAMPLES ON THE CIRCfLE* 

96. Having in the last chapter shown how to form the 
equations of the circle, and of the most remarkable lines related 
to it, we proceed in this chapter to illustrate these equations by 
examples, and to apply them to the establishment of some of 
the principal properties of the circle. We recommend the 
reader first to refer to the answers to the examples of Art. 49, 
to examine in each case whether the equation represents a circle, 
and if so to determine its position either (Art. 80) by finding 
the coordinates of the centre and the radius, or (Art. 84) by 
finding the points where the circle meets the axes. We add a 
few more examples of circular loci. 

Ex. 1. Given base and yertical angle, find the loctu of vertex, the axes having 
any position. 

Let the coordinates of the extremities of base be 9!y\ a/y. Let the equation 
of one side be 

then the equation of the other side, making with this the angle C, will be (Art. 33) 

(1 + m tan C) (y - y") = (w - tan G) (» - a^')- 
Eliminating m, the equation of the locus is 

taiiC7{(y--y') (y -y'O + (a?^ a?') (aJ-Ol + a; (y'-y'O-y («'-«'') + a^y' -/«?'' = 0. 
If C be a right angle, the equations of the sides are 

y-y' = f»(x-aj')j w(y-y")+ («-»") =0f 
and that of the locua 

(y-yOCy-y'O + («-«') (aj-a;") = o. 

Ex. 2. Given base and vertical angle, find the locus of the intersection of perpeo* 
dicnlars of the triangle. 

The equations of the perpendiculars to the sides are 

«»(y-y") + (a^-O = 0f (Jw-tanC) (y-yO + (! + »» tan C) (x-ic') = 0. 
Eliminating m, the equation of the locus is 

tanC{(y-y')(y-y") + (a?-»')(aJ-0} = «(y'-y")-y(a:'-a^') + a?y'-y'a'''; 
an equation which only differs from that of the last article by the sign of tan (7, and 
which is therefore the locus we should have found for the vertex had we been given 
the same base and a vertical angle equal to the supplement of the given one. 

Ex. 8. Given any number of points, to find locus of a point such that m* times 
■qnare of its distance from the first + m" times square of its distance from the second 
+ &c. = a constant ; or (adopting the notation used in Ex. 4, p. 49) such that £ (mr^ 
may be constant. 
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The square of the distance of any point xy from aj'y' la (a; — «0' + (y — yO*' 
Multiply this by m\ and add it to the corresponding terms found by expressing the 
distance of the point xy from the other points x"y'\ Ac. If we adopt the notation 
of p. 49, we may write for the equation of the locus 

t (w) «« + S (m) y» - 2£ {moiri x-2Z {my') y + Z {mx'^ + I (my'2) = C. 
Hence the lociu will be a circle, the coordinates of whose centre will be 

that is to say, the centre will be the point which, in p. 50, was called the centre of 
mean position of the given points. 

If we investigate the value of the radius of this circle we shall find 

IPL (m) = £ (»ir«) - £ (mp^ 

where 2 (mr*) — C— sum of m times square of distance of each of the given pointi 
from any point On the circle, and £ (m/o^ = dam of m times square of distance of 
each point from the centre of mean position. 

Ex. 4. Find the locus of a point 0, sucjh that if parallels be drawn through it 
to the three sides of a triangle, meeting them in points By Ci C*f A'l A'\ B" \ the 
stim may be given of the three rectangles 

BO.OC + C'O.OA' + A'^O.Ol?'. 
Taking two sides for axes, the equation of the locus is 

^{a-^x-^ly) + y[b-y-.\x) + '^-^^ = m\ 

or «* + y« + 2ary cos (7- oa: - iy 4- w^ = 0* 

This represents a circle, which, as is easily seen, is concentric with the Circumscribing 
circle, the coordinates of the centre in both cases being given by the equations 
2 (a + i3 cosC) = a, 2 (/3 + a cos(7) = b. These last two equations enable us to solve 
the problem to find the locus of the centre of circumscribing circle, when two sidea 
of a triangle are given in position, and any relation connecting their lengths is given. 

Ex. 6. Find the locus of a point (?, if the line joining it to a fixed point makes the 
tame intercept on the axis of a; as is made on the axis of y by a perpendicular through 
to the joining line. 

Ex. 6. Find the locus of a point such that if it be joined to the vertices of a 
triangle, and perpendiculars to the joining lines erected at the vertiees, these pei*peii<* 
diculaiB meet in a point. 

97. We shall next give one or two eiaamples involving the 
problem of Art. 82, to find the coordinates of the points where 
a given line meets a given circle. 

Ex. 1. To find the locus of the middle points of chords of a given circle drawn 
parallel to a given line. 

Let the equation of any of the parallel chords be 

X cos tf + y sin a — p = 0, 
where a is, by hypothesis, given, and p is indeterminate ; the abscissae of the points 
where this line meets the circle are (Art. 82) found from the equation 

x^ - 2px cos a + p« — r- sin* a = 0. 
Nov, if the roots of this equation be x' and a/', thenar of the middle point Df thej 

N 
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chord will (Art. 7) be J {acf + a^*)j or, from the theory of equations, will=poo«a. 
In like manner, the y of the middle point will equal p sin a. Hence the equation 
of the locus is y = x tan a, that is, a right line drawn through the centre perpendicular 
to the nystem of parallel chords, since a is the angle made with the axis of x by 
a perpendicular to any of the chords. 

Ex. 2. To find the condition that the intercept made by the cii'cle on the line 
a;cosa +y sina=j> 
should subtend a right angle at the point x'y'. 

We found (Art. 96, Ex. 1) the condition that the lines joining the points x"y'% 
x'"y"' to xy should be at right angles to each other ; viz. 

(x-aj")(a;-o + (y-y")(y-y'") = o. 

Let x'V, aj"y" t» the points where the line meets the circle, then, by the 
last example, 
a;" + a'"=2;pcoso, aj'V''=/)«~r« sin«a, y" + y'" = 2p sin a, y'y"=/>«-r«C082o. 

Putting in these values, the required condition is 

fl^ + y** -- 2px' cos o - 2/>y' sin o + 2/)» - r« = 0. 

Ex. 3. To find the locus of the middle point of a chord which subtends a right 
angle at a given point. 

If X and y be the coordinates of the middle point, we have, by Ex. 1, 
/) cosa = a;, p sin a = y, />' = a:* + y\ 
and, substituting these values, the condition found in the last example becomes 
{x-x'f + iy- yy + »« + y» = r«. 

Ex. 4. Given a line and a circle, to find a point such that if any chord be drawn 
through it, and perpendiculars let fall from its extremities on the given line, the 
rectangle under these perpendiculars may be constant. 

Take the given line for axis of or, and let the axis of y be the perpendicular on 
it from the centre of the given circle, whose equation will then be 

«« + (y-i8)2 = »-». 
Let the coordinates of the sought point be a;y, then the equation of any line 
through it will be y — y* = m{x — x'). Eliminate x between these two equations 
and we get a quadratic for y, the product of whose roots will be found to be 
(y* - mxy 4- m ^ (/y - r«) 
1 + m« 
This will not be independent of m unless the numerator be divisible by 1 + in*, and 
it will be found that this cannot be the case unless x' = 0, y'^ = ^ — r». 

Ex. 5. To find the condition that the intercept made on xcoBa-i-ysiaa—p 
by the circle 

«* + y* + 2ya; + 2yy + c = 
may subtend a right angle at the origin. The equation of the pair of lines joining 
the extremities of the chord to the origin may be written down at once. For if we 
multiply the terms of the second degree in the equation of the circle by p', those of 
the first degree by p {x cos a + y sin a), and the absolute term by {x cos a + y sin a)', 
we get an equation homogeneous in x and y, which therefore represents right lines 
drawn through the origin ; and it is satisfied by those points on the ciix:le for which 
a;oosa + ysina=p. The equation expanded and arranged is 

(;>' + *^p cos a + c cos* a) s^ + 2 {ffp sin a -\-/p coB a + c sin a cos a) xy 

+ (i^' + 2/}^ sin a + <? sin' o) y* = 0. 
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Theee two lines cut at right angles (Art. 74) if 

2j>« + 2p (^r cos a +/sin a) + c = 0. 

Ex. 6. To find the locus of the foot of the perpendicular from the origin on a 
chord which subtends a right angle at the origin. The polar coordinates of the locua 
are p and a in the equation last found ; and the equation of the locus is therefore 

2 (a:« + y») + 2^a; + 2/y + c = 0. 

It will be found on examination that this is the same circle as in Ex. 3. 

Ex. 7. If any chord be drawn through a fixed point on a diameter of a circle and 
its extremities joined to either end of the diameter, the joining lines cut off on the 
tangent at the other end portions whose nxTuuigle is constant. 

Find, as in Ex. 5, the equation of the lines joining to the origin the intersections 

of as' + y' — 2rx with the chord y = m{x — x') which passes through the fixed point 

(a;', 0). The intercepts on the tangent are found by putting x = 2r in this equation 

and seeking the corresponding yalues of y. The product of these values will be 

x' — 2r 
found to be independent of to, viz. 4r* —-, - • 

98. We shall next obtain from the equations (Art. 88) a few 
of the properties of poles and polars. 

If a point Alteon the polar of By then B lies on the polar of A, 
For the condition that a^y should lie on the polar of x'y is 
a;V + yy = r'; but this is also the condition that the point 
a:'y should lie on the polar of x't/\ It is equally true if we 
use the general equation (Art, 89) that the result of substituting 
the coordinates ai'V ia the equation of the polar of a?y is the 
same as that of substituting the coordinates of x^ in the polar 
of a'y. This theorem then, and those which follow, are true 
of all curves of the second degree. It may be otherwise stated 
thus : if the polar of B pass through a fixed point A^ tfie locus of 
B is the polar of A* 

99. Given a circle and a triangle ABCj if we take the polars 
with respect to the circle of -4, J?, (7, we form a new triangle 
A'B^C^ called the conjugate triangle, -4' being the pole of BC^ 
B' of GA^ and C of AB, In the particular case where the polars 
of Ay By C respectively are BGy CAy ABy the second triangle 
coincides with the first, and the triangle is called a self^conjugate 
triangle. 

The lines^AAy BB\ CC\ joining the corresponding vertices of 
a triangle and o^its conjugatey meet in a point. 

The equation of the line joining the point xg' to the inter- 
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section of the two liaes a?j?''+yy-^r* = and aa^^'+yy — y'a.O 
is (Art. 40, Ex. 3) 

Id like manner 

BB', (a^«" + yY - r") {xx'" + yrj" - r») 

- {a!"a!"' + fy'" - r') {xx' + yy' - r") = 
and 0C\ (a;"a>'" + /y"-»«')(a!«'+yy-r») 

- (a:V" + //" - O (xa^' + yj^' - O = a ; 

and bj Art. 41 these lines must pass through the same point. 

The following is a particular case of the theorem just proved : 
If a circle he inscribed in a triangle^ and each vertex of the tri^ 
angle joined to the point of contact of the circle with the opposite 
sidcj the three joining lines will meet in a point 

The proof just given applies equally if we use the general 
equation. If we write for shortness Pj = for the equation of 
the polar of a^y, (aaj'aj+&c,=w0); and in like manner P^, P, for 
the polars of a?'y, a/'y ; and if we write [1, 2] for the result of 
substituting the coordinates a?"y" in the polar of a?y, (aa?VH-&c.), 
then the equations are easily seen to be 

AA' [1.3]P, = [1,2]P„ 

BB' [1,2JP.= [2,3]P., 

CC [2, 3] P. = [1,3] P., 

"which denote three lines meeting in a point. It follows (Art. 60, 
Ex. 3) that the intersections of coiTesponding sides of a triangle 
and its conjugate lie in one right line, 

100. Given any point 0, and any two lines through it; Join 
loth directly and transversely the points in which these lines meet 
a circle ; then^ if the direct lines intersect each other in P and the 
transverse in Q, the line FQ will be the polar of the point with 
regard to the circle. 

Take the two fixed lines for axes, and let the intercepts madQ 
on them by the circle be \ and \\ ^ and fi\ Then 

| + 2_,. 0,1 + 4-1=0 

\ 11 ' \ ft 
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will be the equations of the direct lines ; and 

^ + y_i=o ? + y-i=o 

the equations of the transverse lines. Now, the equation of the 
line PQ will be 

\ \ fi, fJL 

for (see Art. 40) this line passes through the intersection of 

? + y_i i^ + l-i 

\ + /i ^' V^/ ^» 

and also of ^ + ^- 1, o 4 - - 1. 

\ /A ' \ f* 

If the equation of the curve be 

ax" + 2hxy + J^ + 2gx + 2/5^ + c = 0, 

X and X' are determined from the equation a«' + 2^a: + c = 
(Art. 84), therefore, 

r- + -, = - -^ , and - + — = - -^ . 

Hence, equation of FQ is 

but we saw (Art.. 89) that this was the equation of the polar of 
the origin 0, Hence it appears that if the point were given, 
and the two lines through it were not fixed, the locus of the 
points F and Q would be the polar of the point 0. 

101. Oiven any two points A and i?, and their polars with 
respect to a circle whose centre is ; let fall a perpendicular AF 
from A on the polar of B^ and a perpendicular BQfrom B on the 

7 4^ A 41. OA OB 
polar of A, then -j^ = ^^ • 

The equation of the polar of A {xy') is xx' + yy'- r' = 9 ; and 
BQi the perpendicular on this line from B{x'y'\ is (Art. 34} 

Hence, since V(*'*+y'') = OA^ we find 

0A,BQ = x'7!'->ty'f-r^*, 
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and, for the same reason, 

„ OA OB 

Hence AP"^ BQ' 

102. In working out questions on the circle it is often con- 
venient, instead of denoting the position of a point on the curve 
by its two coordinates a?y, to express both these in terms of a 
single independent variable. Thus, let 0^ be the angle which 
the radius to o^t/ makes with the axis of a?, then a^s=r cos^, 
y'ssrsin^, and on substituting these values our formulae will 
generally become simplified. 

The equation of the tangent at the point x^i/ will by this sub- 
stitution become 

X cos^H-^sin6' = r; 

and the equation of the chord joining x^y a^'y, which (Art. 86^ 
Ex. 3) is 

a.(a;' + aj'0+3^(/ + /0 = »'' + a:V'+y'/^, 

will, by a similar substitution, become 

X cosi (^ + ^0 + 3^ 8i"i [^ + ^) = r cosi (^ - r), 
0^ and ^' being the angles which radii drawn to the extremities 
of the chord make with the axis of x. 

This equation might also have been obtained directly from 
the general equation of a right line (Art. 23) a? cosa + y sina =^, 
for the angle which the perpendicular on the chord makes with 
the axis is plainly half the sum of the angles made with the axis 
by radii to its extremities, and the perpendicular on the chord 
= rcosi(^'-r). 

Ex. 1. To find the coordinates of the intersection of tangents at two given points 
on the circle. The tangents being 

a? COS 6' + y sin 0* = r, x cos Q" + y sin 6" = r, 
the coordinates of their intersection are 



cosi(»'+0 _ sinHy + O 
'""''cosH«'-n' ^"■'*cosi(0'-r)* 



Ex. 2. To find the locus of the intersection of tangents at the extremities of 
a chord whose length is constant. 

Making the substitution of this article in 

{x' - x'y + (y' - y")" = constant, 
it reduces to cos(0' - 0") = constant, or O'-Q" = constant. If the given length of 
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the chord be 2r sin d, then 0' - 6" = 2^. The coordinates therefore found m the last 
example fulfil the condition 

(aj* + y«)oo8«a=:i*. 

Ex. 3. What is the locus of a point where a chord of a constant length is cut 
in a given ratio? 

Writing down (Art. 7) the coordinates of the point where the chord is cut in a 
given ratio, it will be found that thej satisfy the condition a^ + y* = constant. 

103. We have seen that the tangent to any circle a;'+y*= r* 
has an equation of the form 

X cosd + y 8in^ = r; 
and it can be proved, in like manner, that the equation of the 
tangent to (a? — a)* + (y — /3)* = r* may be written 

(a; — a) cos^+ (y — /3) 8in^ = r. 
Conversely, then, if the equation of any right line contain an 
indeterminate in the form 

(a: -a) cos^ + (y — ;8) sin^^r, 
that line will touch the circle {x — a)' + (y - fiY = r\ 

Ex. 1. If a chord of a constant length be inscribed in a circle, it wOl always touch 
another circle. For, in the equation of the chord 

xcosi (6' + 6") +y Bini («' + ^0 = ''ca»i (O*- ^"); 
by the last article, 6* — 6" is known, and 0* + 6" indeterminate j the chord, therefore, 
always touches the circle 

a^ + y^szr'^ cos^ d, 

Ex. 2. Given any numb^ of points, if a right line be such that m' times the 
perpendicular on it from the first point + m" times the perpendicular from the second 
+ Ac. be constant, the line will always touch a circle. 

This only differs from Ex. 4, p. 49, in that the sum, in place of being = 0, is con- 
stant. Adopting then the notation of that Article, instead of the equation there found, 

{xZ (m) - L {mx')} cos a + {y£ (m) - £ (my')} sin o = 0, 
we have only to write 

{xl,m — Z {mx')] cos o + {yS (m) — Z (»»y')} sin o = constant. 
Hence this line must always touch the circle 

whose centre is the centre of mean position of the given points. 

104. We shall conclude this chapter with some examples of 
the use of polar coordinates. 

Ex. 1. If through a fixed point any chord of a circle be drawn, the rectangle 
ander its segments will be constant {Euclid iii. 85, 86). 

Take the fi:ied point for the pole, and the polar equation is (Art. 96) 
0* - 2/)cf cose + <P - r« = Oj 
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the roots of which equation in /> are evidently OP, OP*, the Tallies of the radiot 
Tector answering to any given value of 6 or POC, 

Now, by the theory of equations, OP . OP*, the product of these roots will 
=:(P — r*, a quantity independent of 6, and therefore constant, whatever be tfas 
direction in which the line OP is drawn. If the point be ontside the circle, it 
is plain that d' — r* must be = the square of the tangent. 

Ex. 2. If through a fixed point O any chord of a circle be drawn, and OQ taken 
an arithmetic mean between the segments OP, OP", to find the locus of Q. 

We have OP + OP*, or the sum of the roots of the quadratic in the last example^ 
= 2rfcose; hut OP + OP* = 200, iheielon 

0Q = doo8$. ^ ^P' 

P/ 

Hence the polar equation of the locus is ^^ 




p = d 006 0, 

Now it appears from the final equation (Art. 95) 
that this is the equation of a circle described on 
the line OC as diameter. 

The question in this example might have been otherwise stated : " To find the 
locus of the middle points of chords which all pass through a fixed point." 

Ex. 8. If the line OQ had been taken a harmonie mean between OP and OP* 

to find the locus of Q. 

20P.0P' 
That is to say, Oa = -^p^^p, but OP.OP'rrtP-H, and 0P+ OP' = 2Jcos6j 

therefore the polar equation of the locus is 

9 = . a I or /> cos a = — 5 — , 

'^ rf cos d ' ^ d 

This IS the equation of a right line (Art. 44) perpendicular to OC, and at a 
distance from — d—-^, and, therefore, at a distance from Ct= -^ • Hence (Art. 88) 

the locus is the polar of the point 0. 

We can, in like manner, solve this and similar questions when the equation is 
given in the form 

a (aj* + y«) + 2^aj + 2/y + c = 0, 
for, transforming to polar coordinates, the equation becomes 



i»« + 2 f^ cosa+- sin e^^ fl 4- - = 0, 



iind, proceeding precisely as in this example, we find, for the locos of harmonic means^ 

__ £ 

^-""^cose+ysinO' 
and, returning to rectangular coordinates, the equation of the locus is 

gx + fy-^c-O, 
the same as the equation of the polar obtained already (Art. 89). 

Ex. 4. Given a point and a right line or circle ; if on OP the radius vector to the 
line or circle a part OQ, be taken inversely as OP, find the locus of Q. 

Ex. 5. Given vertex and vertical angle of a triangle and rectangle under sides, 
if one extremity of the base describe a right line or a circle, find the locus described 
by the other extremity. 

Take the vertex for pole ; let the lengths of the sides be p and />', and the angles 
they make with the axis and V, then we have /)/>' = k- and 6 6' = C. 
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The student must write down the polar equation of the locus which one base angle 
IS said to deflcribe ; this will give him a relation between p and 6 ; then, writing for p^ 

-7 , and for 6, C + 6', he will find a relation between />' and 0*, which will be the 

polar equation of the locus described by the other base angle. 

This example might be solved in like manner, if the ratio of the sides, instead 
of their rectangle, bod been given. 

Ex. 6. Thiongh the intersection of two circles a right line is drawn; find the 
locus of the middle point of the portion intercepted between the circles. 
The equations of the circles will be of the form 

p = 2r cos (0 - «) J p = 2r' cos (0 - a*) J 

fmd the equation of the locus will be 

/) = r cos(0-«) + r* cos (0 - a*) f 

which also represents a circle. 

Ex. 7. If through any point £>, on the circumference of a circle, any thi^e chords 
be drawn, and on each, as diameter, a circle be described, these three circles (which^ 
of course, aU pass through O) will intersect in three other points, which lie in one 
right line (See Cambridge Mathematical Journal^ vol. i. p. 169). 

Take the fixed point for pole, then if (2 be the diameter of the original ciiclei 
its polar equation will be (Art. 95) 

p = r^ cos 0. 

In like manner, if the diameter of one of the other circles make an angle a with the 
fixed axis, its length will be = (2 cos a, and the equation of this circle will be 

p == <f cos a cos (0 — a). 

The equation of another circle will, in like manner, be 

psrfoosjS cos (0-/3). 

To find the polar coordinates of the point of intersection of these two^ we should 
ieek what value of would render 

cos a cos (0 — 1») = cos/3 cos (0 — /3), 

ahd it is easy to find that must =: a + /3, and the oorrespohding value of 
p — (2 cos a cos/3. 

Similarly, the polar coordinates of the intersection of the first and third circles are 

= o + y, and p = d cos a cos y. 

Now, to find the polar equation of the line joining these two points j take the 
general equation of a right line, p cos (A — 0) = p (Art. 44), and substitute in it suc- 
cessively these values of and p> and we shall get two equations to determine p 
and k. We shall get 

J) =s rf cos a cos j3 cos {A - (tt + /3)} = <? Cos a cos y cos {i — (« + y)}* 
Hence jfc = ct + j3 + y, and /> =? d cos o cos^ cos y. 

The symmetry of these values shows that it is the same right line which joii> 
the intersections of the first and second, and of the second and third circles, and, 
therefore, that the three points are in a right line. 
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CHAPTER VIII. 

PROPERriES OF A SYSTEM OF TWO OE MORE CIRCLES. 

105. To find the equation of the chord of intersection of two 
circles. 

If /8 = 0, /8' = be the equations of two circles, then any 
equation of the form S-\- kS' = will be the equation of a figure 
passing through their points of intersection (Art. 40). 

Let us write down the equations 

S =(a:_a)« + (y_;8)'-r'=0, 

and it is evident that the equation 8+Jc8^ = will in general 
represent a circle, since the coefficient of ajy = 0, and that of 
35* = that of y*. There is one case, however, where it will re- 
present a right line, namely, when A; = — 1. The terms of the 
second degree then vanish, and the equation becomes 

This is, therefore, the equation of the right line passing through 
the points of intersection of the two circles. 

What has been proved in this article may be stated as in 
Art. 50. If the equation of a circle be of the form 8+k8^ = 
involving an indeterminate k in the first degree, the circle passes 
through two fixed points, namely, the two points common to the 
circles 8 and 8\ 

106. The points common to the circles 8 and 8' are found 
by seeking, as in Art. 82, the points in which the line 8—8^ 
meets either of the given circles. These points will be real, co- 
incident, or imaginary, according to the nature of the roots of 
the resulting equation ; but it is remarkable that, whether the 
circles meet in real or imaginary points, the equation of the 
chord of intersection, 5— /S' = 0, always represents a real line, 
having important geometrical properties in relation to the two 
circles. This is in conformity with our assertion (Art, 82), that 
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the line joining two points may preserve its existence and its 
properties when these points have become imaginary. 

In order to avoid the harshness of calling the line S— 8\ the 
chord of intersection in the case where the circles do not 
geometrically appear to intersect, it has been called* the radical 
axis of the two circles. 

107. We saw (Art. 90) that if the coordinates of any point 
xy be substituted in 8^ it represents the square of the tangent 
drawn to the circle 8 from the point xy. So also S" is the 
square of the tangent drawn to the circle 8' ; hence the equation 
8" 8^ =iO asserts, that if from any point on the radical axis 
tangents be drawn to the two circles^ these tangents will be equal. 

The line {8—8') possesses this property whether the circles 
meet in real points or not. When the circles do not meet in 
real points, the position of the radical axis is determined geome- 
trically by cutting the line joining their centres, so that the 
difference of the squares of the parts may = the difference of the 
squares of the radii, and erecting a perpendicular at this point ; 
as is evident, since the tangents from this point must be equal 
to each other. 

If it were required to find the locus of a point .whence tan- 
gents to two circles have a given ratio^ it appears, from Art. 90, 
that the equatioa of the locus will be S'-4*S"=0, which (Art. 105) 
represents a circle passing through the real or imaginary points 
of intersection of 8 and 8\ When the circles 8 and 8^ do not 
intersect in real points, we may express the relation which they 
bear to the circle 8—k^8\ by saying that the three circles have 
a common radical axis. 

Ex. Find the coordinates of the eentre, and the radius of kS + IS\ 

Ans. Coordinates are -^^ ^ ^ TXT '^ *^** ^ ^ ^^' *^^ ^^ joining the centres 

©f 8f S'is divided in. the ratio k : I. Radius is given by the equation. 
(k 4- r)^r'^ = ik+l) {kr^ + Ir"^) - kW\ 

where I> is the distance between the centres of S and S*\. 

108. Given any three circles^ if v>e take the radical axis of 
each pair of circles^ these three line» will meet in a pointy which 
is called the radical centre of the three circles^ 

♦ By M, Gau]tier, of Tours {Journal de V^coU Poltftechnique, Cahier xvu 1813). 
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For the equations of the three radical axes are 

which, by Art. 41, meet in a point. 

From this theorem we immediately derive the following : 
If several circles pass through two fixed points^ their chords of 
intersection with afijced circle will pass through afia^edpoinU 

For, imagine one circle through the two given points to be 
fixed, then its chord of intersection with the given circle will be 
fixed; and its chord of intersection with any variable circle 
drawn through the given points will plainly be the fixed line join-i 
ing the two given points. These two lines determine by their 
intersection a fixed point through which the chord of intersection 
of the variable circle with the first given circle must pass. 

Ex. 1. Find the radical axis of 

Ans, 10aj+13y = lff. 
£z. 2. Find the radical centre of 

(«-!)«+ (y^2)« = 7i («-8)» + 2^ = 6; (x + 4)«+ (y+ 1)^ = 9. 

*109. A system of circles having a common radical axis 
possesses many remarkable properties, which are more easily 
investigated by taking the radical axis for the axis of y, and the 
line joining the centres for the axis of x. Then the equation of 
any circle will be 

where S' is the same for all the circles of the system, and the 
equations of the dificrent circles are obtained by giving different 
values to h. For it is evident (Art. 80) that the centre is on 
the axis of a?, at the variable distance k ; and if we make a; = 
in the equation, we see that no matter what the value of k may 
be, the circle passes through the fixed points on the axis of y, 
y*±h^ — 0. These points are imaginary when we give S* the 
sign +, and real when we give it the sign — . 

*110. The polars of a given pointy with regard to a system of 
circles having a common radical axisy always pass through a 
fixed point. 

The equation of the polar of xY with regard to 

«?' + /- 2Aa?+S'' = 0, 
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IS (Art. 89) ajaj' + y/-A(aj + a:') + S'=5=0; 

therefore, since this involves the indeterminate h in the first 
degree, the line will always pass through the intersection of 
a^' + y/+S' = 0, and a; + a;' = 0. 

•111. There can always he found two points^ however^ such 
that their polars^ with regard to any of the circles^ will not only 
pass through a fixed pointy hut will he altogether fixed. 

This will happen when ajo/ + yy ' + S* = and aj + a/ = re- 
present the same right line, for this right line will then be the 
polar whatever the value of k. But that this should be the case 
we must have 

^ = and a/* = 8', or x'^±Z. 

The two points whose coordinates have been just found have 
many remarkable properties in the theory of these circles, and 
are such that the polar of either of them, with regard to any of 
the circles, is a line drawn through the other, perpendicular to 
the line of centres. These points are real when the circles of 
the system have common two imaginary points, and imaginary 
when they have real points common. 

The equation of the circle may be written in the form 
y« + (a:-A)« = ft»-S», 

which evidently cannot represent a real circle if I? be less than 
£" ; and if A* = S*, then the equation (Art. 80) will represent a 
circle of infinitely small radius, the coordinates of whose centre 
are y = 0, a? = ± S. Hence the points just found may themselves 
be considered as circles of the system, and have, accordingly, 
been termed by Poncelet* the limiting points of the system of 
circles. 

•112. If from any point on the radical axis we draw tan- 
gents to all these circles, the locus of the point of contact must 
be a circle, since we proved (Art. 107) that all these tangents 
were equal. It is evident, also, that this circle cuts any of the 
given system at right angles, since its radii are tangents to the 
given system. The equation of this circle can be readily found. 



♦ TraiU det Proprietes Projectivetf p. 41. 
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The square of the tangent from any point {x^O^ y-^} to the 
circle 

aB*+y"--2&c + S*=0, 
being found bj substituting these coordinates in this equation 
is V + 8* ; and the circle whose centre is the point (a; = 0, y = A), 
and whose radius squared = A* -f £', roust have for its equation 

«' + (y-A)-«A'+8', 
or a^ + y-2Ay = S*. 

Hence, whatever be the point taken on the radical axis (ile. 
whatever the value of A may be), still this circle will always pass 
through the fixed points (^==0, x=«±S) found in the last Article. 
And we infer that all circles which cut the given system at right 
angles pass through the limiting points of the sgstem^ 

£x. 1. Find the cozidition that two ciictes 

x^ + ff^ + 2gx + 2Jy + e = 0, a:« + y' + 2^'a? + 2/'y + c* = a 
Bhould cut at right angles. Expressing that the square of the distance between the- 
centres is equal to the sum of the squares of the radii, we have 

or, reducing, 2ffff' + "Iff :^€ + €f, 

Ex. 2. Find the circle cutting three circles orthogonally. We have three equations, 
of the first degree to determine the three uuknown quantities ^, /) c ; and the problenoi 
is solved as in Art. 94. Or the problem may be solved otherwise, sin(» it is evident 
from this article that the centre of the required circle is the radical centre of the threa 
circles, and the length of its radius equal to that of the tangent from the radical 
centre to any of the circles. 

Ex. 3. Find the circle cutting orthogonally the three circles. Art. 108, Ex. 2: 

Ans. {x+^y + {y + ^)*=y^*. 

Ex. 4. If a circle cut orthogonally three circles S', S"j S'", it cuts orthogonal 
any circle kS' + IS" + mS'" — 0. Writing down the condition 

2g {kg' + Ig" + m/") + 2/ ( kf + If" + mf") = {k + l + m) e + {kc' + h" + mc'"), 
we see that the coefficients of A, /, m vanish separately by hypothesis. 

Similarly, a circle cutting S', S" orthogonally, also cuts orthogonally k^ + IS". 

Ex. 5. A system of circles which cuts orthogonally two given circles S% S" has. 
a common radical axis. This, which has been proved in Art. 112, may be proved 
otherwise as foUows : The two conditions 

25-/ + 2j5r' = c + c', 2^^" + 2jQ^" = c + c^ 
enable us to determine g and / linearly in terms of c. Substituting the values su 
found in 

«« + y« + 2^aj + 2/^ + <? = 0, 

the equation retains a single indeterminate c in the first degree, and therefore 
(Art. 105) denotes a system having a common radical axis. 

Ex. 6. If ^B be a diameter of a circle, the polar of A with respect to any circle 
which cuts the fira^ ilihogonally will pass through B. 
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Ex. 7. The square of the tangent from any point of one circle to another is 
proportional to the perpendicular from that point upon their radical axis. 

Ex. 8. To find the angle (a) at which two circles intersect. 

Let the radii of the circles be iZ, r, and let /> be the distance between their 
centres, then 

i>» = ip + r« - 2Rr cos o, 
since the angle at which the circles intersect is equal to that between the radii to 
the point of intersection. 

When the circles are given by the general equations, this expression becomes 
2Rr cos o = 2Gg + 2Ff-C-c, 

If /S = be the equation of the circle whose radius is r, the coordinates of the 
centre of the other circle must fulfil the condition /P — 2Rr cos o-= 5', as is evident 
from Art. 90, since i>* — r« is the square of the tangent to S from the centre of the 
other circle. 

Ex. 9. If we are given the angles a, )3 at which a circle cnia two fixed circles Sj S'j 

the circle is not determined, since we have only two conditions ; but we can determine 

the angle at which it cuts any circle of the system kS + IS', For we have 

IP - 2Rr coaa = S, iP - 2Rr' coafi= SC, 

V z» or>ArcoBo+/r'cosi3 ^S+IS' 
whence JP-2R ^^-^ --'uVf 

which is the condition that the moveable circle should cut kS + IS* at the constant 
angle y ; where (k + /) r" cos yz=kr cos a + Ir' cos/3, r" being the radius of the 
circle kS + IS\ 

Ex. 10. A circle which cuts two fixed circles at constant angles will also touch 
two fixed circles. For we can determine the ratio k:lj bo that y shall = 0, or cos y = 1. 
We have (Art. 107, Ex.) 

{k + 0' *•"* ={k + l){kr^ + Ir*^ - klD^, 
Substituting this value for r" in the equation of the last example, we get a quadratic 
to determine k : /. 

113. To draw a common tangent to two circles. 
Let their equations. be 

(a.-ar+(y-y8r = r- (5), 

and {x - &7 -»- (y - /S")' = r'* ( S"). 

We saw (Art. 85) that the equation of a tangent to [S] was 

(^-a)(a.'-a) + (y-/3)(y'-i9) = r«; 
or, as In Art. 102, writing 

=008^, ^ =sin^, 

(aj — a) co8^+ (y -^) sin^ = r. 
In like manner, any tangent to {8^) is 

[x-a') cos^ + (y-)8') 8in^ = /. 
Now if we seek the conditions necessary that these two 
equations should represent the same right line ; first, from com- 
paring the ratio of the coefficients of x and y, we get tan^- tan^, 
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whence ff either = ^, or = 180° + G. If either of these conditions 
be fulfilled, we must equate the absolute terms, and we find, in 
the first case, 

(a-a') cos^4-(/3-/9') sin^ + r-/ = 0, 
and In the second case, 

(a-- a') cos^4 (/3-/30 sin^ + r + / = 0. 
Either of these equations would give us a quadratic to deter- 
mine 0. The two roots of the first equation would correspond 




to the direct or exterior common tangents, Aa^ A a' ; the roota 
of the second equation would correspond to the transverse or 
interior tangents, Bh^ B^b\ 

If we wished to find the coordinates of the point of contact 
of the common tangent with the circle (5), we must substitute, 

/>» _ fm 

in the equation just found, for cos^, its value, , and for 

sin 0. , and we find 

' r ' 

(a-a')(a/-a) + (/8-/SO(/^/S) + r(r^rO=0; 
orelse, (a-aO (aj'-a) + (/3-yS') (/- i8) + r (r4 /) =0. 

The first of these equations, combined with the equation [8) 
of the circle, will give a quadratic, whose roots will be the 
coordinates of the points A and A\ in which the direct common 
tangents touch the circle {S) 5 and it will appear, as in Art. 88, 

that 

(a'-a) (aj-a) +(i8' -/S) (y ~/8) =r (r- /) 

is the equation of AA'^ the chord of contact of direct common 
tangents. So, likewise, 

10 the equation of the chord of contact of transverse common 
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tangents. If the origin be the centre of the circle (5), then a and 
^ = ; and we find, for the equations of the chords of contact 

Ex. Find the oommon tangents to the circles 

a;« + y2-4aj~2y + 4 = 0, »« + y« + 4» + 2y-4 = 0. 
The chords of contact of common tangents with the first ciicle aie 

2a; + y = e, 2aj + y = 3. 
The first chord meets the circle in the points (2, 2), ( y, f), the tangents at which are 

y=:2, 4aj-3y=I0, 
and the second chord meets the circle in the points (1, 1), g, ^), the tangents at 
which are 

tff = l, 8» + 4y=:6. 

114. The points and 0\ in which the direct or transverse 
tangents intersect, are (for a reason explained in the next 
Article) called the centres of similitude of the two circles. 

Their coordinates are easily found, for is the pole, with 
regard to circle (5), of the chord AA\ whose equation is 

Comparing this equation with the equation of the polar of the 
point xy\ 

, , (a' - a) r , aV - ar' 
we get a? - a = ^ H , or oj' = r- , 

So, likewise, the coordinates of 0' are found to be 

aV + ar' , ffr + ff/ 

«*= ,- • and v= — -,- . 

r + / ' ^ r + r' 

These values of the coordinates indicate (see Art. 7) that the 
centres of similitude are the points where the line joining the 
centres is cut externally and internally in the ratio of the radii. 

Ex. Find the common tangents to the circles 

a.8 + y2^6x-8y = 0, a;«4-y«- 4aj- 6y = 8, . 
The equation of the pair of tangents through x'f/ to 

is found (Art. 92) to be 

V^«)*+(y'-P)'-'-'} K«--«)'+(y-P)'-^l = {(«-«) («'-«) + (y/3) (y'-/3)-rV 

P 
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Now the coordinates of the exterior centre of similitude are found to be (—2,-1) 
and hence the pair of tangents through it is 

25(a;« + y*-6a:-8y) = (6a;+6y-10)«; or a^ + a? + 2y + 2 = 0; or (x + 2) (y + 1) = 0^ 
As the given circles intei'sect in real points, the other two common tangents 
become imaginary ; but their equation is found, by calculating the pair of tangents 
through the other centre of similitude (V> V)? ^ ^ 

AOx* + xy + 40y« - 199« - 278y + 722 = 0. 

115. Every right line drawn through the intersection of com" 
mon tangents is cut similarly hy the two circles. 

It is evident that if on the radius vector to any point P there 
be taken a point Q^ such that OF=m times OQ^ then the x and 
y of the point F will be respectively m times the x and y of the 
point Q] and that, therefore, if P describe any curve, the locus 
of Q is found by substituting mz, my for x and y in the equation 
of the curve described by P. 

Now, if the common tangents be taken for axes, and if we 
denote Oa by a, OA by a, the equations of the two circles are 
(Art. 84, Ex. 2) 

ic* + y" + 2xy C0S6) -- 2a a? -^ 2ay + a* =0, 

25* + ^* + 2iry cos o) — 2a X - 2a y + a'* = 0. 

But the second equation is what we should have found if we 

had substituted - , , -^ for a?, y in the first equation ; and it 

therefore represents the locus formed by producing each radius 
vector to the first circle in the ratio a : a. 

Cor. Since the rectangle Op. Op is constant (see fig. next 
page), and since we have proved OB to be in a constant ratio to 
Op, it follows that the rectangle OR.Op= OB'. Op is constant^ 
however the line be drawn through 0. 

116, If through a centre of similitude we draw any (wo lines 
meeting the first circle in the points B^ B\ 8^ 8\ and the second in 
the points />, p', cr, cr', then the chords B8^ p<r ; B'8\ pa-' will he 
parallel^ and the chords R8^ p<^' S B' S\ pa will meet on the 
radical axis of the two circles. 

Take 0-B, OS for axes, then we saw (Art. 115) that 
OB = mOpy 08^m0aj and that if the equation of the circle 
papa be 

a (x" + 2xy cos o) + y*) + 2gx + 9fy + c = 0, 
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that of the other will be 
a (oj* 4 2xy cos o) + y^) 

+ 27» iffx +fy) + rn'c = 0, 
and, therefore, the equation of the 
radical axis will be (Art. 105) 

2f5'^+/y)+(w + l)c = 0. 

Now let the equations of pa and 
of pa' be 

ah 'a b 
then the equations of E8 and 
E'&' must be 

ma mb ' ?na' ml) 

It 18 evident, from the form of the equations, that R8 is 
parallel to pa \ and R8 and pa must intersect on the line 




K^a')-*'K^-^f) = 



l-f wi. 



or, as in Art. 100, on 

2(ya;+/^) + (m+l)c = a, 

the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at R 
and p are parallel, and that those at R and p meet on the 
radical axis. 



117. Oiven three circles S^ 8*j 8" ; the line joining a centre 
of similitude of 8 and 8' to a centre of similitude of 8 and 8" 
will pass through a centre of similitude of 8* and 8". 

Form the equation of the line joining the first two of the points 
f ra'^ar' r^'-^r\ ( rol'^ar" rff'-l3r'\ /rVVV r'l3"-r"ff \ 
Vr-/' r-r'y^U-r" ' r^r" ) ^\ r' ^r"' ' r'-r" J» 
(Art. 114), and we get (see Ex. 6, p. 24), 

{r (/S' - /3") + »•' (/3" - /9) + ^" (/9 - iS')} ar 
- {r (a' ~ a") + / (a" - a) + r" (a - a')} y 
= r {/3'a" - /3"ol') + r' (/S^'a ~ /8a") + r" (/?a' -• ffa^ 
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^^ 




Now the symmetry of this equation sufficiently shows, that the 
line it represents must pass through the third centre of similitude. 
This line is called an axis of similitude of the three circles. 

Since for each pair of 
circles there are two cen- 
tres of similitude, ther^ 
will be in all six for the 
three circles, and these 
will be distributed along 
four axes of similitude, 
as represented in the 
figure. The equations 
of the other three will 
be found by changing 
the signs of either r, or 
r\ or r", in the equation 
just given. ' / 

COR. If a circle (2) touch two others {8 and 8')^ the line Join- 
ing the points of contact will pass through a centre of similitude of 
S and 8\ For when two circles touch, one of their centres of 
similitude will coincide with the point of contact. 

If S touch 8 and 8\ either both externally or both internally^ 
the line joining the points of contact will pass through the exter^ 
nal centre of similitude of 8 and 8\ If 2 touch one externally 
and the other internally, the line joining the points of contact 
will pass through the internal centre of similitude. 

*118. To find the locus of the centre of a circle cutting three 
given circles at equal angles. 

If a circle whose radius is B^ cut at an angle a the three 
circles 8^ 8\ 8"^ then (Art. 112, Ex. 8) the coordinates of its 
centre fulfil the three conditions 
8:=^IP-2Rr cosa, 8' = E''' 2Br cosa, 8" = £* - 2Br" cosa. 

From these conditions we can at once eliminate A" and 
It cosa. Thus, by subtraction, 

8" 8' ^ 2B {r' - r) cosa, 8-8"=^ 2B {/' - r) cosa, 
whence {8- 8') (r - r") = (5- 8") (r - /), 

the equation of a line on which the centre must lie. It obviously 
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passes through the radical centre (Art. 108) ; and if we write 
for 8" S\ 8" 8" J their values (Art. 105), the coefficient of » in 
the equation is found to be 

- 2 {a (/ - r") + a' {r" - r) + a" {r - r% 
while that of y is 

- 2 {/3 (/ ^ r") + ^' (/' - r) 4- jS" {r ^ r% 

Now if we compare these values with the coefficients in the 
equation of the axis of similitude (Art. 117), we infer (Art. 32), 
that the locus is a perpendicular let fall from the radical centre 
on an axis of similitude. 

It is of course optional which of two supplemental angles we 
consider to be the angle at which two circles intersect. The 
formula (Art. 112) which we have used assumes that the angle 
at which two circles cut is measured by the angle which the 
distance between their centres subtends at the point of meeting ; 
and with this convention, the locus under consideration is a per- 
pendicular on the external axis of similitude. If this limitation 
be removed, the formula we have used becomes 8^B?±2Rr cosa ; 
or, in other words, we may change the sign of either r, /, or r" 
in the preceding formulae, and therefore (Art. 117) the locus is a 
perpendicular on any of the four axes of similitude.* 

When two circles touch internally, their angle of intersec- 
tion vanishes, since the radii to the point of meeting coincide. 
But if they touch externally, their angle of intersection accord- 
ing to the preceding convention is 180°, one radius to the point 
of meeting being a continuation of the other. It follows, from 



♦ In fact, sdl circles cutting three circles at equal angles have one of the axes 
of similitude for a common radical axis. Let S, S', Z" be three circles, all cutting 
the given circles at the same angles a, /3, y respectively. Then the coordinates of the 
centre of each of the circles S, S\ S" must fulfil the conditions 

Z=r«~2ri2cosa, Z' = r»- 2rii' cosiS, Z" = r* - 2ri2" cos y ; 

Vhence (/2 cos o - i2" cos y) (L - Z') = (^ cos o - i2' cos ^3) (Z - Z"). 

This which appears to be the equation of a right line is satisfied by the coordinates 
of the centre of /S, of /S', and of S", three points which are not supposed to be on a 
right line. Now the only way in which what seems an equation of the first degree, 
puch as ax -\' by + c =z a'x + h'y + (f can be satisfied by the coordinates of three points 
which are not on a right line, is if the equation is in truth an identical one, a = a', 
b = b% c = o'. The equation, therefore, written above denotes an identical relation of 
the form 2 = )fcZ'+ /Z", shewing that the three circles have a common radical axis. 
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what has been just proved, that the perpendicular on the externa^ 
axis of similitude contains the centre of a circle touching three 
given circles, either all externally,* or all internally. If we 
change the sign of r, the equation of the locus which we found 
denotes a perpendicular on one of the other axes of similitude 
which will contain the centre of the circle touching 8 externally, 
and the other two internally, or vice versd. Eight circles in all 
can be drawn to touch three given circles, and their centres lie, 
a pair on each of the perpendiculars let fall from the radical 
centre on the four axes of similitude, 

*119. To describe a circle touching three given circles. We 
have found one locus on which the centre must lie, and we could 
find another by eliminating B between the two conditions 

8=^E'+2Br, S'=^R^-2Rr\ 

The result, however, would not represent a circle, and the solu- 
tion will therefore be more elementary, if instead of seeking 
the coordinates of the centre of the touching cirde, we look for 
those of its point of contact with one of the given circles. We 
have already one relation connecting these coordinates, since 
the point lies on a given circle, therefore another relation b^ 
tween them will suffice completely to determine the point.* 

Let us for simplicity take for origin the centre of the circle, 
the point of contact with which we are seeking, that is to say, 
let us take a = 0, yS = 0, then if A and B be the coordinates of 
the centre of 2, the sought circle, we have seen that they fulfil 
the relations 

8'-8' = 2B{r^ /), 8" 8" = 2i? (r - r"). 

But if aj and y be the coordinates of the point of contact of 2 
with 8j we have from similar triangles 

^^ x{B-{-r) -^^yiB + r)^ 
r ' r ' 

Now if in the equation of any right line we substitute mx^ my for 
X and y, the result will evidently be the same as if we multiply 
the whole equation by «w, and subtract (w- 1) times the absolute* 
term. Hence, remembering that the absolute term in 8— 8' is 

* This solution is by M. Gergonne, Annates des Matkemati^ueSf vol, VII. p. 289. 



PROPERTIES OF A SYSTEM OF TWO OR MORE oIRCLES. Ill 

(Art. 105) r"- r" — a"'- y8'*, the result of making the above sub- 
stitutions for A and B in [S- S') = 2li [r-r') is 

^±r (5« S') + :?(«'« + y8" + r*- O = 2R (r--/), 

or (i2 + r)(Sf-flf')=iZ{(r-r')«-a'«-/3'"}. 

Similarly (i? + r) (S- iS") = i? {(r - rj - a"» - /8"«}. 

Eliminating £, the point of contact is determined as one of 
the intersections of the circle S with the right line 

S -S' S-S" 

a'- + 0' - (r - r'f " a" -^'^"^ - (r - rJ ' 

120. To complete the geometrical solution of the problem, it 
is necessary to show how to constnict the line whose equation has 
been just found. It obviously passes through the radical centre 
of the circles; and a second point on it is found as follows: 
Write at full length for 8— 8' (Art. 105), and the equation is 

2a'x + 2/3^-f /'- r*~ a »- ff' _ 2a"a; + 2/3>+ r"'-r^~a"^-/5"* 

a'» + ff' - (r - /)» a"' + ^"' - (r - r"f 

Add 1 to both sides of the equation, and we have 

a'a? + )Sy-f (r -r)r ^ ax 4 ff ' ^ + (r" -r)r 
a'^ + /3"^-(r-r7 "" a"H /3''"' - (r - r')* * 

showing that .the above line passes through the intersection of 

aa? + y8y+(r -r)r = 0, a"a? + /3"y + (r" - r) r = 0. 

But the first of these lines (Art. 1 13) is the chord of common 
tangents of the circles 8 and 8' ; or, in other words (Art. 114), is 
the polar with regard to 8 of the centre of similitude of these 
circles. And, in like manner, the second line is the polar of the 
centre of similitude of 8 and 8" ; therefore (since the intersection 
of any two lines is the pole of the line joining their poles) the 
intersection of the lines 

aa;+/S'y+(r -r)r = 0, a"a; + ^"y + (r"-r) r = 

is the pole of the axis of similitude of the three circles, with 
regard to the circle 8. 

Hence we obtain the following construction : 

Drawing any of the four axes of similitude of the three 
circles, take its pole with respect to each circle, and join the 
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points SO found (P, P\ P") 
with the radical centre ; then, S'' 
if the joining lines meet the 
circles in the points 

(a,J; a', J' ;«",&"), 
the circle through a, a\ a" will S 
be one of the touching circles, 
and that through J, h\ h" will ^. 
be another. Repeating this 
process with the other three 
axes of similitude, we can de- 
termine the other six touching 
circles. 

121. It is useful to show how the preceding results may be 
derived without algebraical calculations. 

(1) By Cor., Art. 117, the lines aJ, a &', cl'V meet in a point, 
viz., the centre of similitude of the circles aa!a'\ hb'b", 

(2) In like manner aV, Vb" intersect in 8^ the centre of 
similitude of C\ G". 

(3) Hence (Art. 116) the transverse lines a'J', a"b" intersect 
on the radical axis of C", G", So again a"b'\ ab intersect on 
the radical axis of 0", G. Therefore the point B (the centre of 
similitude of aa'a'y bb'b") must be the radical centre of the 
circles 0, C", G". 

(4) In like manner, since a'b\ a"b" pass through a centre of 
similitude oi aaa\ bb'b" ] therefore (Art. 116) a'a\ b'b" meet on 
the radical axis of these two circles. So again the points S' and 
8" must lie on the same radical axis ; therefore 88' 8" ^ the axis 
of similitude of the circles 0, C, (7", is the radical axis of the 
circles aa'a"^ bb'b". 

(5) Since a"b" passes through the centre of similitude of 
aaa\ bb'b"^ therefore (Art. 116) the tangents to these circles 
where it meets them intersect on the radical axis 88' 8". But 
this point of intersection must plainly be the pole of a"b" with 
regard to the circle G". Now since the pole of a"b" lies on 
88' 8", therefore (Art. 98) the pole of 88' 8" with regard to G" 
lies on a"b". Hence a"b" is constructed by joining the radical 
centre to the pole of 88' 8" with regard to G". 
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(6) Since the centre of similitude of two circles is on tl^ line 
joining their centres, and the radical axis is perpendicular to that 
line, we learn (as in Art. 118) that the line joining the centres o^, 
aad\ bb'b" passes through 5, and is perpendicular to 88'8'\ 

121 (a).* Dr. Casey has given a solutfon of the problem 
we are considering, depending on the following principle due 
to him : If four circles be all touched by the same fifth circle^, 
the lengths of their common tangents are connected by the 
following relation, 12.34 ±14.23 ±T3.T4 = 0, where 12 denotes 
the length of a common tangent to the first and second circles, 
&c. This may be proved by expressing each common tangent 
in terms of the length of the line joining the points where the 
^circles touch the common touching circle. ^^ 
Let B be the radius of the latter circle 
whose centre is 0, r and r of the circles 
whose centres are A and jB, then, from the 
isosceles triangle aOb^ we have 

ab — 2R sinJaOi. 
But from the triangle AOB, whose base 
is jD, and sides R — r^ E — r\ we have 

sin'iaOA = —7^ — \ . p k . Now the numerator qf this frao- 
4 \JX — ?*j (ii — r j 

tion is the square of the common tangent 12, hence 

But since the four points of contact form ik quadrilateral in^- 
scribed in a circle, its sides and diagonals are connected by the 
relation aL.cd + ad.bc ^ acbd. Substitute in this equation the 
expression just given for each chord in terms of the corre* 
spending common tangent, and suppress the numerator B^ and 
the denominator ^ {R - r) [B - r) (B - r") {R - r"') which are 
common to every term, and there remains the relation which 
we are required to prove. 

121 (J). Let now the fourth circle reduce itself to a point, 

this will be a point on the circle touching the other three, and 

. — — ^ 

* In order to avoid confusion in the references, I retain the numbering of the articles 
in the fourth edition, and mark separately those articles which ha^d ho&a. since added. 
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41 42 43 will denote the lengths of the tangents from that 
point to these three circles. But the lengths of these tangents 
are (Art. 90) the square roots of the results of substituting the 
coordinates of that point in the equations of the circles. We 
see then that the coordinates of any point on the circle which 
touches three others must fulfil the relation 

23 V(«) ± 31 V(S^') ± 12 V(S") - 0. 
If this equation be cleared of radicals^ itwill be found to be one 
of the fourth degree, and when 23, 31, 12 are the direct common 
tangents, it will be the product of the equations of the two 
circles (see fig., p* 112) which touch either aU externally or 
all internally. 

121 (c). The principle just used may also be established 
without assuming the relation connecting the sides and dia- 
gonals of an inscribed quadrilateral. If on each radius vector 
OP to a curve we take, as in Ex. 4, p. 96, a part OQ in- 
versely proportional to OP, the locus of $ is a curve which 
is called the inverse of the given curve. It is found with- 
out difficulty that the equation of the inverse of the circle 
a:' + 2^' + 2^x+2/y-hei8 

cfa:« + /) + 2^aj + 2/y + l = 0, 
which denotes a circle, except when c = (that is to say, when 
the point O is on the circle), in which case the inverse is a right 
line. Conversely, the inverse of a right line is a circle passing 
through the point 0. Now Dr. Casey has noticed that if we 
are given a pair of circles, and form the inverse pair with 
regard to any point, then the ratio of the square of a common 
tangent to the product of the radii is the same for each pair 
of circles.* For if in /+/*-c, which (Art. 80) is r", we 

substitute for ^,/, c; '^ ^ ^ , - , we find that the radius of the 

inverse circle is r divided by c; and if we make a similar 
substitution in c + d - 2gg - 2ff\ which (Ex. 1, p. 102) is 
jr>a_y«- /«^ we get the sam6 quantity divided by cc. Hence 
the ratio of D^-r^ — r'^ to rr is the same for a pair of circles 

* This is equivalent (see Ex. 8, p. 103) to saying that the angle of intersection is 
the same for each pair, as may easily be proved geometrically. 
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and for the inverse pair ; and, therefore, so is also the ratio to 

r/ofZ>'^-{r±r7- 

Consider now four circles touching the same right line in 
four points. Now the mutual distances of four points oa a right 
line are connected by the relation 12.34 + 14.32 = 13. 2^=; as 
may easily be proved by the identical equation 

where a, ft, c, d denote the distances of the points from any 

origin on the line. Thus then the common tangents of four 

circles which touch the same right line are connected by the 

relation which is to be proved. But if we take the inverse 

of the system with regard to any point, we get four circles 

touched by the same circle, and the relation subsists still ; for 

if the equation be divided by the square root of the products 

12 34 

of all the radii, it consists of members -j-, — 7. * ,, ,, ,,„ , &c., 

V(rr)' ^{r r )' 

which are unchanged by the process of inversion. 

The relation between the common tangents being proved in 
this way,* we have only to suppose the four circles to become 
four points, when we deduce as a particular case the relation 
connecting the sides and diagonals of an inscribed quadrilateral. 
This method also shews that, in the case of two circles which 
touch the same side of the enveloping circle, we are to use the 
direct common tangent ; but the transverse common tangent 
when one touches the concavity, and the other the convexity 
of that circle. Thus then we get the equation of the four pairs 
of circles which touch three given circles, 

23 ViS) ±31 V(&') ± T2 V(^") ^ 0. 
When T2, 23, 31 denote the lengths of the direct common tan- 
gents, this equation represeats the pair of circles having the 
given circles either all inside or all outside^ If 23 denotes a 
direct common tangent, and 31, 12 transverse, we get a pair 
of circles each having the first circle on one side, and the other 
two on the other. And, similarly, we get the other pairs of 
circles by taking in turn 31, 12 as direct common tangents, and 
the other common tangents transverse. 

♦ Another proof will be given in the appendix to the next chapter. 
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•CHAPTER IX, 

APPLICATION OF ABRIDGED NOTATION TO T^E EQTTATIOlSr 
OF THE CIRCLE, 

122. If we have an equation of the second degree expressed 
in the abridged notation explained in Chap. IV., and if we desire 
to know whether it represents a circle, we have only to transform 
to X and 1/ coordinates, by substituting for each abbreviation (a) 
its equivalent {x cosa+y sma—jo) j and then to examine whether 
the Qoefficient of ocy in the transformed equation vanishes, and 
whether the coefficients of x^ and of y* are equal. This is suffi- 
ciently illustrated in the examples which follow. 

When will the locus cf a point be a circle if the product oj 
perpendicular^ from it on two opposite sides of a quadrilateral he 
in a given ratio to the product of perpendiculars from it on the, 
other two sides f 

Let a, )8, 7, 8 be the four sides of the quadrilateral, then the 
equation of the locus is at once written down ay = iySS, which 
llepresents Vk curve of the second degree passing through the 
angles of the quadrilateral, since It is satisfied by any of th^ 
fpur suppositions, 

q; = q,^ = Q; a-o,8 = 05 /8 = 0,7=0; 7 = 0,8 = Q. 
Now, in order to ascertain whether this equation represents ^ 
circle, write it at full length 

(ojcosa +y sina -p) (a:cos7 + y sln7— y ) 
= i (» cos/8 +y sin/8 -^ ^') {x cosS +y sinS -y*), 

jyiultiplying out, equating the coefficient of a?' to that of y*, and 
putting that of a;y = 0, wo obtain the conditions 

cos(a + 'y) = ifc CQs(^+8)5 sin(a + 7) =ifc sin(/8 + 8). 
Squaring these equations, and adding them, we find k^±\\ and 
if this condition be fulfilled, we must have 

a + 7=:)8+S, or else =iq^0'* + )8 + S; 
whence ft -^8 = 8 -7, or 180 + 5-7. 
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Kecollecting (Art. 61) that a^fiU the supplement of that 
ftngle between a and )8, in which the origin lies, we see that this 
condition will be fulfilled if the quadrilateral formed by a^yB be 
inscribable in a circle (Euc. iii. 22), And it will be seen on 
examination that when the origin is within the quadrilateral wo 
are to take A; = — 1, and that the angle (in which the origin lies) 
between a and fi is supplemental to that between 7 and S ; but 
that we are to take A = + 1, when the origin is without the quad* 
rilateral, and that the opposite angles are equal. 

123. When will the locus of a point he a circle j if the square 
of its distance from the base of a triangle he in a constant ratio to 
the product of its distances from the sides ? 

Let the sides of the triangle be a, /3, 7, and the equation of 
the locus is a^S = A7'. If now we look for the points where the 
line a meets this loops, by piafcing in it a = 0, we obtain the 
perfect square 7* = 0. Hence a meets the locus in two coincident 
points, that is to say (Art. 83), it touches the locus at the point 
ay. Similarly, /8 touches the locus at the point ^y. Hence 9 
and /8 are both tangents, and 7 their chord of contact. Now, 
to ascertain whether the locus is a circle, writing at full length 
as in the last article, and applying the tests of Art. 80, we obtain 
the conditions 

cos (a + )8) = A COS27 5 sin (a + ^8) = A sin27 ; 

whence (as in the last article) we get A = l,a — 7 = 7 — ^8, or the 
triangle is isosceles. Hence we may infer that if from q,ny point 
of a circle perpendiculars he let fall on any two tangents and on 
their chord of contact ^ the square of the last will he equal to the 
rectangle under the other two, 

Ex. When will the locns of a point be a circle if the sum of the squares of the 
perpendiculars from it on the sides of any triangle be constant ? 

The locus is a« -f /3* + y* = <j2 . and the conditions that this should represent 
ft circle are 

cos2o + cos 2/3 + C0B2y = ; sin 2o + sin 2/3 + S!n2y = 0. 

cos2a = - 2 cos (/3 + y) cosQa - y) J Bln2a = - 2 sin (/3 + y) cos f/3 - y). 

Squaring sUid adding 

l = 4oos«(/3-y); /3 - y = 60^ 

And so, in like manner, each of the other two angles of the triangle is proTed to 
be 60^1 or the triangle must be equilateral 
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124. To obtain the equation of the circle ciroumsoribing the 
iriangU formed by the lines a = 0, /3 == 0, 'y = 0, 

Any equation of the form 

/y87 4- wi7a -f na^ = 
denotes a curve of Ihe second degree circumscribing the givea 
triangle, since it is satisfied by any of the suppositious 
^ = 0,^^=0; /5 = Q, ^ = 0; ^ = 0^0^ = 0. 

The conditions that it should represent a circle are found, by thQ 
name process as in Art. 122, to be 

I cos (^ + 7) + w cos (7 + «) -I- n cos (a + ^) = 0, 

I sin (/8 + 7) + m sin (7 + a) + w sin (a + /3) = 0. 

Now we have seen (Art, 65) that when wq are given a pai^: 
of equations of the form 

Za'-fW)8' + n7'=0, ?a*' + 7w/9" + W7 * = 0, 
i, 7W, n must be respectively proportional to /S'7"— ^"7, yoi!'~y"a\ 
o')8" — a"^'. In the present case then Z, w, n must be pro- 
portional to sin()8 — 7), sin (7 — a), sin(a — ^8), or (Art. 61) to 
sin -4, sin 5, sin (7. Hence the equation qf the circle circum^ 
scribing a triangle is 

I3y sin ^ -f 7a sin 2? 4- a^S sin C= 0. 

125. ThQ geometrical interpretation of the equation just 
found deserves attention. If from any point we let fall per^. 
pendiculars OP, OQj on the lines a, /S, then (Art. 54) a, 13 are 
the lengths of these perpendiculars ; and since the angle be«» 
tween them is the supplement of (7, the 
quantity aj3 sin (7 is double the area of the 
triangle OPQ. In like manner, 7a sinB 
and y37 sin -4 are double the triangles 
OPB^ OQB. Hence the quantity 

/3y Bin A + 7a sin5+ aj3 sin (7 

is double the area of the triangle PQE^ 

and the equation found in the last article 

asserts that if the point be taken on the circumference of 

the circumscribing circle, the area FQB will vanish, that is 

to say (Art. 36, Cor. 2), the three points P, ^, if will lie on 

one right line. 
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If it were required to find the locus of a point from which, 
if we let fall perpendiculars on the sides of a triangle, and join 
their feet, the triangle PQR so formed should have a constant 
magnitude, the equation of the locus would be 

ySy sin-4 + 7a AnB + a^ sin (7= constant, 

and, since this only difiers from the equation of the circum- 
scribing circle in the constant part, it is (Art. 81) the equation 
of a circle concentric with the circumscribing circle.* 

126. The following inferences may be drawn from the equa- 
tion Z/87 + m^OL H- wa/j = 0, whether or not ?, m, n have the values 
sin^, sin5, sin (7, and therefore lead to theorems true not only 
of the circle but of any curve of the second degree circum- 
scribing the triangle. Write the equation in the form 

7 (Zy9 + ma) + wa/3 = ; 
and we saw in Art. 124 that 7 meets the curve in the two points 
where it meets the lines a and ^ ; since if we make 7 = in the 
equation, it reduces to a^ = 0. Now, for the same reason, the 
two points In which l^ -f ma meets the curve are the two points 
where it meets the lines a and /3. But these two points coincide, 
since l^-\-ma passes through the point ayS. Hence the lino 
l^ + ma^ which meets the curve in two coincident points, is 
(Art. 83) the tangent at the point a/3. 

In the case of the circle the tangent is a sinS + )8 sIn-4. 
Now we saw (Art. 64) that asin-4 + ^sin5 denotes a parallel 
to the base 7 drawn through the vertex. Hence (Art. 55) the 
tangent makes the same angle with one side that the base makes 
with the other (Euc. iii. 32). 

* Consider a quadrilateral inscribed in a circle of which a, /?, y, S are sides and « 
a diagonal ; then the equation of the circle may be written in either of the forma 

sin A sin B sin ^ . sin C sin 2) sin JE? ^ 
+ _ + _ = 0, + . =0, 

where A is the angle in the segment subtended by a, Ac, and we have written e with 
a negative side in the second equation, because opposite sides of the line are considered 
in the two triangles. Hence, every point on the ciix:le satisfies also the equati(xi 
ein^ smB sin (7 sinZ) . 

This equation when cleared of fractions is of the third degree, and represents, 
together with the circle, the line joining the intersections of ay, ^S. In the same 
manner, if we have an inscribed polygon of any number of sides. Dr. Casey has shewn 
that an equation of similar form will be satisfied for any point of the circle. 
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Writing the equations of the tangents at the three vertices 
in the form 

m n ^ n I ^ I m ' 

we see that the three points in which each Intersects the opposite 
side are in one. right line, whose equation is 

I m n 

Subtracting, one from another, the equations of the three 
tangents, we get the equations of the lines joining the vertices 
of the original triangle to the corresponding vertices of the 
triangle formed by the three tangents, viz., 

^^?~0 ^-?-0 5^^-0 
m n n L 'cm 

three lines which meet In a point (Art. 40).* 

127. If a'/3V, a"/3"7" be the coordinates of any two points 
on the curve, the equation of the line joining them is 

for if we substitute in this equation a'/3V foi* a^Sy, the equation 
is satisfied, since a"^"y' satisfy the equation of the curve, which 
may be written 

I m n ^ 

-+-5+ - = 0. 

In like manner the equation is satisfied by the coordinates 
a"^"7". It follows that the equation of the tangent at any 
point a'/Sy may be written 

and conversely, that i{ \a + fi0-\-vy^O Is the equation of a 
tangent, the coordinates of the point of contact a'ySy are given 
by the equations 

^=A,, •g7a=/l', y2=^* 

♦ The theorems of this article are by M. Bobillier {Annales des Mathematiques, 
VoJ. xviii. p. 320). The first equation of the next article is by M. Hermes. 
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Solving for a', ^8', 7' from these equations, and substituting In 
the equation of the curve, which must be satisfied by the point 
a'/8 7', we get 

V(?A.) + V(wm) + sl[nv) = 0. 

This IS (he condition that the line \a,-\- fiP'\-vy may touch 
$y + mya + wa/8 ; or it may be called (see Art. 70) the tanffential 
equation of the curve. The tangential equation might also 
be obtained by eliminating 7 between the equation of the 
line and that of the curve, and forming the condition that the 
resulting equation in a : /3 may have equal roots. 

128. To find the conditions that the general equation of the 
second degree in a, )8, 7^ 

a a* + JyS* + 07' + 2ffiy + 2gya + 2 Aa/8 = 0, 

may represent a circle* [Dublin Exam. Papers, Jan. 1857]. 

It is convenient to avail ourselves of the result of Art. 124. 
Since the terms of the second degree, a?* + y*, are the same in 
the equations of all circles, the equations of two circles can only 
difier in the linear part ; and if 8 represent a circle, an equation 
of the form /S-ftu + wiy + nsO may represent any circle what- 
ever. In like manner, in trilinear coordinates, if we have found 
one equation which represents a circle, we have only to add to 
it terms la, + m^ + ny (which in order that the equation may be 
homogeneous we multiply by the constant a sin^+i88injB+78in C), 
and we shall have an equation which may represent any circle 
whatever. Thus then (Art. 124) the equation of any circle may 
be thrown into the form 

(?a -f mP + ny) (a sin -4 + /8 sinB+ 7 sin C) 

+ lc{Py sin -4 + 7a sin-B+ afi sin 0) = 0. 

If now we compare the coefficients of a', /S', 7* in this form 
with those in the general equation, we see that, if the latter 
represent a circle, it must be reducible to the form 

f-^-^a+-^^ + --^7') (asIn^ + /8sin5+7sinC) 
\&\nA smJ5 sin (7 / - 

+ h {I3y sin A-\- ya smB+ aj3 sin C) « 
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and a comparison of the remaining coefficients gives 

2/ sin B sin (7= c 8in*jB+ h sin*(7+ )k sin A sin jBsin C, 

^g sin Csin A^a sin* (7+ c 8in*-4 + A sin ^ sin B sin C, 

2A sin -4 sin J? = J Av?A -\- a sWB + A sin ^ sin B sin C, 

whence eliminating i, we have the required conditions, viz. 

b sin*(7+ c sin^£- 2/*sin-Bsin(7 = c sinM -i- a sin* (7— 2^ sin(7sin^ 

= a sin"5+ b sinM — 2A sin -4 sin B. 

If we have the equations of two circles written in the form 

(7a + m0 + ny) (a sin -4 + /3 sin 5+ 7 sin C) 

+ k [fiy sin A + ya sin B+afisUn C) = 0, 

(fa + wi'/3 4 w 7) (a sin ^ + /3 sin 5 -f 7 sin C) 

+ i [Py sin ^ + 7a sin -B + a)8 sin (7) = 0, 

it is evident that their radical axis is 

la + m^ '\-ny- {Ta + m'fi + w 7), 

and that la-^ ml3-\-ny is the radical axis of the first with the 
circumscribing circle. 

Ex. 1. Verify that a/3 - y« represents a circle If A=zS (Art. 123). 
The equation fiiay be written 

o)9 sin C+ /Sy sin^ + ya sinB - y (o sin -4 + /3 sin 5 + y sin C) = (^. 
Ex. 2. "^hen will aa* + 6/32 + ^^2 represent a circle ? 

Ex. 3. The three middle points of sides, and the three feet of perpendiculars Ke 
on a circle. The equation 

o« sin-4 cos^4 + ^ sinB cosB + y« sin Ccos C- (/3y sin -4 + ya sin 5 + a/3 sin C)=Ot 
represents a cnrre of the second degree passing through the points in question. For 
if we make y = 0, we get 

a^sin^ cos^ + ^sinBcosB — a/3 (sin^l coeJB + sinB oosJ) = 0, 
the factors of which are a sin ^1 — /3 sin £ and a cos il — ^ cos£. Now the cnrve ia 
a circle, for it may be written 
(a cos -4 + /3 cos -B + y cos C^ (o sin -4 + ^ sin 5 + y sin C) 

- 2 (^y sin^ + ya sinB + a/3 sin (7)=0 
Thns the radical axis of the circumscribing circle and of the circle through the middle 
points of sides is a cos^ + p cos JS + y cos C, that is, the axis of homology of the 
given triangle with the triangle formed by joining the feet of perpendiculars. 

129. We shall next show how to form the equations of the 
circles which touch the three sides of the triangle a, /S, 7. The 



THE CIRCLE— ABRIDGED NOTATION. 123 

general equation of a curve of the second degree touching the 
three sides is 

Pa* + fw*/8* + «V - ^rnn^y - 2nlya - 2?7wa/3 = * 

Thus 7 is a tangent, or meets the curve in two coincident 
points, since, if we make 7 = in the equation, we get the 
perfect square Pa* + m*0* — 2lmafi = 0, The equation may also 
be written in a convenient form 

V(?a) + V(mi8) + V(n7)=0; 

for, if we clear this equation of radicals, we shall find it to be 
identical with that just written. 

Before determining the values of Z, wt, if, for which the equa- 
tion represents a circle, we shall draw from it some inferences 
which apply to all curves of the second degree inscribed in the 
triangle. Writing the equation in the form 

#17 (w7 - 2h - 2mP) + {la - m)9)' = 0, 

we see that the line {la - mff)^ which obviously passes through 
the point a/8, passes also through the point where 7 meets the 
curve. The three lines, then, which join the points of contact 
of the sides with the opposite angles of the circumscribing 
triangle are 

?a-in;9 = 0, w/8 — n7=K0, ri7-fa = 0, 

and these obviously meet in a point. 

The very same proof which showed that 7 touches the curve 
shows also that «7- 2Za — 2m/3 touches the curve, for when this 
quantity is put = 0, we have the perfect square {la - m^)* = ^ \ 
hence this line meets the curve in two coincident points, that is, 
touches the curve, and la -^ mfi passes through the point of con- 
tact. Hence, if the vertices of the triangle be joined to the 



* strictly speaking, the double rectangles in this equation ought to be written 
with the ambiguous sign ±, and the argument in the text would apply equally. If, 
hiowever, we give all the rectangles positive signs, or if we give one of them a positive 
sign, and the other two negative, the equation does not denote a proper curve of the 
second degree, but the square of some one of the lines la±m^± ny. And the form 
in the text may be considered to include the case where one of the rectangles is 
negative and the other two positive, if we suppose that It m, or n may denote a 
negative as well as a positive quantity. 



124 THE CIRCLE — ABRIDaED NOTATION. 

points of contact of opposite sides, and at the points where the 
joining lines meet the circle again tangents be drawn, their 
equations are 

2la + 2mfi — ny-0^ 2wiy9 + 2^7 - fa = 0, 2ny -\- 2la - m/3 =^ 0. 

Hence we infer that the three points, where each of these tan« 
gents meets the opposite side, lie in one right line^ 

h + wj8 + «7 = 0, 

for this line passes through the intersection of the first line with 
7, of the second with a, and of the third with /3, 

130. The equation of the chord joining two points o!^f/\ 
a^'^Y'j on the curve is 

« v(i] y{^i") + v(/9'V)} + /s vw {vc-za") + v(7V)} 

+ 7 V(«) {V(a'/8") 4 V(a"/3')} = * 

For substitute «', /8', </ for a, j8, 7, and It will be found that thq 
quantity on the left-hand side may be written 

{V{aW) + V08'7'a") + V(7Vy3")} {V(fa') + ^{m^) + VM} 

- V(a'/3'7') y{lci") + V('«/S") + V(«7")l, 
which vanishes, since the points are on the curve. The equation 
of the tangent is found by putting a'', ^\ 7" = a', ^, 7' in thQ 
above, Pividing by 2 V(a'i8'70> ^^ becomes 

Conversely, if Xa 4 /a)9 + K7 is a tangent, the coordinates of 
the point of contact are given by the equations 

Solving for o!^y\ and si^bstitnting in the equation of the curve,^ 

we get 

I m n ^ 

r- + - + - = 0, 

which is the condition that Xa + /i^ + K7 may be a tangent; 
that is to say, is the tangential equation of the curve. 

■■■ ■ ^ ^ ■ . 

♦ This equation is Dr. Hart's, 
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The reciprocity of tangential and ordinary equations will be 
better seen if we solve the converse problem, viz. to find the 
equation of the curve, the tangents to which fulfil the condition 

I m n ^ 

We follow the steps of Art. 127. Let X'a+M'^ + i/7j 
V'a+/i'')8+K"7 be any two lines, such that \>V, \V'^'' satisfy 
the above condition, and which therefore are tangents to the 
curve whose equation we are seeking ; then 

is the tangential equation of their point of intersection. For 
(Art. 70) any equation of the form -4X+ 5/*+ (7v = is the 
condition that the line K(x + fi/3-\-vy should pass through a 
certain point, or, in other words, is the tangential equation of a 
point ; and the equation we have written being satisfied by the 
tangential coordinates of the two lines is the equation of their 
point of intersection. Making X', ft', v' = X", f/'^ /' we learn 
that if there be two consecutive tangents to the curve, the 
equation of their point of intersectioui or, in other words, of 
their point of contact, is 

x^"**7^"^7*~"- 

The coordinates then of the point of contact are 
I ^ m n 

Solving for X', /*', / from these equations, and substituting in the 
relation, which by hypothesis X'^iv satisfy, we get the required 
equation of the curve 

131. The conditions that the equation of Art. 129 should 
represent a circle are (Art. 128) 
w* sin* (7+ n* sin'B+ 2mn sin^ sin (7= r? sin*-4 + Z* sin" (7 

+ 2nl sin C sin ^ = P sin*5 + rr? sinM + 2lm sin A sin B, 
or ms\rxC-\-n sin5 = ±(n sin^ + ? sinCj =±(Z sin5+w AnA). 
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Four circles then may be described to touch the sides of the 
given triangle, since, by varying the sign, these equations may 
be written in four different ways. If we chojse in both cases 
the + sign, the equations are 

I sin C—m sin C4 n (sin 4 — sin-B) = ; 

I siuB+m [slnA — sin (7) — n sinjB=0, 

The solution of which gives (see Art. 124) 

Z = sin^ (sin JB+ sin (7— 8in-4), m = sin-fi (sinO+ sin-4 — sinjB), 

« = sin (sin-4 + sin JB - sin C). 

But since in a plane triangle 

sinj5+8inC-^sin^=s4 cos^^ sin^^sin^C, 

these values for ?, ?w, n are respectively proportional to cos'^^, 
cos"^S, cos*^0, and the equation of the corresponding circle, 
which is the inscribed circle, is 

cos J4 V(a) + cos J5 V(/8) + cos^ (7 V(7) = 0,» 

or a' cos*i^ + /8" oos*iJ? + 7* cos*i (7- 2/37 cos*iB cos'i G 

- 27a cos' J (7 cos'i^ - 2oifi co??\A cos'i5a= 0. 

We may verify that this equation represents a circle by 
writing it in the form 

(a cos*4-4 13 coB^^B y cos*iO\ , . ^ /^ . *> . ^x 
8inA srnB smO / ^ ' ' 

4 COs'i^ C08*i-BcOS*i(7,^ . . • »> ^ • r-«% ^ 

.. . p ' /^ (/37sm^+7asm^+a/8sm(7) = 0. 

sm^sm^smC ^ ' ' >- j 



* Dr. Hart derives this equation from, that of the circumscribing circle as follows : 
Let the equations of the sides of the triangle formed by joining the points of contact 
of the inscribed circle be a' = 0, /S* = 0, y' = 0, and let its angles be -4', B', C \ then 
(Art. 124) the equation of the circle is 

^y' sin A' + y'a! sin 5* + a'fi' sin C" = 0. 
But (Art 123) for every point of the circle we have a'^ = /3y, /3'^ = yo, y^ = a/3, 
and it is easy to see that ^' = 90 — ^A, (fee. Substituting these values, the equation 
of the circle becomes, as before, 

cos M J(«) + cos JB J03) + cos iC ^(y) = 0. 
If the equation of the note, p. 119, be treated similarly, we finjl that every point of 
the cirde, of which a, /3, y, d are tangents, satisfies the equation, 
008H12) , co8i(23) cos^(34) co s^(41) 

"4{afi) JG8y) J(y^) "4W ""' 
where (12) denotes the angle between a)3, (fee. Similarly for any number of tangents. 
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In the same way, the equation of one of the exscribed circles is 
found to be 

a' cos*i4 + ^ sin*45+ 7' sin*^ (7-2/87 sin'^S sin^^ C 

4 27a sin'J^O cos^i^ + 2aP sln^^S cos'^^ = 0, 

or cos Ji4 V(- a) + sin JB V(/3) + sin ^ V(7) = 0. 

The negative sign given to a is in accordance with the fact, ihRt 
this circle and the inscribed circle lie on opposite sides of the 
line a. 

Ex. Find the radical axis of the inscribed circle and the circle through the middle 
points of sides. 

The equation formed by the method of Art. 128 is 

2 oos^ ^A cos^i^ cos2 JC {a cos -4 + /3 cos B + y cos C) 



= sm ^ sm 5 sm C a -i— V +^ • t, + Y . ^ 1 . 
V sm^l '^ smB * smC / 



Divide by 2 cos ^A cos ^B cos ^ Cj and the coefficient of a in this equation is 

cos ^A {2 cos* ^A sin iB sin iC - cos ^ cos ^B cos ^C], 

or cos lA sin J (id — B) sin J (^ — C), 

The equation of the radical axis then may be written 

a cos ^A ftcoshB y cos \C _ ^ 

Binl'C^- C) sini(6'-^) "'"sini(^-i;) "^ 

and it appears fi'om the condition of Art. 130 that this line touches the inscribed circle, 
the coordinates of the point of contact being sin* \ {B—C), sin* ^ {C—A)j sin^J (A—B), 
These values shew (Art. 66) that the point of contact lies on the line joining the two 
centres whose coordinates are 1, 1, 1, and cos {B — (7), cos {C — A), cos (-4 — B)» 

In the same way it can be proved that the circle through the middle points of sides 
touches all the circles which touch the sides. This theorem is due to Feuerbach.* 



* Dr. Casey has given a proof of Feuerbach's theorem, which will equally prove 
Dr. Hart's extension of it, viz. that the circles which touch three given circles can be 
distributed into sets of four, all touched by the same circle. The signs in the follow- 
ing correspond to a triangle whose sides are in order of magnitude a, by c. The 
exscribed circles are numbered 1, 2, 3, and the inscribed 4; the lengths of the direct 
and transverse common tangents to the first two circles are written (12), (12)'. Then 
because the side a is touched by the circle 1 on one side, and by the other three circles 
on the other, we have (see p. 115) 

(13)' (24) = (12)' (34) + (14)' (23). 
Similarly (12)' (34) + (24)' (13) = (23)' (14), 

(23)' (14) = (13)' (24) + (34)' (12), 

whence, adding, we have (24)' (13) = (14)' (23) + (34)' (12) ; 

showing that the four circles are also touched by a circle, having the circle 4 on one 
aide and the other three on the other. 
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132. If the equation of a circle In trilinear coordinates id 
equivalent to an equation in rectangular coordinates, in which 
the coefficient of as' + if is w, then the result of substituting in 
the equation the coordinates of any point is m times the square 
of the tangent from that point. This constant m is easily deter- 
mined in practice if there be any point, the square of the tangent 
from which is known by geometrical considerations ; and then 
the length of the tangent from any other point may be inferred* 
Also, if we have determined this constant m for two circles, and 
if we subtract, one from the other, the equations divided respec- 
tively by m and m\ the difference which must represent the ra- 
dical axis will always be divisible by a sin-4 + /3 sinjB+7 sin (7. 

Ex. 1. Find the yalue of the constant m for the circle through the middle points 
of the sides 

a^sin^ cos-4-f /3*8in-Bco8-B+ 7'sinC7cosC-»/3y Bin-4 — yadftjB — o/3 8inC=:0. 

Since the circle cuts any side y at points whose distances from the vertex A are \6 
and h cos J, the square of the tangent from A is \^e cos^. But since for A we have 
/3 = 0, y = 0, the result of substituting in the equation the coordinates of ^ is 
a'2 sin A cos A (where a' is the perpendicular from A on the opposite side), or ia 
he sin ^ sin £ sin C cos A, It follows that the constant mi82sin^sin£sin(7. 

Ex. 2. Find the constant m for the circle /3y sin -4 + y o sin 5 + a^ sinC. If from 
the preceding equation we subtract the linear terms 

(acos-4 + j8cos-B + y cosC) (o sin^H-/3 sinJS4- y sinC), 
the coefficient of o? + y^ is unaltered. The constant therefore for /3y sin A Ac, is 
— sin J sin-B sin C, It follows that for an equation written m the form at the end 
of Art. 128 the constant is — A; sin A sin B sin C, 

Ex. 3. To find the distance between the centres of the inscribed and circumscribing 

circle. We find B'^ — i2*, the square of the tangent from the centre of the inscribed to 

, . ., . . , ^ , .. X. r. X ,- r2(sin^+8inB+8inC) 
the circumscribing circle, by substituting a=^=y=r, to be sin^Jsm'^'sin"^ — 

or, by a well-known formula, := — 2i?r. Hence jy^ — ^ — ^Rr* 

Ex. 4. Find the distance between the centres of the inscribed circle and tha, 
through the middle points of sides. If the radius of the latter be /o, making use ol 
the formula, 

sin -4 cos -4 + sin 5 cos 5 + sin C cos C = 2 sin ^ sin B sin (7, 
we have jy^ ^ p^ = r^ — rR, 

Assuming then that we otherwise know R = 2/9, we have D — r — p; or the 
circles touch. 

Ex. 5. Find the constant m for the equation of the inscribed circle given above. 

Ans, 4 cos2 ^A cos* ^ B cos" ^C 

Ex. 6. Find the tangential equation of a circle whose centre is o'/3'y' and radius r. 
This is investigated as in Art. 86, Ex. 4 ; attending to tl^e formula of Art. 61 ; and 
is found to be 

(Xa' + fi^ + i/yO* = r« (\« + /i« + 1»« - 2u» cos -4 - 2A cos B - 2 V cos (7 ). 
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*t!he corresponding equation in a, j8, y ia deduced from this by the method afterwards 
e&plained, Art. 285, and is 

r« (a sin^ + /3 sin5 + y sin(7)* = OSy - ^yy + (ya' - y'a)* + (a/y - a'/3)« 

-2 (ya'-y'a) {a^-a'fi) cosX-2(a/3'-a'^)(^y'-^'y) C0s5-2 (/Sy'-Z^y) (ya'-y'a) COsC. 

This equation also gives an expression for the distance between any two points. 

Ex. 7. The feet of the perpendiculars on the sides of the triangle of reference from 
the points o', /S*, y' ; -^ , ^ , -^ ; (see Art. 65) lie on the same circle. By the help of 
£!x. 6, p. 60, its equation is found to be 
</3y sin^+yasinjB+oj3sinC)(o'8ia4+i8' Bin5+y'sinC)03'>'sin^+').'a'8inB+o'^ sinC) 

= sin ^ sin 5 sin (7 (a sin -4 + /3 sin -B + y sin C) 
f tta'(/y4-y^cog^) ry^+/3'co8^) ^^JY+a'poBB ) {a'+y'co&B ) yy'{a'+^co9C){^Wcoa q} 
\ BUI A BinjB "*" and ' y 

Ex. 8. It will appear afterwards that the centre of a circle is the pole of the line 
at infinity a sin-4 + /3 sin^ + y sinCj and it is evident that if we substitute the 
coordinates of the centre in the equation of a circle, for which the coefficient of 
•52 + y2 has been made unity, we get the negative square of the radius. By these 
principles we establish the following expressions of Mr. Cathcart. The cooidlnates 
of the centre of the circle (Art. 128) 

(la + jn/3 + ny) (a sin^ + Ac.) + ife (/3y sin^ + Ac), 
are jr (*cob4 + I-»»cosC-«cos£), ^ (A:cosjB-Zcos(7+m-ncos^), 

R 

- {k cosC - 7 cos 5 - m cos .1 + fi), 

where It is the radius of the ciicnmscribing circle. The radius p is given by the 
equation 

l^p^ = J22 {A;« -I- 2k {l ob&A + to cos B + n cosC) 

+ P + TO« + »* - Smn cos^ - 2«7 cos 5 - 2/to cosC}, 

and the angle of intersection of two circles is given' by 

f/o' cos _ . I cos^ + TO cos B + n eo&C Z' cos -4 + to' cos B •\-n* coaG 
~iP~- ^ "^ k^ "^ "^ k' " ^ 



+ 



ir + mm' + nn' - {mn' + m!n) cos ^ — {nV + nH) cos B — jlm' + Vm) cos (7 

kkf 



DETElXMINANT NOTATION. 

132(a). In the earlier editions of this book 1 did not venture 
to introduce the determinant notation, and in the preceding 
pages I have not supposed the reader to be acquainted with it. 
But the knowledge of determinants has become so much more 
common now than it was, that there seems no reason for 
excluding the notation, at least from the less elementary chapters 
of the book. Thus the equation of the line joining two points 
(Art. 29), the double area of a triangle (Art. 36) and the 

S 
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condition (Art. 38), tliat three lines should meet in a point, may 
be written respectively 






X 



0, 






^ , 2?, C 



= 0. 



Ex. 1. Find the area of the triangle contained by the three lines la + m^ + n'^^ 
^'a + Ac, Ac, (J. J. Walker). 

An%, If a^ dy be the sides and ^ the area of the triangle of reference 

j /, j», » » 



a, 6, 
7, m, n 






a, b , e 
I J m f n 



Ex. 2. The cqnation of the perpendicular from a'^'y' on /a + m/3 + ny = 0, may be 
written 

a, a', ?— mcosC— » C0S.& 
/3, /3', m — » cos -4 — ? cos C 
7) y', » — ^ cos^ — wicos-4 =^, 

132 (5). The equations of tbe circle through three points 
(Art 94), and of the circle cutting three at right angles (Ex. 2, 
p. 102), may be written respectively 



+y 



X 



a!"»+ /'»,«:", 3,", 1 



= 0, 






i7 , 






= a. 



The equation of the latter circle naay also be formed by the 
help of the principle (Ex. 6, p. 102), as the locus of the point 
whose polars with respect to three given circles meet in a 
point, in the form 

a^ + Z ,y+/ ,/a? +/y +c' 

The corresponding equation for any three curves of the second 
degree will be discussed hereafter. 

132 (c). If the radius of a circle vanishes, (a?-a)*-f (y-/8)' = 
the polar of any point xy\ [x' - aj (« - a) + (y' - /S) (^ - /S) = 



DETERMINANT NOTATION. 131 

evidently passes through the point a^S. It is in fact the 
perpendicular through that point to the line joining a/3, xy\ as is 
evident geometrically. Hence then if the circle 

«' +y + 2^^ + 2>5^ + c = 
reduce to a point, that point which, as being the centre, is given 
by the equations a;+(7 = 0, y+/=0, also satisfies the equation 
of the polar of the origin gx •\-fy + c = 0. 

If given three circles 8\ S\ S'' we examine in what cases 
i/S'+wi/S'" +•»/?"' can represent a point, we see that the coordinates 
of such a point must satisfy the three equations 

I (g'x ^fy + c') + «t {g''x +/> + o'O + n {f'x ^Tv + c''') = 0, 
from which if we eliminate 7, ???, w, we get the same determinant 
as in the last article ; showing that the orthogonal circle is the 
locus of all the points that can be represented by IS -\-mS^ -^nS"'. 
The expression (Ex. 8, p. 103) for the angle at which two 
circles intersect may be written 2r/ co^0^2gg^ ■\-2ff^ — c — c. 
If now we calculate by the formula of p. 76 the radius of the 
circle W-\-mSi'-^ nS'\ and reduce the result by the formula just 
given, we find 
(i + w + «)* r' = Fr* 4 wiV" + nV"* 

+ 27«w/V" cos ff + 2«?/V cos r 4 2?m//' cos ff'\ 
where ^, 6^\ ff^' are the angles at which the circles respec- 
tively intersect. And since the coordinates of the centre of 

IS' + mS^' + nS''' are ^ , ^ - ^^, i . — ? we see 

/4771 + W ' /+wt + « ' 

that these coordinates will represent a point on the orthogonal 
circle if Z, w, n are connected by the relation f/*+mV'''-f &c. =0. 
If the three given circles be mutually orthogonal this relation 
reduces itself to its three first terms.* 

132 [d). The condition that four circles may have a common 
orthogonal circle is found by eliminating (7, F^ G from the 
four conditions 

^Og^lFf- C-c = 0, &c., 

♦ Caaey, Phil, Trans.t 1871, p. 586. 



132 
and is 
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>5' ./ > 1 



9 )/ 



1 =0. 



^9 if ^ 

Since denotes the square of the tangent from the origin to 
the first circle, and since the origin may be any point, tills 
condition, geometrically interpreted, expresses (see Art. 94) that 
the tangents from any point to four circles having a common 
orthogonal circle are connected by the relation 

OA\BGB^ OC.ABD^ OB'.ACD^- Ojy.ABC* 

132(e). If a circle 

a;» + 2^* + 2Gfa? + 2F?/4 (7=0, 

cut three others at the same angle ^, we have, besides the 
equation first given, three others of the form 

c' + 2i?/ cosd -- 2 (?/ - 21(7' + C= ; 
from which, eliminating G, F, C, we have 



x^-^/ 



-X, 



y^ 



c' +2i?/ cos^, / ,/ , 1 
c'' +2Sr" cos^, /',/", 1 
c'"+2i2/"cos^, f\ f\ 1 

Now if we write 2i?cQs^^\, the determinant just written i3 
resolvable into 



= 0, 



c' , / , /' , 1 
0", g\ /", » 
<i% 9'\ /'", 1 



+ \ 



,-a; , -5^ 



r\ 


/, 


/,1 


»•", 


/', 


/',1 


»•'", 


/", 


/", 1 



= 0. 



The first determinant equated to zero is, as has just been 
pointed out, the equation of the orthogonal circle, and the second 
when expanded will be found to be the equation of the axis of 
similitude (Art. 117). Thus we have the theorem (Note, p. 109) 
that all circles cutting three circles at the same angle have a 

* This theorem is Mr, B. J. Harvey's (Casey, Tram, Royal Irish Acad , xxiv. 458). 

t Since this only differs from the equation of the orthogonal circle by writing 
t^ + \r* for c^f Ac. we obtain another form for this determinant by making the same 
ehange in the last determinant of Art. 132 (3). I owe this form to Mr. Cathcart. 
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common radical axis, viz., the axis of similitude. If in the 
second determinant we change the sign either of /, /', or /", 
we get the equations of the other three axes of similitude. Now 
it has been stated (Art. 118) that it is optional which of two 
supplemental angles we consider to be the angle at which two 
circles intersect ; and if in any line of the first determinant of 
this article we substitute for 6 its supplement, this is equivalent to. 
changing the sign of the corresponding r. Hence it is evident 
that we may have four systems of circles cutting the given 
three at equal angles, each system having a different one of the 
axes of similitude for I'adical axis ; calculating by the usual 
formula the radius of the circle whose equation has been written 
above, we get R in terms of X, and then from the equation 
2^cosd=\ we get a quadratic to determine the value of \ 
corresponding to any value of 6. 



£iz. 1. To find the condition for the oo-ezlstence of the equations 

ax + hy + e = a*x ■{■ b'y + c^ = a"x + b"y + c" = a"'x + h'"y + «"*. 

Let the common value of these quantities be X ; then eliminating x, y, X from the four 
equations of the form ox + 6y + c = X, we have the result in the form of a determinant 

1,1,1, 1 

a, a', a'\ a" 

b, 6', h", 6'" 
e, c\ c", </" = 0, 

or -4 + (7= j5 + /), where -4, P, C, D are the four minors got by erasing in turn each 
column, and the top row in this determinant. 

To find the condition that four lines should touch the same circle, is the same as to 
find the condition for the co-existence of the equations o = /3 = y = d. In this case 
tlie determinants A, B^ G, D geometrically represent the product of each side of the 
quadrilateral formed by the four lines, by the sines of the two adjacent angles. 

Ex. 2. The expression, p. 129, for the distance between two points may be written 

r«(asmJ+/3sinS + yBinC)2r= 0, 0, a , /3 , y 

0, 0, a' , /3' , y' 
o, a', 1 , — COS Cy - COS 5 
/3, ^y - COS C, 1 , - cos ^ 
y, y', -C03-5, -COS 4, 1 

Rnd this determinant may be resolved into the product 



a, a', - 1 



/3 ^', i 



iC 



7, 7, « 



^-iB 



a, o', - 1 



A /3', e 



-iC 



JB 



7» 7i « 



or analogous factors arising from ^ + J5 + C = -jt. 
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Ex. 3. To find the relation connecting the mutual distances of four points on a 
circle. The investigation is Prof. Cay ley's (see Lessons on Higher Algebra, p. 23), 
Multiply together according to the ordinary rule the determinants 



a^a' + y**,- 2x^,-2^2, 1 
a^a' + ys*, ^20^3,-2^3, 1 
^ + ^4^-2x4, -2y„ 1 



h «i» yi» an' + yi' 
If ^, vv ^ + y^ 

1» a?4» y4» ^^'^y^ 



which are only difEerent ways of writing the condition of Art. 91; and we get the 
required relation 

, (12)«, (13)^ (U)» 
(12)^ , (23)^ (24)'» 
(13)^ (23)^ , (34)' 
(14)^ (24)«, (34)^ =0, 

where (12)2 jg the square of the distance between two points. This determinant 
expanded is equivalent to (12) (34) + (13) (42) + (14) (23) = 0. 

Ex. 4. To find the relation connecting the mutual distances of any four points in a 
plane. This investigation is also Prof. Cayley's {Lessons on Higher Algebra, p. 24). 
Prefix a unit and cyphers to each of the determinants in the last example j thus 



1, 



0, 0, 



«i* + yi*, -2a?i, -S 
^c. 



0, 0, 0, X 

1, «i, yi, ^i^ + yi* 

&c. 



We have then five rows and four columns, the determinant formed from which, accord- 
ing to the rules of multiplication, must vanish identically. But tlds is 

0, 1 , 1 , 1 , 1 

1, , (l2)^ (l3)^ (14)' 

1, (12)', , (23)', (24)' 
1, (13)', (23)', , (34)' 
1, (14)', (24)', (34)', =0} 

. which, expanded, is 

(12)2 (34)2 {(12)2 + (34)2 _ (13)2 _ (14)2 _ (23)2 - (24)2} 
+ (13)' (24)2 {(13)' + (24)2 - (12)2 - (14)' - (23)' - (34)'} 
+ (14)' (23)2 {(14)' + (23)' - (12)2 _ (13)2 _ (24)2 _ (34)2^ 
+ (23)2 (34)2 (42)2 + (31)2 (14)2 (43)2 + (12)2 (24)2 (41)2 + (23)' (91)' (12)' = 0. 

If we write in the above a, b, c for 23, 31, 12 ; and jB + r, iZ + r', i2 + r" for 14, 24, 
34, we get a quadratic in R, whose roots are the lengths of the radii of the circles 
touching either all externally or internally three circles, whose radii aie r, r', r", and 
whose centres form a triangle whose sides are o, ft, c, 

Ex. 5. A relation connecting the lengths of the common tangents of any five 
circles may be obtained precisely as in the last example. Write down the two matrices 



1, 0, 0, 0, 

aj'' +y'2 «y'2^ _2a^^ ^2/, 2r', 1 
a:"' + y'2-r'", -2a?", - 2y' , 2r", 1 



0, 0, 0, 0, 1 

1, »',y',r',cc"+3r"-r" 
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where there are six rows and five columns, and the determinant formed according to 
the rules of multiplication must vanish. But this is 

0, 1 , 1 , 1 , 1 , 1 

1, , (12)2, (13)2^ (14)2^ (15)2 
1, (12)^ , (23)2, (24)2^ (25)2 
1, (13)2, (23)2, , (34)2, (35)2 
1, (14)2, (24)2, (34)2, , (45)2 
1,(15)2, (25)2, (35)2, (46)2, =0, 

where (1 2), &c. denote the lengths of the common tangents to each pair of circles. If 
we suppose the circle 5 to touch all the others, then (15), (25), (35), (45), all vanish, and 
we get, as a particular case of the above. Dr. Casey's relation between the common 
tangents of four circles touched by a fifth, in the form 
, (12)2, (13)2, (14), 

(12)2, , (23)2, (24)2 

(13)2, (23)2, , (34)2 

(14)2,(24)2,(34)2, =0. 

Ex. 6. Relation between the angles at which four circles whose radii are r r' r" r'" 
intersect. If the circle r have its centre at the point 1 in Ex. 4, r' at 2, Ac. we may 
put for 122 = r2 + r'2 - 2/7^ 00812, Ac. in the determinant of that example which 
becomes then 

0» 1 • 1 __, 1 . 1 

1, ,r'2+r2 -2r'r C0821,r"2+r« -2r''r cosST, r'"M-r« -2r'"r cos41 

1, rM^'2 -2rr' cosT2, , r"2+r'2 -2r"r' cob32; r'"2+r'2 _2r'V cos42 

1 , r2+r"2 _2rr" cosTI, r'Hr"^ -2rV" cos23, 1 , r"'2+r"2-2r"'r "cosiij 

l,r2+r'"2_2rr'"cosl4,r'2+r'"«-2rV'"cos25 r"2+r'"«-2rV"cos34, 

= 0, 
subtracting from each row and column the first multiplied by corresponding square 

of radius and writing /> for - , /»' for -7 , <fec. this reduces to 
T r 

, p , p'^, /^, /" 

P , 1 , cos 21, cossT, oosiT 

/)' , COS 12, 1 , cos 32, cos 42 

p" f cos 13, cos 23, 1 , cos43 

/o'", cos 14, cos 24, cos 34, 1 =0. 

If in this we let cosYl = cos 31 = cosri = coaa, we have the quadratic in X 
mentioned at the end of Art. 132 «. 



( 136 ) 



CHAPTER X. 

PROPERTIES COMMON TO ALL CURVES OF THE SECOND DEGRE12, 
DEDUCED FROM THE GENERAL EQUATION. 

133. The most general form of the equation of the second 
degree is 

ax' + ihxy + J/ + Igx + 2/^/ + c = 0, 

where a, 5, c,/, g^ h are all constants. 

It is our object in this chapter to classify the different curves 
which can be represented by equations of the general form just 
written, and to obtain some of the properties which are common 
to them all.* 

Five relations between the coefficients are sufficient to deter- 
mine a curve of the second degree. For though the general 
equation contains six constants, the nature of the curve depends 
not on the absolute magnitude^ but on the mutual ratios of these 
coefficients ; since, if we multiply or divide the equation by 
any constant, it will still represent the same curve. We may, 
therefore, divide the equation by c, so as to make the absolute 
term =1, and there will then remain but five constants to be 
determined. 

Thus, for example, a conic section can be described through 
five points. Substituting in the equation (as in Art. 93) the 
coordinates of each point (^y) through which the curve must 
pass, we obtain five relations between the coefficients, which will 

enable us to determine the five quantities, - , &c, 

134. We shall in this chapter often have occasion to use the 
method of' transformation of coordinates; audit will be useful 

* We shall prove hereafter, that the section made by any plane in a cone standing 
on a circular base is a curve of the second degree, and, conversely, that there is no 
curve of the second degree which may not be considered as a conic section. It was in 
this point of view that these curves were first examined by geometers. We mention 
the property here, because we shall often find it convenient to use the terms *' conio 
section," or " conic," instead of the longer appellation, " curve of the second degree." 
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to find what the gCDeral equation becomes when transformed to 
parallel axes through a new origin [x'y^). We form the new 
equation by substituting a? + a;' for a?j and y + y' for y (Art. 8), 
and we get 

a(a-+aj7+2A(a;W)(y+/)+i(y+/r+2^(aj+«')+2/(y+y)+c==0. 
Arranging this equation according to the powers of the vari- 
ables, we find that the coefficients of a'*, ary, and y', will be, as 
before, a, 2A, b ; that 

the new g^ g^ = ax^ 4 ^^ + ^ } 

the new /, f = hx'-\- lyf +/} 

the new c^ c' ^az'* -^-^hx'j/ ■\-ly'* '{-2ga^ ■{•^f^ ^d. 

Hence, if the equation of a curve of the second degree he trans* 
formed to parallel axes through a new origin j the coefficients of the 
highest powers of the variables will remain unchanged^ while the 
new absolute term will be the result of substituting in the original 
equation the coordinates of the new origin.* 

135. Every right line meets a curve of the second degree in 
two realj coincident^ or imaginary points^ 

This is inferred, as in Art. 82, from the fact that we get a 
quadratic equation to determine the points where any line 
y = mx + n meets the curve. Thus, substituting this value of y 
in the equation of the second degree, we get a quadratic to 
determine the x of the points of intersection. In particular 
(see Art. 84) the points where the curve meets the axes are 
determined by the quadratics 

ax^-\-2gx-\-c-% iy* + 2^H-c = 0. 

An apparent exception, however, may arise which does not 
present itself in the case of the circle. The quadratic may 
reduce to a simple equation in consequence of the vanishing of 
the coefficient which multiplies the square of the variable. Thus 

a-y + 2/ + a; + 5y + 3 = 
is an equation of the second degree ; but if we make y = 0, we 
get only a simple equation to determine the point of meeting 
of the axis of x with the locus represented. Suppose, however, 
that in any quadratic -4aj* + 2^a;+ C=0, the coefficient G 

♦ This is equally true for equations of any degree, as can be proved in like manner. 

T 
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vanishes, we do not say that the quadratic reduces to a simple 

equation ; but we regard it still as a quadratic, one of whose 

2B 
roots is a? = 0, and the other a? = — -r- . Now this quadratic 

may be also written 

and we see by parity of reasoning that, if A vanishes, we ought 

to regard this still as a quadratic equation, one of whose roots is 

1 1 25 C 

- = 0, oraj=Go ; and the other -= — ^, or ^^"•otj- The 



X 



X C' '^ 2i?- 



same thing follows from the general solution of the quadratic, 
which may be written in either of the forms 

_ - B±.J{E'-AG) _ _C 



X- 



A ~ '-BT^[B^-'ACy 

the latter being the form got by solving the equation for the 
reciprocal of a?, and the equivalence of the two forms is 
easily verified by multiplying across. Now the smaller A is, the 
more nearly does the radical become =±J5; and therefore the 
last form of the solution shows that the smaller A is, the larger 
13 one of the roots of the equation ; and that when A vanishes 
we are to regard one of the roots as infinite. When, therefore, 
we apparently get a simple equation to determine the points in 
which any line meets the curve, we are to regard it as the 
limiting case of a quadratic of the form . a?" + 2-Ba; +(7=0, one 
of whose roots is infinite ; and we are to regard this as indi- 
cating that one of the points where the line meets the curve is 
infinitely distant. Thus the equation, selected as an example, 
which may be written (y + 1 ) (a5 + 2y 4- 5) = 0, represents two 
right lines, one of which meets the axis of a? in a finite point, 
and the other being parallel to it meets it in an infinitely 
distant point. 

In like manner, if in the equation Ax^ -\-2Bx'\' C=0, both B 
and C vanish, we say that it is a quadratic equation, both of 
whose roots are a? = ; so if both B and A vanish we are to say 
that it is a quadratic equation, both of whose roots are aj = oo . 
With the explanation here given, and taking account of infinitely 
distant as well as of imaginary points, we can assert that every 
right line meets a curve of the second degree in two points. 
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186. The equation of the second degree transformed to 
polar coordinates* is 
(a cos'^ + 2h cos 6 sin ^ + 6 sin'^) p* 4 2 (^^ cos i? +/8in ^) /o + c = 0; 

and the roots of this quadratic are the two values of the length 
of the radius vector corresponding to any assigned value of 0. 
Now we have seen in the last article that one of these values 
will be infinite, (that is to say, the radius vector will meet the 
curve in an infinitely distant point,) when the coefficient of p* 
vanishes. But this condition will be satisfied for two values 
of 0^ namely those given by the quadratic 

aH-2Atand4itan''d = 0, 

Hence, there can he drawn through the origin two real^ coincident^ 
cr imaginary Unes^ which will meet the curve at an infinite 
distance ; each of which lines also meets the curve in one finite 
point whose distance is given by the equation 
2 {g cosd +/sind) p + c = 0. 
If we multiply by p* the equation 

a cos*d + 2 A cos tf sin 5 + 5 sin'^ = 0, 

and substitute for p cosd, p %ia0 their values x and y, we obtain 
for the equation of the two lines 

ax^ + 2hxy + hy^ ^ 0. 

There are two directions in which lines can be drawn through 
any point to meet the curve at infinity, for by transformation 
of coordinates we can make that point the origin, and the 
preceding proof applies. Now it was proved (Art. 134) that 
a. A, b are unchanged by such a transformation ; the directions 
are, therefore, always determined by the same quadratic 

a CQs''^ + 2h cos ^ sin ^ + J sin'^ =s 0. 
Hence, if through any point two real lines can be drawn to meet 
the curve at infinity j parallel lines through any other point will 
meet the curve at infinity.'^ 

♦ The following processes apply equally if the original equation had been in oblique 
coordinates. We then substitute mo for aSL and no for y, where m is - - and n is 

■ «* r pin (0 

■ — ^ ~ (Art. 12) J and proceed as in the text. 

t This indeed is evident geometrically, since parallel lines may be considered aa 
passing through the same point at infinity. 
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137. One of the most importaut questions we can ask, con- 
cerning the form of the curve represented by any equation, is, 
whether it be limited in every direction, or >¥hether it extend in 
any direction to infinity. We have seen, in the case of the circle, 
that an equation of the second degree may represent a limited 
curve, while the case where it represents right lines shows us 
that it may also represent loci extending to infinity. It ia 
necessary, therefore, to find a test whereby we may distinguish 
which class of locus is represented by any particular equatioq 
of the second degree. 

With such a test we are furnished by the last article. For 
if the curve be limited in every direction, no radius vector drawn 
from the origin to the curve can have an infinite value ; but we 
found in the last article that when the radius vector becomes 
infinite, we have a -I- 2A tan ^ + J tan*^ = 0. 

(1) If now we suppose h^ — cbb to be negative, the roots of 
this equation will be imaginary, and 
no real value of 9 can be found which 
will render 

a cos"^ + 2A cos5 sin 5 4- J sin'5 = 0. 
In this case, therefore, no real line 
can be drawn to meet the curve at 
infinity, and the curve will he limited 
in every direction. We shall show, in the next chapter, that 
its form is that represented in the figure. A curve of this clas^ 
is called an Ellipse, 

(2) If A' — aJ hei positive^ the roots of the equation 
a + 2Atan5 + Jtan''^ = 

will be real; consequently there 

are two real values of d which will 

render infinite the radius vector to 

the curve. Hence, two real lines 

(oic* + 2hxy + 6/ = 0) can, in this 

case, be drawn through the origin 

to meet the curve at infinity. A 

curve of this class is called a 

Byperhola^ and we shall show in the next chapter that its form 

is that represented in the figure. 
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(3) If A' - oi = 0, the roots of the equation 
a + 2Atan^+ Jtan*^ = 

will then be equal, and, therefore, 
the two directions in which a right 
line can be drawn to meet the 
curve at infinity will in this case 
coincide. A curve of this class is 
called a Farabohy and we shall 
(Chap. XII.) show that its form is 
that here represented. The condition here found may be other- 
wise expressed, by saying that the curve is a parabola when 
the first three terms of the equation form a perfect square. 

138. We find it convenient to postpone the deducing the 
figure of the curve from the equation until we have first, by 
transformation of coordinates, reduced the equation to its 
simplest form. The general truth, however, of the statements 
in the preceding article may be seen if we attempt to construct 
the figure represented by the equation in the manner explained 
(Art. 16). Solving for y in terms of aj, we find (Art. 76) 

iy = - {hx +/) ± V{(A" - ab) x' + 2 [hf- Ig) «:+(/»- Ic)]. 
Now, since by the theory of quadratic equations, any quantity 
of the form a?' + ^a? + j is equivalent to the product of two real 
or imaginary factors [x — a) (a: — yS), the quantity under the 
radical may be written (/*' — aJ) [x — a) [x — jS). If then h^ — ab 
be negative, the quantity under the radical is negative (and 
therefore y imaginary), when the factors a — a, a? — yS are either 
both positive or both negative. Eeal values for y are only 
found when x is intermediate between a and )8, and therefore 
the curve only exists in the space included between the lines 
a;=:a, a? = )S (see Ex. 3, p. 13). The case is the reverse when 
A" - ab is positive. Then we get real values of y for any values 
of a;, which make the factors a; ~ a, a? — y8 either both positive 
or both negative; but not so if one is positive and the other 
negative. The curve then consists of two branches stretching 
to infinity both in the positive aiid in the negative direction, but 
separated by an interval included by jthe lines a: = a, a; = yS, in 
which no part of the curve is Yound. If A* — ab vanishes, the 
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quantity under the radical is of the form either a:— a or a — a?. 
In the one case we have real values of y, provided only that x 
IS greater than a; in the other, provided only that it is less. 
The curve, therefore, consists of a single branch stretching to 
infinity either on the right or the left-hand side of the line a; = a. 
If the roots a and be imaginary, the quantity under the 
radical may be thrown into the form (A*- a6) {(oj — 7)* + 8*}. 
If then K^ — ah is positive, the quantity under the radical is 
always positive, and lines parallel to the axis of y always meet 
the curve. Thus in the figure of the hyperbola. Art. 137, lines 
parallel to the ajcis of y always meet the curve, although lines 
parallel to the axis of x may not. On the other hand, if K^ — ab 
is negative, the quantity under the radical is always negative, 
and no real figure is represented by the equation. 

Ex. 1. Construct, as in Art. 16, the figures of the following curves, and determine 
their species : 

3a?» + 4ajy + y2 - 3a; -- 2y + 21 = 0. Ans. Hyperbola. 

hx^ + 4a:y + y« - 52f - 2y - 19 = 0. Ans. Ellipse. 

4a;* + Axy + 5^2 - 5aj - 2y - 10 = 0. Ans. Parabola. 

Ex. 2. The circle is a particular case of the ellipse. For in the most general form 
of the equation of the circle, a = ft, A = a cos oi (Art. 81) ; and therefore h^ — ab is 
negative, being = — o* Bin2^,^ 

Ex. 3. What is the species of the curve when A = ? Ans. An ellipse when a and 
b have the same sign, and a hyperbola when they have opposite signs, 

Ex. 4. If either a or J = 0, what is the species ? Ans. A parabola if also A = ; 
otherwise a hyperbola. When a = the axis of x meets the curve at infinity j and 
when 3 = 0, the axis of y. * 

Ex. 6. What is represented by 

£2_2^««_2aj_?y.» 
o« ab'^b^ a b^^~^^ 

Ans. A parabola touching the axes at the points x = a, y = &. 

139. If in a quadratic Ax'' + 2Bx-\- (7=0, the coefficient B 
vanishes, the roots are equal with opposite signs. This then 
will be the case with the equation 

(a cos*^ 4- 2 A cos O&mO + b sin'O) p* + 2{g cos +/ sin 0) p-\-c = Oj 

if the radius vector be drawn in the direction determined by 
the equation g cos +/ sin = 0. 

The points answering to the equal and opposite values of p 
are equidistant from the origin, and on opposite sides of it; 
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therefore the chord represented by the equation gx -{-fy = is 
bisected at the origin. 

Hence, through any given point can in general be drawn one 
chord which vnll he bisected at that point. 

140, There is one case, however, where more chords than one 
can be drawn ^ so as to be bisected, through a given point. 

If, in the general equation, we had ^=0, /=0, then the 
quantity g cos ^+/ sin ^ would be =0, whatever were the value 
of 6] and we see, as in the last article, that in this case every 
chord drawn through the origin would be bisected. The origin 
would then be called the centre of the curve. Now, we can in 
general, by transforming the equation to a new origin, cause 
the coeflScients g and / to vanish. Thus equating to nothing 
the values given (Art. 134) for the new g and/, we find that 
the coordinates of the new origin must fulfil the conditions 

These two equations are sufficient to determine x' and y\ and 
being linear^ can be satisfied by only one value of z and y ; 
hence, conic sections have in general one and only one centre. Its 
coordinates are found, by solving the above equations, to be 

^r^ hf-hg ^,_Jig'-of, 
"""ab^h'' y ~ ab-h' 

In the ellipse and hyperbola ab — A* is always finite (Art. 137); 
but in the parabola ab- k^ = 0, and the coordinates of the centre 
become infinite. The ellipse and hyperbola are hence often 
classed together as central curves, while the parabola is called 
a non-central curve. Strictly speaking, however, every curve 
of the second degree has a centre, although in the case of 
the parabola this centre is situated at an infinite distance. 



141. To find the locus of the middle points of chords^ parallel 
to a given line^ of a curve of the second degree. 

We saw (Art. 139) that a chord through the origin is bisected 
if (jr co8^4/8in^ = 0. Now, transforming the origin to any 
point, it appears, in like manner, that a parallel chord will be 
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bisected at the new origin if the new g multiplied by cos ^+ the 
now/ multiplied by sin^ = 0, or (Art. 134) 

cos e [ax' -f hy' -Vg)^ sin 6 Qix' + hy' 4/) = 0. 

This, therefore, is a relation which must be satisfied by the co- 
ordinates of the new origin, if it be the middle point of a chord 
making with the axis of x the angle 0. Hence the middle point 
of any parallel chord must lie on the right line 

COS0 {ax + hy +g) + fiind {hx -f by +/) = 0, 

which is, therefore, the required locus. 

Every right line bisecting a system of parallel chords Is called 
a diameter^ and the lines which it bisects are called its ordinates. 

The form of the equation shows (Art. 40) that every diameter 
must pass through the intersection of 
the two lines 
axi-hy+g^Oj and hx + by+f^O] 

but, these being the equations by 
which we determined the coordinates 
of the centre (Art. 140), we infer that 
every diameter passes through the centre of the curve* 

It appears by making 6 
alternately = 0, and = 90° in 
the above equation, that 

ax + hy +g = 

is the equation of the diameter 
bisecting chords parallel to the 
axis of Xj and that 

• hx + by+f=0 ~^ 

is the equation of the diameter bisecting chords parallel to the 
axis of y.* 

In the parabola W = ab^ or t = T) a^^d hence the line 





* The equation (Art. 138) which is of the form by — — {hx +f)±R\a most easily 
constructed by first laying down the line hx + by +/, and then taking on each ordi- 
nate MP of that line portions PQ, PQ\ above and below P and equal to R. Thus 
also it appears that each ordinate is bisected by hx •\-by+f. 
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nx + hy -\-giB parallel to the Hue 
hx-\-by'\-/] consequently, aZ? c?ia- 
meters of a parabola are parallel 
to each other. This, indeed, is 
evident, since we have proved 
that ail diameters of any conic 
section must pass through the 

centre, which, in the case of the 

parabola, is at an infinite distance, / 

and since parallel right lines may be considered as meeting in 

a point at infinity.^ 

The familiar example of the circle will suflGiciently illustrate to 
the beginner the nature of the diameters of curves of the second 
degree. He must observe, however, that diameters do not in 
general, as in the case of the circle, cut their ordinates at right 
angles. In the parabola, for instance, the direction of the dia- 
meter being invariable, while that of the ordinates may be any 
whatever, the angle between them may take any possible value. 

142. The direction of the diameters of a parabola is the same 
as that of the line through the origin which meets the curve at an 
infinite distance. 

For the lines through the origin which meet the curve at in- 
finity are (Art. 136) 

or, writing for h its value \/(ai)? 

But the diameters are parallel to aa? -f Ay = (by the last article), 
which, if we write for h the same value \/{ab\ will also reduce to 

V(a)aj4V(*)3^ = 0. 

Hence, every diameter of the parabola meets the curve once at 
infinity, and, therefore, can only meet it in one finite point. 



• Hence, a portion of any conic section being drawn on paper, we can find its 
centre and determine its species. For if we draw any two parallel chords, and join 
their middle points, we have one diameter. In like manner we can find another dia- 
meter. Then, if these two diameters be parallel, the curve is a parabola j but if not, the 
point of intersection is the centre. It will be on the concave side when the curve is an 
ellipse, and on the convex when it is a hj'perbola, 

U 
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143. If two diameters of a conic section he such that one of 
them bisects all chords parallel to the other j then^ conversely^ the 
second will bisect all chords parallel to the first. 

The equation of the diameter which bisects chords making 
an angle 6 with the axis of x is (Art. 141) 

{ax + hy+g) + {hx + by +/) tan ^ = 0. 

But (Art. 21) the angle which this line makes with the axis is ff 

where 

, ^ a-\-h tan 6 

whence h tan ^ tan ^ -f- A (tan ^ + tan fl') + a = 0. 

And the symmetry of the equation shows that the chords making 
an angle ff are also bisected by a diameter making an angle 6. 

Diameters so related, that each bisects every chord parallel 
to the other, are called conjugate diametersJ* 

If in the general equation A = 0, the axes will be parallel to 
a pair of conjugate diameters. For the diameter bisecting chords 
parallel to the axis of x will, in this case, become ax-\-g=-Oy 
and will, therefore, be parallel to the axis of y. In like manner, 
the diameter bisecting chords parallel to the axis of y will, in 
this case, be by +/= 0, and will, therefore, be parallel to the 
axis of X. 

144. If in the general equation c=0, the origin is on the curve 
(Art. 81) ; and accordingly one of the roots of the quadratic 

{a cos^^ + 2A cos ^ sin ^ -f 6 sin'^) /o'* + 2 (ijr cos 6 +/sin 0)p = O 

is always /) = 0. The second root will be also /5 = 0, or the 
radius vector will meet the curve at the origin in two coincident 
points, if ^cos^ + /sin^ = 0. Multiplying this equation by py 
we have the equation of the tangent at the origin, viz. i^rx 4-^= O.f 
The equation of the tangent at any other point on the curve 
may be found by first transforming the equation to that point 
as origin, and when the equation of the tangent has been then 
found, transforming it back to the original axes. 

♦ It is evident that none but central curves can have conjugate diameters, since in 
the parabola the direction of all diameters is the same. 

t The same argument proves that in an equation of any degree when the absolute 
term vanishes the origin is on the curve, and that then the terms of the first degree 
represent the tangent at the origin. 
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Ex. The point (1, 1) is on the curve 

3«« - 4«y + 2y« + 7a? - 6y - 8 = ; 
transform the equation to parallel axes through that point and find the tangent at it. 

Ans, 9a; - 6y = referred to the new axes, or 9 (a; - 1) = 5 (y - 1) referred to 
the old. 

If this method is applied to the general equation, we get for 
the tangent at any point a?y the same equation as that found 
by a different method (Art. 86), viz. 

aaj'o; + A (a?'y + /a;) + J/y +y (oj + a'J +/(y + y') + c = 0. 

145. It was proved (Art. 89) that if it be required to draw 
a tangent to the curve from any point a;'y', not supposed to be 
on the curve, the points of contact are the intersections with 
the curve of a right line whose equation is identical in form 
with that last written, and which is called the polar of x'y. 
Consequently, since every right line meets the curve in two 
points, through any point x'yf there can he drawn two real^ coin^ 
cidentj or imaginary tangents to fJie curve,* 

It was also proved (Art. 89) that the polar of the origin is 
9^ -^fy + c = 0. Now this line is evidently parallel to the chord 
ffx+fy^ which (Art. 139) is drawn through the origin so as to 
be bisected. But this last is plainly an ordinate of the diameter 
passing through the origin. Hence, the polar of any point is 
parallel to the ordinates of the diameter passing through that point. 
This includes as a particular case : The tangent at the extremity 
of any diameter is parallel to the ordinates of that diameter. Or 
again, in the case of central curves, since the ordinates of any 
diameter are parallel to the conjugate diameter, we infer that 
the polar of any point on a diameter of a central curve is parallel 
to the conjugate diameter. 

146. The principal properties of poles and polars have been 
proved by anticipation in former chapters. Thus it was proved 
(Art. 98) that if a point A lie on the polar of B^ then B lies on 
the polar of A. This may be otherwise stated : If a point move 
along a fixed line [the polar of -B] its polar passes through a 
fixed point [E] ; or, conversely, If a line [the polar of -4] pass 

♦ A curve is said to be of the n^^ class when through any point n tangents can be 
drawn to the curve. A conic is, therefore, a curve of the second degree and of the 
second class j but in higher curves the degree and class of a curve are commonly not 
the same. 
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through a fixed pointy then the locus of its pole [A] is a fixed 
right line. Or, again, The intersection of any two lines is the. 
pole of the line joining their poles ; and, conversely, The line 
joining any two points is the polar of the intersections of the polara 
of these points. For if we take any two points on the polar 
of -4, the polara of these points intersect in A. 

It was proved (Art. 100) that if two lines he drawn through 
any pointy and the 'points joined where they meet the curvCj the 
joining lines will intersect on the polar of that point. Let the 
two lines coincide, and we derive, as a particular case of this. 
If through a point any line OB be drawn^ the tangents at R 
and W meet on the polar of ; 9, property which might also be 
inferred from the last paragraph. For since B!B!\ the polar of 
P, passes through 0, P must lie on the polar of 0. 

And it was also proved (Ex. 3, p. 96), that if on any radius 
vector through the origin, OR be 
taken a harmonic mean between OK 
and 0B!\ the locus of R is the polar 
of the origin ; and therefore that, 
any line drawn through a point is 
cut harmonically by the pointy the 
curve J and the polar of the point; as 
was also proved otherwise (Art. 91). 

Lastly, we infer that if any line 
OB be drawn through a point 0, and 
P the pole of that line be joined to 0, then the lines OP, OR 
will form a harmonic pencil with the tangents from 0. For 
gince OR is the polar of P, PTRT is cut harmonically, and 
therefore OP, OTj ORj OT form a harmonic pencil. 

Ex. 1. If a quadrilateral ABCD be inscribed in a conic section, any of the point* 
B, F, \a the pole of the line joining the other 
two. 

Since EC, ED are two lines drawn through 
the point E, and CD, AB, one pair of lines join- 
ing the points where they meet the conic, these 
Hues must intersect on the polar of ^; so must 
iJso AD and CB j therefore the line OF is the 
polar of E. In like manner it can be proved that 
^F is the polar of and EO the polar of F, 

Ex. 2. To draw a tangent to a given conic 
section from a point outside, with the help of the ruler only, 

P4;s^w any two Unes through the ^ven point E^^ and complete the quadrilateral as 
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in the figure, then the line OF will meet the oonic in two points, which, being joined 
to Ef will give the two tangents required. 

Ex. 3. If a quadrilateral be circumscribed about a oonic section, any diagonal ia 
the polar of the intersection of the other two. 

We shall prove this Example, as we might have proved Ex. 1, by means of the 
harmonic properties of a quadrilateral. It was proved (Ex. 1, p. 57) that EA, EO, 
EBj EF are a harmonic pencil. Hence, since EA, EB are, by hypothesis, two 
tangents to a conic section, and EF a line through their point of intersection, by 
Art. 146, EO must pass through the pole of EF) for the same reason, FO must pan 
through the pole of EF) this pole must, therefore, be 0. 

147. We have proved (Art. 92) that the equation of the pair 
of tangents to the curve from any point aj'y' is 

(aaj'*+ 2Aa:y+i/*+ 2gx'-\- ^f\f-\- c)(aic'+ 2Aay + iy*+ 2^a;+2/y + c) 

The equation of the pair of tanjjents through the origin may be 
derived from this by making a;'=y =0 ; or it may be got directly 
by the same process as that used Ex. 4, p. 78. If a radius 
vector through the origin touch the curve, the two values of p 
must be equal, which are given by the equation 

(a cos'^ + 2A cos^ sin ^ + 6 sin* 5) p^-\'^[g cos5 +/sin^ p + c = 0. 

Now this equation will have equal roots if satisfy the equation 

{a cos'^ + 2 A cos ^ sin ^ + 6 sin*^) c={gcos0+f sin 0)\ 

Multiplying by p* we get the equation of the two tangents, viz. 

{ac^g')x' + 2{ch-gf)xy+{hc^f')y' = 0. 

This equation again will have equal roots ; that is to say, the 
two tangents will coincide if 

{ac-gl{bc-/^^{ch-fg)\ 

or c(a5c + 2^A-a/'- i/-cA*)=0. 

This will be satisfied if c = 0, that is if the origin be on the 
curve. Hence, any point on the curve may he considered as the 
intersection of two coincident tangents^ just as any tangent may 
be considered as the line joining two consecutive points. 

The equation will have also equal roots if 

abc + 2fgh - af -hg' - cA* = 0. 
Now we obtained this equation (p. 72) as the condition that the 
equation of the second degree should represent two right lines. 
To explain why we should here meet with this equation again, 
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it must be remarked that by a tangent we mean in general a line 
which meets the curve in two coincident points; if then the 
curve reduce to two right lines, the only line which can meet 
the locus in two coincident points is the line drawn to the point 
of intersection of these right lines, and since two tangents can 
always be drawn to a curve of the second degree, both tangents 
must in this case coincide with the line to the point of inter- 
section. 

148. If ihroucjh any 'point two chords he drawn^ meeting the 
curve in the points R^ B!\ S^ &\ then the ratio of the rectangles 

^ Q/— V) or/ y^ill 5e constant^ whatever be the position of the point (?, 

provided that the directions of the lines ORj OS be constant. 

For, from the equation given to determine p in Art. 136, it 
appears that 

OR.OR'^ ^ 



a cos'^-l- 2A COS0 sin^ + b ^iv^d * 
In like manner 

08". Off' ^ 

n 

Lence 



a cos'<9' + 2A cos 6" sin^' + b sm'6' ' 
OR JOE' ^ acos'd' + 2h cos 6' sin 6^ + & siu'g^ 
Vff.OSr'" acos''0 + '2hcos08m0-^bam'0 * 
But this is a constant ratio; for a, ^, b remain unaltered 
when the equation is transformed to parallel axes through any 
new origin (Art. 134), and 0j 0' are evidently constant while the 
direction of the radii vectores is constant. 

The theorem of this Article may be otherwise stated thus : 
If through two fixed points and 0' any two parotid lines OB 

and ffp be drawn, then the ratio of the rectangles -^, ^ ry ^^ ^*'^ 

be constant, whatever be the direction of these lines. 
For these rectangles are 

c c^ 

a cos*^ + 2h cos S sin ^ + J sin*^ ' a cos"*^ + 2A cos 6 sin d-\-b sin'^ 
[c being the new absolute term when the equation is transferred 

to 0' as origin) ; the ratio of these rectangles = - , and is, there- 

c 

fore, independent of 0. 

This theorem is the generalization of Euclid III. 35, 36. 
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149. The theorem of the last Article includes under it several 
particular cases, which it is useful to notice separately. 

I. Let (y be the centre of the curve, then ifp' = Cp" and 
the quantity (Xp^ C/p'^ becomes the square of the semi-diameter 
parallel to OR. Hence, The rectangles under the segments of 
two chords which intersect are to each other as the squares of the 
diameters parallel to those chords. 

II. Let the line OR be a tangent, then OR = 0R\ and the 
quantity 0R\0R^ becomes the square of the tangent; and, 
since two tangents can be drawn through the point 0, we may 
extract the square root of the ratio found in the last paragraph, 
and infer that Two tangents drawn through any point are to each 
other as the diameters to which they are parallel. 

III. Let the line OCX be a diameter, and OR^ ffp parallel to 
its ordinates, then OR=^OR' and 0^p'= ffp'\ Let the diameter 

meet the curve in the points A. B. then .^ ^^ = -r-^ \^ ^ . 
^ ^ ' A O.OB Au.uB 

Hence, The squares of the ordinates of any diameter are propor- 

tional to the rectangles under the segments which they make on the 

diameter. 

150. There is one case in which the theorem of Article 1 48 
becomes no longer applicable, namely, when the line 08 is 
parallel to one of the lines which meet the curve at infinity ; the 
segment 08'^ is then infinite, and 08 only meets the curve in 
one finite point. We propose, in the present Article, to inquire 

whether, in this case, the ratio jfp^riprf will be constant. 

Let us, for simplicity, take the line 08 for our axis of a?, and 
OR for the axis of y. Since the axis of x is parallel to one of 
the lines which meet the curve at infinity, the coefficient a will = 
(Art. 138, Ex. 4), and the equation of the curve will be of the form 

2hxy + by* + 2gx + 2fy + c = 0. 

Making ^ = 0, the intercept on the axis of x is found to be 

05'= - — ; and, making a; = 0, the rectangle under the inter- 

/• 
cepts on the axis of y is = 7 • 
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„ OS h 

^^"""^ OWMK'^-Yg- 

Now, if we transform the axes to parallel axes through any point 
xi/ (Art. 134), J will remain unaltered, and the new ff=^hy' +g. 
Hence the new ratio will be 



Now, if the curve be a parabola, A = 0, and this ratio is con- 
stant ; hence. If a line parallel to a given one meet any diameter 
(Art. 142) o/ a parabola^ the rectangle under its segments is in a 
constant ratio to the intercept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 
while ^ is constant ; hence, The intercepts made by two parallel 
chords of a hyperbola^ on a given line meeting the curve at infinity ^ 
are proportional to the rectangles under the segments of the chords. 

*151. To find the condition that the line "kx ■\- fiy ■\- v may 
touch the conic represented by the general equation. Solving for y 
from Xaj -i- /ty + V = 0, and substituting in the equation of the 
conic, the abscissas of the intersections of the line and curve are 
determined by the equation 

(a/** - 2h\fi + 6\*) 35* -f 2 (^/A* - h/iv -ffiX H- b\v) x 

+ (c/A*-2//xv4Sv') = 0. 

The line will touch when the quadratic has equal roots, or when 

(a/** - 2A\/A + JX') (c/A* - 2//tv -f bv") = {igi^ - A/xv -ftiK + b\vf. 

Multiplying out, the equation proves to be divisible by /t', and 
becomes 

(Jc -/') V + {ca -/) /A* + [ab - A*) v« + 2 [gh - af) fxv 

+ 2(A/-%)v\ + 2(^-cA)X/A = 0. 

We shall afterwards give other methods of obtaining this 
equation, which may be called the tangential equation of tlie 
curve. We shall often use abbreviations for the coeflScients, and 
write the equation in the form 

A\^ + Bfi^ + Cv^ + 2F/tv + 2 Gv\ + '2Bkfi = 0. 

The values of the coeflicients will be more easily remembered by 
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the help of the following rule. Let A denote the discriminant 
of the equation ; that is to say, the function 

whose vanishing is the condition that the equation may represent 
right lines. Then A is the derived function formed from A, 
regarding a as the variable ; and 5, (7, 2F^ 2 (?, 2H are the 
derived functions taken respectively with regard to J, c,/, g^ A. 

The coordinates of the centre (given Art. 140) may be written 
O F 

MfSCELLANBOUS EXAMPLBSL 

Ex. 1. Form the equation of the conic making intercepts X, X', fi, fjJ on the azeS. 
8ince if we make ^ = or x = in the equation, it most reduce to 

aj^-CX + XO^ + XX'sO, ^-Oii + /)y + /*/ = 0; 
the equation is 

/u/i'aj* + Ihxy + XXy - /u/ (X + X*) a; - XX' (/ii + /»') y + XX V/ = 0, 

and h is undetermined, unless another condition be given. Thus two parabolas can 
be drawn through the four giten points ; for in this case 

A = ±J(XXV/i'). 

Ex. 2. Given four points on a conic, the polar of any fixed point passes through 
a fixed point. We may choose the axes so that the given points may lie two on each 
axis, and the equation of the curve is that found in Ex. 1. But the equation of the 
polar of any point afy' (Art. 145) involves the indeterminate h in the first degree, 
and, therefore, passes through a fixed point. 

Ex. 3. Find the locus of the centre of a conic passing through four fixed points. 
The centre of the conic in Ex. 1 is given by the equations 

2tifi.'x + 2hy - fifi' (X + X*) = 0, 2XX'y + 2Aa; - XX' (/n + /) = ; 

whence, eliminating the indeterminate A, the locus is 

2/i/iV - 2xxy - tt/x' (X + \')x + XX' 0* + /) y = 0, 

a conic passing through the intersections of each of the three pairs of lines which 
can be drawn through the four points, and through the middle points of these lines. 
The locus will be a hyperbola when X, X' and /u, /x' have either both like or both 
nnlike signs ; and an ellipse in the contrary case. Thus it will be an ellipse when the 
two points on one axis lie on the same side of the origin, and on the other axis on 
opposite sides; in other words, when the quadrilateral formed by the four given 
points has a re-entrant angle. This is also geometrically evident ; ^r a quadrilateral 
with a re-entrant angle evidently cannot be inscribed in a figure of the shape of the 
ellipse or parabola. The circumscribing conic must, therefore, always be a hyperbola, 
80 that some vertixjes may lie in opposite branches. And since the centre of a hyper- 
bola is never at infinity, the locus of centres is in this case an ellipse. In the other 
case, two positions of the centre will be at infinity, corresponding to the two parabolas 
which can be described through, the given points. 
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CHAPTER XL 

EQUATIONS OF THE SECOND DEGREE REFERRED TO THE 
CENTRE AS ORIGIN. 

152. In investigating the properties of the ellipse and hyper- 
bola, we shall find our equations much simplified by choosing 
the centre for the origin of coordinates. If we transform the 
general equation of the second degree to the centre as origin, we 
saw (Art. 140) that the coefficients of x and y will =0 in the 
transformed equation, which will be of the form 

ao^ -f "Ihxy + &/ -f c' = 0. 
It is sometimes useful to know the value of c' in terms of the 
coefficients of the first given equation. We saw (Art. 134) that 

c' = aa:'" -f 2Axy + by"^ -\- 2gx' + 2/t/ + <?, 
where x\ y are the coordinates of the centre. The calculation 
of this may be facilitated by putting c' into the form 

c' =[ax' -\hy' -^g)x' ■\-{kx +by' ■\f)y' ^gx' ^fy -^ c. 
The first two sets of terms are rendered =0 by the coordi- 
nates of the centre, and the last (Art. 140) 

__ hf— hq j>f^g- cif _ ohc -f 2fgk — a/' - Ig* — cA* ^ 

153. If the numerator of this fraction were =0, the trans* 
formed equation would be reduced to the form 

oa;*-!- 2Aa"j/ + &^' = 0, 
and would, therefore (Art. 73), represent two real ot imaginary 

* Observing that when f and g ranish the discriminant reduces to- e {ab — A^), we 
can see that what has been here proved shows that transformation to parallel axes 
does not alter the value of the discriminant^ a particular case of a theorem to be 
proved afterwards (Art. 371). 

It is evident in like manner that the result of substituting a;y, the coordinates- 
of the centre, in the equation of the polar of any point a;'y, viz. 

{ax' + hij' +g) x" + {hx' + by' +f) y" + gx' +fy' + c, 
is the same as the result of substituting x'y' in the equation of the curve. For the 
first two sets of terms vanish in both cases. 
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right lines, according as ah-h^ is negative or positive. Hence, 

as we have already seen, p. 72, the condition that the general 

equation of the second degree should represent two right lines, is 

abc + 2fgh - af - &/ - c¥ = 0. 

For it raust plainly be fulfilled, in order that when we transfer 
the origin to the point of intersection of the right lines, the 
absolute term may vanish. 

Ex. 1. Transform 3«* + 4xy -!- y« - 5a; - 6y - 3 = to the centre (J, - 4). 

Ans. 12a;2 + \^y + 4y« + 1 = 0* 

Ex. 2. Ti^ansform «« + 2xy - j^^ -f Ac + 4^ - 8 = to the centre (- 3, - 1). 

Ans. x^-k-2xy-y^ = 2% 

154. We have seen (Art. 136) that when 6 satisfies the 
condition 

a oo^^d + 2A cos 6 sio -k-b sin'^ = 0, 

the radius vector meets the curve at infinity, and also meets 
the curve in one other point, whose distance from the origin is 

_ e 

^ t^cos^+/sinfl' 

But if the origin be the centre, we have .^ = 0, /=0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in two coincident 
points at infinity, and which therefore may be considered as tan- 
gents to the curve whose points of contact are at infinity. These 
lines are called the asymptotes of the curve ; they are imaginary 
in the case of the ellipse, but real in that of the hyperbola. We 
shall show hereafter, that though the asymptotes do not meet the 
curve at any finite distance, yet the further they are produced 
the more nearly they approach the curve. 

Since the points of contact of the two real or imaginary tan- 
gents drawn through the centre are at an infinite distance, the 
line joining these points of contact is altogether at an infinite 
distance. Hence, from our definition of poles and polars (Art. 89), 
the C£ntre may he considered as the pole of a line situated altogether 
<xt an infinite distance. This inference may be confirmed from 
the equation of the polar of the origin, ^.«+^ + c = 0, which, 
if the centre be the origin, reduces to c = 0, an equation which 
(Art. 67) represents a line at infinity. 
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155. We have seen that by taking the centre for origin, the 
coefficients g and f in the general equation can be made to 
vanish ; but the equation can be further simplified by taking a 
pair of conjugate diameters for axes, since then (Art. 143) h will 
vanbh, and the equation be reduced to the form 

It is evident, now, that any line parallel to either axis is bisected 
by the other ; for if we give to x any value, we obtain equal and 
opposite values for y. Now the angle between conjugate diame- 
ters is not in general right; but we shall show that there is 
always one pair of conjugate diameters which cut each other at 
right angles. These diameters are called the axes of the curves 
and the points where they meet it are called its vertices. 

We have seen (Art. 143) that the angles made with the axis 
by two conjugate diameters are connected by the relation 
h tan^ tan^ + A(tan^ + tan^) 4 a = 0. 

But if the diameters are at right angles, tan ^ = — 7 — ^ 

(Art. 25). Hence 

Atan'd+(a-J) tan^-A = 0. 

We have thus a quadratic equation to determine 6. Multiply- 
ing by p", and writing a?, y, for p cos^, p sin^, we get 

hx^ -'{a'-b)xt/-' ht/* = 0. 
This is the equation of two real lines at right angles to each other 
(Art. 74) ; we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 
On referring to Art. 75 it will be found that the equation 
which we have just obtained for the axes of the curve is the same 
a that of the lines bisecting the internal and external angles 
between the real or imaginary lines represented by the equation 

The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes; and (note, p. 71) they will 
be real whether the asymptotes be real or imaginary ; that is to 
Bay, whether the curve be an ellipse or a hyperbola. 

156. We might have obtained the results of the last Article 
by the method of transformation of coordinates, since we can 
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thus prove directly that it is always possible to transform the 
equation to a pair of rectangular axes, such that the coefficient 
of xy in the transformed equation may vanish. Let the original; 
axes be rectangular ; then, if we turn them round through any 
angle ^, we have (Art. 9) to substitute for a?, a? cosfl -y ain^j 
and for y, aj sln^ + y cosd; the equation will therefore become 
a[x i^f^6—y sm^)* + 2A(ic cx^^d — y sind) [x sin^ + y cosfl) 

4 6(a; sin^ + y C08fl)' + c = 
or, arranging the terms, we shall have 

the new a=^a co8*^ + 2A cos^ sin^ f h sin'^; 

the new A = J sin^ cosd + A(cos*^ — sin*^) — asin^ cos^; 

the new h = a sin'^- 2A cos5 sin^ + h cos*^. 

Now, if we put the new A = 0, we get the very same equation 

as in Art. 155, to determine tan^. This equation gives us a 

simple expression for the angle made with the given axes by 

either axis of the curve, namely, 

^ "^ 

1 tan25 = 



157. When It is required to transform a given equation to 
the form aa?^-ly*^c = 0, and to calculate numerically the value 
of the new coefficients, our work will be much facilitated by the 
following theorem : If we transform an equation of the second 
degree from one set of rectangular axes to another^ the quantities 
a + J and ah — A* will remain unaltered* 

The first part is proved immediately by adding the values of 
the new a and h (Art. 156), when we have 

a' -f- J' = a -f- i. 
To prove the second part, write the values in the last article 
2a = a + 6 + 2A 8in2d + (a - J) cos2^, 
26' = a + i - 2A sin2^ - (a - J) cos2d. 
Hence 4a'5' = (a + hf - {2A sin 25 4- (a - J) cos201«. 
But 4A'" = {2A C0S2& - (a - 6) sin 2^}" ; 

therefore 4 [a'V - r) « (a + Vf - a^ -[a^iy^^ {ah - h% 

When, therefore, we waiit to form the equation transformed 
to the axes^ we have the new A = 0, 

a' + y = a-F*, a'V^ab''h\ 
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Having, therefore, the sum and the product of a and h\ we can 
form the quadratic which determines these quantities. 

Ex. 1. Find the axes of the ellipse 14a;2 — 4ary + 11^' = 60, and transform the 
equation to them. 

The axes are (Art. 155) 4aj2 + Gary - 4y« = 0, or (2aj - y) (a; + 2y) = 0. 
We have a' + d' = 25 j a'h* = 150 ; a' = 10 j i' = 15 ; and the transformed equation 
is 2ar« + 3y2 = 12. 

Ex. 2. Transform the hyperbola 11a:* + 84a;y - 24y2 = 156 to the axes. 
a' + J' = -13, a'6' = -2028; o'=;39; *' = - 52. 

Transformed equation is 3x* — 4y* = 1 2. 
Ex. 3. Transform aaP^ + 2^ary + iy* = c to the axes. 

Ans, (a + * - 5) a5« + (a + 6 + i2) y2 = 2c, where i?* = 4^2 + (« _ j)2. 

*158. Having proved that the quantities o + J and ah - A' 
remain unaltered when we transform from one rectangular system 
to another, let us now inquire what these quantities become if 
we transform to an oblique system. We may retain the old axis 
of x^ and if we take an axis of y inclined to it at an angle eo, 
then (Art. 9) we are to substitute a? + ^ cosw for a?, and y sinoi 
for y. We shall then have 

c! ^a^ K — a cos w + A sin w, 

J' = a cos'© + 2 A cos a* sin w + & sin^ca. 

Hence, it easily follows 

a' + J'-2A'cos« , aV-V , ,. 

J— = a + 6, — ;-5 = ah - hr, 

sm 01 ' sm 0) 

//*, *A6W, we transform the equation from one pair of axes to any 

, , .. a + J — 2Acosa) ^ah—h^ , , , 

other, the Quantities ^—r, ana — ;— n — remain unaltered, 

' ^ sm a> sm © 

We may, by the help of this theorem, transform to the axes 

an equation given in oblique coordinates, for we can still 

express the sum and product of the new a and h in terms of 

the old coefficients. 

Ex. 1, If cosw = I, transform to the axes 10a;* + 6a;2r + hy^ = 10, 

Ans. 16x2 + 41^2 = 32. 
Ex. 2. Transform to the axes x* - 3a;^ + ^2 + 1=0, where w = 60°. 

Ans. x^ - loy^ = 3. 
Ex. 3. Transform ax^ + 2hxf/ + by'^ = c to the axes. 

Ans. {a+ b — 2h costo — R) x"^ + {a + b — 2h cos o) + Ji) y'^ = 2c sin* w, where 
JB* = {2A - (a + b) cos at}^ + (a - b)^ sin* m. 
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*159. We add the demonstration of the theorems of the last 
two articles given by Professor Boole [Cambridge Math. Jour.^ 
III. 1, 106, and New Series, vi. 87). 

Let us suppose that we are transforming an equation from 
axes inclined at an angle ci>, to any other axes inclined at an 
angle Q, ; and that, on making the substitutions of Art. 9, the 
quantity oj? + 2hxy + by* becomes a'X^ + ^KX F+ V F*. Now 
we know that the eflFect of the same substitution will be to make 
the quantity cc* + '^xy coso) H-y" become X^ + 2-Xycosl2 + F", 
since either is the expression for the square of the distance of 
any point from the origin. It follows, then, that 

ax^ + 2hxy -\-by^ + X (a?* -f- 2xy cos &> + y^) 

= a'X' + 2h'XY+ y F« + \ (X» + 2XY cosi2 + Y'). 

And if we determine \ so that the first side of the equation may 
be a perfect square, the second must be a perfect square also. 
But the condition that the first side may be a perfect square is 

(a + X) (J + X) = (A -f \ cosQ})', 

or X must be one of the roots of the equation 

X* sin'^cD + (a + J - 2A cosw) X -f aJ - A* = 0. 

We get a quadratic of like form to determine the value of X, 
which will make the second side of the equation a perfect square ; 
but since both sides become perfect squares for the same values 
of X, these two quadratics must be identical. Equating, then, 
the coefficients of the corresponding terms, we have, as before, 

a+&-2Acos&) _ g'-f y- 2A'cosa ^ ab-h^ _ a'V - A'* 
sin*o> "" sin*i2 ' sin*12 "" slii"X2 

Ex. 1. The sum of the squares of the reciprocals of two semi-diameters at right 
angles to each other is constant. 

Let their lengths be a and /3 j then making alternately a; = 0, y = 0, in the equation 
of the curve, we have aa? = c, i/3* = c, and the theorem just stated is only the 
geometrical interpretation of the fact that a + d is constant. 

Ex. 2. The area of the triangle formed by joining the extremities of two conjugate 

semi-diameters is constant. 

x^ ffi oh — Ji^ 

The equation referred to two conjugate diameters is „ + ^ = 1, and since — — a- - 

a^ P sin^w 

is constant, we have a'^' sin oa constant. 

Ex. 3. The sum of the squares of two conjugate semi-diameters is constant. 

Smce r-5 IS constant, -. -r- — , + -jr,^ = -777S>r-- 9 ^ constant : and 

since a'/S' sin w is constant, so must a'* -I- /S'*, 
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THE EQUATION REFERRED TO THE AXES. 

160 We saw that the equation referred to the axes was of 
the form 

B being positive in the case of the ellipse, and negative in that 
of the hyperbola (Art. 138, Ex. 3). We have replaced the 
small letters by capitals, because we are about to use the letters 
a and h with a different meaning. 

The equation of the ellipse may be written in the following 
more convenient form : 

Let the intercepts made by the ellipse on the axes be aj = a, 

y = &, then making y = and a; = a in the equation of the curve, 

G G 

we have Ac^ — G^ and -4 = -5. In like manner B— ^k- Sub- 



a 



V 



stituting these values, the equation of the ellipse may be written 

Since we may choose whichever axis we please for the axis 
of a;, we shall suppose that we have chosen the axes so that a 
may be greater than h. 

The equation of the hyperbola, which we saw only differs 
from that of the ellipse in the sign of the coefficient of y*, may 
be written in the corresponding form : 

"T* "~ 7 2 "~ •■•• 

a 

The intercept on the axis 6f x is evidently = ± a, but that on 
the axis of y, being found from the equation y*=— J*, is imaginary ; 
the axis of y, therefore, does not meet the curve in real points. 

Since we have chosen for our axis of x the axis which meets 
the curve in real points, we are not in this case entitled to 
assume that a is greater than b, 

161. To find the polar equation of the ellipse^ the centre being 
the pole. 

Write pcos6 for x. and psin^ for y in the preceding equa- 
tion, and we get 

. 1^ _ cos'g sin'g 
p'" a"" "^ y ' 
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im equation which we may write in any of the equivalent forms, 

^ " a^ sm'd + V" cos'^ "" j« -f (a* - b') sm'0 " a* - (a« - J'*) cds'^ * 
It Is customary to use the foUowIn:^ abbreviations : 

a*- J' 



IT" 



■ = e''} 



and the quantity e is called the eccentricity of the curve. 

Dividing by a* the numerator and denominator of the fraction 
last found) we obtain the form most commonly used, vlz» 

• ^' 

^ "l-e'cos*^' 

162. To investigate the figure of the ellipse. 

The least value that 6*+ (a* — 6*) sin''^, the denominator in 
the value of p", can have, is when 5 = 0; therefore the greatest 
Value of p is the intercept on the axis of a?, and is = a. 

Again, the greatest value of l^ 4 (a* — J*) sin*5 is when 
sin 6^ = 1, or 5 = 90''; hence, the least value of p is the intercept 
on the axis of y, and is = K The greatest line, therefore, that 
can be drawn through the centre is the axis of a?, and the least 
line the axis of y. From this property these lines are called 
the axis m^or and the axis minor of the curve. 

It is plain that the smaller 6 is, the greater p will be ; hence, 
the nearet any diameter is to the axis 
major^ the greater it roill he. The 
form of the curve will, therefore, be 
-that here represented. 

We obtain the same value of p 
■whether we suppose 5 = a, or 5 = - a. 
Hence, Two diameters which make 
equal angles with the aocis will be equal. And it w easy to show 
that the converse of this theorem is also true. 

This property enables us, being given the centre of a conic, 
to determine its axes geometrically* For, describe any concen- 
tric circle intersecting the conic, then the semi-diameters drawn 
to the points of intersection will be equal ; and by the theorem 
just proved, the axes of the conic will be the lines internally 
and externally bisecting the angle between them. 

Y 
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163. The equation of the ellipse can he put into another 
form, which will make the figure of the curve still more 
apparent. If we solve for y we get 

Now, if we describe a concentric circle with the radius a its 
equation will be 

y = \/(a'-aj*). 

Hence we derive the following construction : 

^^ Describe a circle on the axis major ^ and take on each ordinate 
LQ a point P, such that LP may he to 
LQ in the constant ratio h : a, then the 
locus of P will be the required ellipse.^^ 

Hence the circle described on the 
axis major lies wholly without the curve. 
We might, in like manner, construct the 
ellipse by describing a circle on the axis 
minor and increasing each ordinate in 
the constant ratio a : 6. ^ 

Hence the circle described on the axis minor lies wholly 
within the curve. 

The equation of the circle is the particular form which the 
equation of the ellipse assumes when we suppose J = a. 

164. To find the polar equation of the hyperbola. 
Transforming to polar coordinates, as in Art. 161, we get 
fl«J» a%^ a^V 
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V cos«5 - a* sin*5 "J" - (a* + V) sin*^ " (a'* + b^) cos'd - a' * 
Since formulae concerning the ellipse are altered to the corre- 
sponding formulae for the hyperbola by changing the sign of Fy 
we must in this case use the abbreviation c* for a' 4- ft'* and 

a ,12 

e* for — 5 — , the quantity e being called the eccentricity of the 
a 

hyperbola. Dividing then by a* the numerator and denominator 

of the last found fraction, we obtain the polar equation of the 

hyperbola, which only diflfers from that of the ellipse in the sign 

of b\ viz. 



p'= 



e'cos'^-l' 
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165. To investigate the figure of the hyperbola. 

The terms axis major and axis minor not being applicable 
to the hyperbola (Art. 160), we shall call the axis of x the' 
transverse axis, and the axis of y the conjugate axis. 

Now J' — (a* + 4*) sin*^, the denominator in the value of p*, 
will plainly be greatest when = 0, therefore, in the same case, 
p will be least ; or the transverse axis is the shortest line which 
c-an be drawn from the centre to the curve. 

As increases, p continually increases, until 

sin^ = -77—5 — Tjr , (or tan0= - ) , 

when the denominator of the value of p becomes s= 0, and p 
becomes infinite. After this value of (?, p* becomes negative, and 
the diameters cease to meet the curve in real points, until again 

sin0='-j7-i — 75x1 (or tan0 = — ), 

when p again becomes infinite. It then decreases regularly as 
6 increases, until becomes = 180**, when it again receives its 
minimum value = a. 

The form of the hyperbola, therefore, is that represented by 
the dark curve on the figure, next article. 

166. We found that the axis of y does not meet the hyper- 
bola in real points, since we obtained the equation y' = — ft* to 
determine its point of intersection with the curve. We shall, how- 
ever, still mark oflF , » 
on the axis of y por- ^~-~ 
tions CB, €B'=±b, 
and we shall find 
that the- length CB 
has an important 
connexion with the 
curve, and may be conveniently called an axis of the curve. 
In like manner, if we obtained an equation to determine the 
length of any other diameter, of the form p* = — jB*, although 
this diameter cannot meet the curve, yet if we measure on it 
from the centre lengths = ±JS, these lines may be conveniently 
spoken of as diameters of the hyperbola. 
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The locus of the extremities of these diameters which do not 
meet the curve is, by changing the sign of p* in the equation of 
the cqrv'e, at once found to be 

1 sin*^ cos'tf 

7 



^~ b* a" * 



This is the equation of a hyperbola having the axis of ^ for 
the asis meeting it in real points, and the axis of x for the axia 
meeting it in imaginary points. It is represented by the dotted 
curve on the figure, and is called the hyperbola conjugate to thQ 
given hyperbola. 

167. We proved (Art. 165) that the diameters answering to 

tan ^ = ± - meet the curve at infinity ; they are, therefore, the 

same as the lines called, in Art. 154, the asymptotes of the curve* 
They are the lines CiT, CL on the figure, and evidentl}^ separate 
those diameters which meet the curve in real points from those 
which meet it in imaginary points. It is evident also that two 
conjugate hyperbolae have the same asymptotes. 

The expression tan ^ = ± - enables us, being given the axes 

in magnitude and position, to find the asymptotes, for if we 
form a rectangle by drawing parallels to the axes through B 
and A^ then the asymptote CK must be the diagonal of thi« 
rectangle. 

But, since the asymptotes make equal angles with the axis of a?^ 
the angle which they make with each other must be =2^, 
Hence, being given the eccentricity of a hyperbolay we are given 
the angle between the asymptotes^ which is double the angle whose 
secant is the eccentricity, 

Ex. To find the eccentricity of a conic given by the general equation. 

We can (Art. 74) write down the tangent of the angle between the lines denoted 
by ax^ + 2hxt/ + %* = 0, and thence form the expression for the secant of its haljf j 
or Wf may proceed by the help of Art. 157, E^. 3^ 



We have 



CONJUGATE DIAMETERS. 165 

1 a-^b-H 1 a + b + M 



a« " 2tf » /3« " 2c * 
where -R« = a« + (a - by = 4A« - 4a3 + (a + »)•. 

1 l_^a«-/3«__ 2R 



Henoe 



/3» o*'**?^ a^ 'a + b + R' 
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168. We now proceed to investigate some of the properties 
of the ellipse and hyperbola. We shall find it convenient to 
consider both curves together, for, since their equations only 
differ in the sign of i*, they have many properties in common 
lyhich can be proved at the same time, by considering the sign 
of i* as indeterminate. We shall, in the following Articles, use 
the signs which apply to the ellipse. The reader may then 
obtain the corresponding formulas for the hyperbola by changing 
the sign of b\ 

We shall first apply to the particular form -^ + ^ = 1, some 

of the results already obtained for the general equation. Thus 
(Art. 86) the equation of the tangent at any point a?y being 
got by writing x'x and y'y for x* and y* is 

a* ^ y " ^• 
The proof given in general may be repeated for this particular 
case. The equation of the chord joining any two points on 
the curve is 

o" f js ^. -t-j* h 

which, when a?', f/ = af\ y", becomes the equation of the tangent 
already written. 

The argument here used applies whether the axes be rect- 
angular or oblique. Now if the axes be a pair of conjugate 
diameters, the coefficient otxy vanishes (Art. 143) ; the coefficients 
of x and y vanish, since the origin is the centre ; and if a' and i' 
be the lengths of the intercepts on the axes, it is proved exactly, 
as in Art. X60, that the equation of the curve may be written 
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And it follows from this article that in the same case the 
equation of the tangent is 

^^ -t- J/. - A. 

169. The equation of the polar, or line joining the points 
of contact of tangents from any point a^y, is similar in form to 
the equation of the tangent (Arts. 88, 89), and is therefore 

— +^^--1 or— + -^'-l- 

the axes of coordinates iu the latter case being any pair of 
conjugate diameters, in the former case the axes of the curve. 

In particular, the polar of any point on the axis of x is —^ = 1. 

CL 

Hence the polar ot any point P is found by drawing a diameter 
through the point, taking CP. CP^ = to the square of the semi- 
diameter, and then drawing through P' a parallel to the 
conjugate diameter. This includes, as a particular case, the 
theorem proved already (Art. 145), viz.. The tangent at the 
extremity/ of any diameter is parallel to the conjugate diameter. 

Ex. 1. To find the condition that \x + uy = l may touch _ + e^ =. i. 

Comparing ^ + ^ = 1, Xx + /iy = 1, we find - = \o, ^ = fiby and d^k^ + l^fi^ = 1. 

Ex. 2. To find the equation of the pair of tangents from x'y' to the curve (see 
Art. 92). 

Ex. 3. To find the angle <f) between the pair of tangents from x'y' to the curve. 

When an equation of the second degree represents two right lines, the three highest 
terms being put = 0, denote two lines through the origin parallel to the two former ; 
hence, the angle included by the first pair of right lines depends solely on the three 
highest terms of the general equation. Arranging, then, the equation found in the 
last Example, we find, by Art. 74, 

Ex. 4. Find the locus of a point, the tangents through which intersect at right 
angles. 

Equating to the denominator in the value of tan <f>, we find a^-\-y^ = a:^ + ^2, the 
equation of a circle concentric with the ellipse. The locus of the iutei-section of 
tangents which cut at a given angle is, in general, a curve of the fourth degree. 

170. To find the equation^ referred to the axes^ of the diameter 
conjugate to that passing through any point x'y on the curve. 
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The line required passes through the origin, and (Art. 169) is 
parallel to the tangent at a^y ; its equation is therefore 

a» ^ V "^' 
Let 5, ff be the angles made with the axis of x by the original 

diameter and its conjugate ; then plainly tan ^ = ^ ; and from 

the equation of the conjugate we have (Art. 21) tan^ = ^, ^ 

Hence tan ^ tan ^ = — 5 , as might also bo inferred from Art. 143. 

The corresponding relation for the hyperbola (see Art. 168) is 

V 
tan 6^ tan^= -;. 
a 

171. Since in the ellipse tan ^ tan ^ is negative, if one of 
the angles ^, ff be acute (and, therefore, its tangent positive), 
the other must be obtuse (and, therefore, its tangent negative). 
Hence, conjugate diameters in the ellipse lie on different sides of 
the axis minor (which answers to 5 = 90**). 

In the hyperbola, on the contrary, tan 9 tan ff is positive ; 
therefore 8 and ff must be either both acute or both obtuse. 
Hence, in the hyperbola^ conjugate diameters lie on the same side 
of the conjugate axis. 

In the hyperbola, if tan^ be less, tan^ must be greater than 

- , but (Art. 167) the diameter answering to the angle whose 

^ h 

tangent is - , is the asymptote, which (by the same Article) 
a 

separates those diameters which meet the curve from those which 

do not intersect it. Hence, if one of two conjugate diameters 

m£et a hyperbola in real points^ the other will not. Hence also 

it may be seen that each asymptote is its own conjugate. 

172. To find the coordinates x^^y" of the extremity of the 
diameter conjugate to that passing through xy\ 

These coordinates are obviously found by solving for x and y 
between the equation of the conjugate diameter and that of 
the curve, viz. 

a-' ^ V ~ ' a^^ y ' 
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Substituting Id the second the values of x and y found from the 
first equation ) and remembering that x\ }/ satisfy the equation 
of the curve, we find without difficulty 

173. To eospress the lengths of a diameter (a'), and its conjw 
gate (6'), in terms o/the abscissa of the extremity of the diameter, 

(1) We have a^ = a^ + y". 
But ^" = ^1 (a* -»'»). 

Hence a" = 6* + ^^ x'* = 5' + e^oT, 

a 

(2) Again, we have 

or ^(a«-a:''')H.-!x'«; 

hence V^ = a' - eV*. 

From these values we have 

a'«+J'« = a» + 5«; 
or, The sum of the squares of any pair of conjugate diameters of 
an ellipse is constant (see Ex. 3, Art. 159). 

174. In the hyperbola we must change the signs of V and 
J'*, and we get 

or, The difference of the squares of any pair of conjugate diameters 
of a hyperbola is constant. 

If in the hyperbola we have a = J, its equation becomes 

2 2 8 

x^-y' = a% 
and it is called an equilateral hyperbola^ 

The theorem just proved shows that every diarneter of an 
equilateral hyperbola is equal tc its conjugate. 

The asymptotes of the equilateral hyperbola being given by 
the equation 
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Of « at right angles to each other. Hence this hyperbola is often 
called a rectangular hyperbola* 

The condition that the general equation of the second degree 
should represent an equilateral hyperbola is a = — J ; for (Art. 74) 
this is the condition that the asymptotes {aa? + 2hxy + by*) 
should be at right angles to each other ; but if the hyperbola be 
re tangular it must be equilateral^ since (Art. 167) the tangent 

of half the angle between the asymptotes =-; therefore, if 
this angle «= 45*, we have 

175. To find the length of the perpendicular from the centra 
on the tangent. 

The length of the perpendicular from the origin on the line 

but we proved (Art. 173) that 

, ab 

hence P^ ii^ 

176. To find the angle between any pair of conjug-tte dia^ 
meters. 

The angle between the diameters is equal to the ajigle be- 
tween either, and the tangent parallel to \^T 
the other. Now ~ 




• /7D77 CT p 

Hence sin 6 (or PCP") = ^, . 

ao 

The equation a^b^ sin ^^ab proj^res that the triancfls fotmed 
by joining the extremities of conjugate diameters of an ellipse or 
hyperbola has a constant atea (see Art. 159, Ex. 2). 

Z 
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177. The sum of the squares of any two conjugate diameters 
of an ellipse being constant, their rectangle is a maximum when 
they are equal; and, therefore, in this case, sin^ is a minimum ; 
hence the acute angle between the two equal conjugate dia- 
meters is less (and, consequently, the obtuse angle greater) than 
the angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making a' = V in the equation a'* + ^'^ = a' + &*, whence a'* is half 
the sum of c^ and V^ and in this case 

. . 2aft 

Sm = "T 7a • 

^ a" + J' 

The angle which either of the equi-conjugate diameters makes 
with the axis of x is found from the equation 

tan^ tan^'= --, 

a ' 

by making tan^ = - tan ^; for any two equal diameters make 
equal angles with the axis of a? on opposite rides of it (Art. 162j* 

Hence tan^ = - . 

a 

It follows, therefore, from Art. 167, that if an ellipse and hyper- 
bola have the same axes in magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equi-conjugate 
diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 
diameters (Art. 168), becomes a5* + y'' = a'*, when c! — h\ We 
see, therefore, that, by taking the equi-conjugate diameters for 
axes, the equation of any ellipse may be put into the same form 
as the equation of the circle, a?'* + y* = /^, but that in the case of 
the ellipse the angle between these axes will be oblique, 

178. To express ike 'perpendicular from the centre on the 
tangent in terms of the angles which it makes with the axe^. 
If we proceed to throw the equation of the tangent 

f-^+^^=l] i^^to the form a? cosa + y sina=^ (Art. 23), 

we find immediately, by comparing these equations, 

jr' _ cosa y^ __ sina 

""7 — ' 2.5J • 

or p p 
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Substituting in the equation of the curve the values of x\ /, 
hence obtained, we find 

p' = a' cos'a + 6* sin' a.* 
The equation of the tangent may, therefore, be written 

X cosa + y sin a - \/(«* co8*a 4- V sin* a) = 0. 
Hence, by Art. 34, the perpendicular from any point [x'y) on 
the tangent is 

V(a* cos*a + V sin' a) —afc^o^a — jf sin a, 

where we have written the formula so that the perpendiculars 
shall be positive when a?'y is on the same side of the tangent 
as the centre. 

Ex. To find the locus of the intersection of tangents which cut at right angles. 
Let^, p' be the perpendiculars on those tangents, then 

/>« = o2 oos«a + i« fiin^o, p*^ = a« sin^a + ** 008««, p^^p*^zztfl^ J*, 

But the square of the distance from the centre, of the intersection of two lines which 
cut at right angles, is equal to the sum of the squares of its distances from the Unea 
themselvefl. The distance, therefore, is constant, and the required locus is a circle 
(see p. 166, Ex. 4)^ 

179. The chords which join the extremities of any diameter 
to any point on the curve are called supplemental chords. 

J)iameter8 parallel to any pair of supplemental chords are 
conjugate. 

For if we consider the triangle formed by joining the extre- 
mities of any diameter AB to any point on the curve D ; since, 
by elementary geometry, the line joining the middle points of 
two sides must be parallel to the third, the diameter bisecting 
AD will be parallel to BD^ and the diameter bisecting BD will 
be parallel to AD, The same thing may be proved analytically, 
by forming the equations of AD and BD^ and showing that the 
product of the tangeats of the angles made by these lines with 

, . , V 

the axis 18 :?= -* -J , 

This property enables us to draw geometrically a pair of con- 
jugate diameters making any angle with each other. For if we 
describe on any diameter a segment of a circle, containing the 

♦ In Uke manner, p"^ — a'« cos^a + b'^ cos^jS, a and /3 being the angles the perpen- 
dicular makes with any pair of coidugate diameters. 
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giYen angte, and join the points where it meets the curve to the 
extremities erf the assumed diameter, we obtain a pair of supple- 
mental chords inclined at the given angle, the diameters parallel 
to whioh Will be conjugate to ea«h other, 

"B^ 1. Tangents at the extremities of mj diameter are parallel. 

Their equattons are ^+^ = ±^« 

This also follows from the first theorem of Art. 146, and from considering that th^ 
centre is the pole of the line at infinity (Art. 154). 

Ex. 2. If any variable tangent to a central conic section meet two fixed parallel 
tangents, it will intercept portions on them, whose rectangle is constant, and eq^oal 
to the square of th^ s^mi-diameter parallel to them< 

Let US take for axes the diameter parallel to the tangents and Its conjugate, then 
the equations of the cmTe and of the yariable tangent will be 

The intercepts on the fixed tangents are found by malpng qe alternately = :j; a' in titi^ 
Utter equation, and we get 

b'* ( x"\ 
imd, therefore, their product is ;7a U " "^j » 

which, substituting fior y** from the equation of the curve, reduces to V^, 

Ex. 3. The same constmction remaining, the rectangle under the segments of tl^e 
Tariable tangent is equal to the square of the semi-diameter parallel to it. 

7or, the intercept on either of the parallel tangents is to Uie adjacent segment 
«f the variable tangent as the parallel semi-diameters (Art. 149) ; therefore, the rect- 
angle und^ the intercepts of the fixed tangent is to the rectangle under the segments 
of ibe variable tangent as the squares of these semi-diameters ; and, since the first 
VecLangle is equal to the square of the semi-diameter parallel to it, the second rect-^ 
angle mu^t be equal to the square of the semi-diameter parallel to ii. 

Ex. 4, If any tangent meet any two conjugate diameters, the rectangle under iifi 
segments is equal to the square of the parallel semi-diameter. 

Take for axes the semi-diameter parallel to the tangent and its conjugate ; then 
|he equations of any two conjugate diameters being (Art, 170) 

t^ intercepts made by them on the tangent are found, by malpng <r = a', to b^ 
3r = ^,a, andy = -^-j, 

Whose teotangle is evidently = b'^. 

We might, in like manner, have gi^n a purely algebraical proof of Ex. 3. 

Hence, also, if the centre be joined to the points where twp parallel tangents meet 
imy tangent, the joining Hues will be conjugate diameters. 

iix. ft. Given, in ma^tude and position, two conjugate eemi-diametcrs, 6>a, Oi^ 
«f a cwtral eoDic, to determine the positioki of tl«s axes. 
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The following constmction is founded on the theorem proved in the last 
Bxample :— Through a the extremity of either diameter, 
draw a parallel to the other ; it must of courBe be a tan- 
gent to the curve. Now, on Oa take a point P, such 
that the rectangle Oa.aP= Ob^ (on the side remote from 
for the ellipse, on the same side for the hyperbola), 
and describe a circle through 0, P, having its centre on 
aC, then the Hnes OAf OB are the axes of the curve; 
for, since the rectangle Aa.aB= Oa.aP — Ob'^^ the hues 
OA, OB are conjugate diameters, and since AB is a dia« 
meter of the circle, the angle AOB is right. 

Ex. 6. Given any two semi-diameters, if from the extremity of each an oidinata 
be drawn to the other, the triangles so formed will be equal in area. 

Ex. 7. Or if tangents be drawn at th^ extremity of each, the triangles so formed 
will be equal in area. 

THE NORMAL. 

180. A line drawn through any point of a curve perpen- 
dicular to the tangent at that point is called the Normal. 

Forming, by Art. 32, the equation of a line drawn through 

X^y') perpendicular to T^- + ^ = l) j we find for the equation 

of the normal to a conic 



^(y-y') = ^(^-A 



or 



ax 
If 



% 



= c; 



c* being used, as in Art. 161, to denote a* — ft*. 

Hence we can find the portion CN intercepted by the normal 
on either axis ; for, making ^ = in 
the' equation just given, we find 

0? = -^ a;', or a? = e V. -^ 

We can thus draw a normal to 
an ellipse from any point on the axis, 
for given CWwe can find x\ the abscissa of the point through 
which the normal is drawn. 

The circle may be considered aa an ellipse whose eccentricity 
*«0, since c' = a'-6« = 0. The intercept GN, therefore, is con- 
stantly =0 in the case of the circle, or emry normal to a circle 
passes ihro^igh its centre^ 
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181. The portion MN intercepted on the axis between the 
normal and ordinate is called the Subnormal. Its length is, by 
the last Article, 

. c« , J' , 

X — 5 a? = -oic . 

a a 

The normal, therefore, cuts the abscissa into parts which are in 
a constant ratio. 

If a tangent drawn at the point P cut the axis in T, the in- 
tercept MT is, in like manner, called the Subtanfj^enL 

Since the whole length GT=^—, (Art. 169), the subtangent 

CD 



-;-aJ 



X X 

The length of the normal can also be easily found. For 

But if b' be the semi-diameter conjugate to (7P, the quantity 
within the parentheses = 6^* (Art. 173). Hence the length of thQ 

normal PN= — , 
a 

If the normal be produced to meet the axis minor, it can be 

proved, in like manner, that its length = -j-- . Hence, the rect^ 

angle under the segments of tfte normal is equal to the square of 
the conjugate semi^diameter. 

Again, we found (Art. 175) that the perpendicular from the 

centre on the tangent ^ yj • Hence, the rectangle under the 

normal and the perpendicular from the centre on the tangent ia 
constant and equal to the square of the semi^axis minor. 

Thus, too, we can express the normal in terms of the angles 
it makes with the axis, for 

^^ p~^ V(a' cos^a + V sin«a) A^"' ' '^^ ' " V(l - e^ sin'^a) ' 

Ex. 1. To draw a normal to an ellipse or hyperbola passing thro'igh a given poind. 

The equation of the normal, aVy — b'^x'y = c^x'y'j expresses a relation between 
the coordinates x'lf of any point on the curve, and xy the coordinates of any point 
on the normal at x'y'. We express that the point on the normal is known, and the 
point on the ciu've sought, by removing the accents from the coordinates of the lattw 
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point, and acoentnating those of the former. Thus we find that the points on the 
curve, whose normals will pass through (x^y*) are the points of intersection of the 
given curve with the hyperbola 

tf*xy = a Vy — iya?. 

Ex. 2. If through a given point on a conic any two lines at right angles to each 
other be drawn to meet the curve, the line joining their extremities wUl pass through 
a fixed point on the normal. 

Let us take for axes the tangent and normal at the given point, then the equation 
of the curve must be of the form 

aa? + 2Aajy + hf + 2/y = 0, 

ffor = 0, because the origin is on the curve, and ^ = (Art. 144), because the tan- 
gent is supposed to be the axis of x, whose equation is y = 0). 
Now, let the equation of any two lines through the origin be 

a5« + "Ipxy + gy« = 0. 

Multiply this equation by a, and subtract it from that of the curve, and we get 

2 (A - op) rry + (* - aq) y* + 2/y = 0. 

This (Art. 40) is the equation of a locus passing through the points of intersection 
of the hnes and conic ; but it may evidently be resolved into y = (the equation of 
tiie tangent at the given point), and 

2 (A - a/>) a? + (ft - a^) y + 2/= 0, 

which must be the equation of the chord joining the extremities of the given lines. 

The point where this chord meets the normal (the axis of y) is y = — ^-^ ; but if 

the lines are at right angles ^ = — 1 (Art. 74), and the intercept on the normal has 
the constant length 

a+ b' 

If the curve be an equilateral hyperbola, a + ft = 0, and the line in question ia 
constantly paiallel to the normal. Thus then, if through any point on an equilateral 
hyperbola be drawn two chords at right angles, the perpendicular let fall on the line 
joining their extremities is the tangent to the curve. 

Ex. 3. To find the coordinates of the intersection of the tangents at the points 
The coordinates of the intersection of the lines 



aa "*■ ft« - ^' a« ■*■ 'ft3 - ^' 



are * j—r, 7j~t » P — ~7~n 7~T/ • 

yx —y X "^ xy -yx 

Ex. 4. To find the coordinates of the intersection of the normals at the points 
Ana. X — , y_ ^^ , 



♦ This theorem will be equally true if the lines be drawn so as to make with the 
normal angles the product of whose tangents is constant, for, in this case, q is 

constant, and, therefore, the intercept — '^ is constant. 
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where JT, F are the coordinates of the intersection of tangents, found in the lasfc 
Example. 

The values of X and F may be written in other forms. Since by combining th« 

equations ^ a^-y'^__, 

we get the results, ^V" - S^" = ** (^ " «^"> = " *' ^ " J'"^ » 
hence -*--y' + y"~» ^- x'-i-x" ' 

WecanalsoptoTe X= ^,^„ y-jn, ^-. iV^' W"« 

181 (a). Let (7P, CQ be a pair of conjugate semi^diametera 
of an ellipse; let the normal 
PJ^meet GQ in i?; take PD, 
Piy each equal to CQ ; then 
the lengths of the lines GI/^ 
GU are a — J, a + J respec- 
tively. 

For 

, Cir^GP'-{-Pir-^2PU.PB, 

but 

GP^-{-PU'=aW (Art. 173), 

and 2Pn,PR^2ah (Art. 175). 

Hence Ci)'* = (a + J)'. Similarly for CD. 
The axis-major bisects the angle DCU. For the line 

nN^^nP-^-PN^V-^ — = - (a + J). 
Similarly DN=^ — (a - J). At the point N^ therefore, the 

CL 

base of the triangle DCiy is divided in the ratio of the sides, 
and, therefore, CN is the internal bisector of the vertical angle« 
In like manner, it is proved that CW is the external bisector. 

Hence then, b6ing given two conjugate semi-diameters 
CP, GQ in magnitude and position, we are given the axes in 
magnitude and position. For we have only from P to let fall 
on GQ the perpendicular PB; to take PZ>, PIX each equal GQ\ 
then the axes are in direction the bisectors of the angle DCU \ 
while their lengths are the sum and diflference of CD^ GD\ 
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THE FOCI. 

182. If on the axis major of an ellipse we take two pomts 
equidistant from the centre whose com- T'r 
mon distance ^^^ ~^^^nJ 

= ±V(«'-*'), or si±c, 
these points are called the foci of the 
curve. 

The foci of a hyperbola are two points on the transverse 
axis, at a distance from the centre still =±c^ c being in the 
hyperbola 

To eocpress the distance of any point on an ellipse from the 
focus. 

Since the coordinates of one focus are {x^ + c^ y = ^)) ^^^ 
square of the distance of any point from if 

But (Art. 173) 

aj'* + 2^'* = j» + 6'aj^, and V-{-(? = a\ 
Hence ZP" = a» - 2cx' + e*aj'* ; 

and recollecting that c = ae, we have 

FP=a-e3if. 

[We reject the value [ex^ — a) obtained by giving the other 
sign to the square root. For, since ac^ is less than a, and e less 
than 1 , the quantity ex^ — a^ is constantly negative, and there- 
fore does not concern us, as we are now considering, not the 
direction, but the absolute magnitude of the radius vector FF.^ 

We have, similarly, the distance from the other focus 

F'P=a + eaf, 
since we have only to write - c for + c in the preceding formulas. 

Hence FP+F'P=^2a^ 

or, The sum of the distances of any point on an ellipse from the 
fod is constant^ and equal to the axis major* 

183. In applying the preceding proposition to the hyperbola, 
we obtain the same value for FP^ ; but in extracting the square 

AA 
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root we must change the sign in the value of FP^ for in the 
hyperbola x' is greater than a and e is greater than I. Hence, 
a — ex' is constantly negative; the absolute magnitude there- 
fore of the radius vector is 

FP=ex' -a. 
In like manner F'P = ex' + a. 

Hence F'P^FP^2a. 

Therefore, in the hyperbola^ the difference of the focal radii is 
constant^ and equal to the transverse axis. 

The rectangle under the focal radii =±[a* — eV), that is, 
(Art. 173) = 6'\ 

184. The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle, if the base and 
either sum or difference of sides be given. 

Taking the middle point of the base {= 2c) for origin, the 
equation is 

V{jr» +{e + x)'} ± ^{f + (c - xf] = 2a, 
which, when cleared of radicals, becomes 

L ^ — 1 

a' a - c' 

Now, if the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than c, therefore 
the coefficient of y^ is positive, and the locus an ellipse. 

If the difference be given, a is less than c, the coefficient of y* 
is negative, and the locws a hyperbola. 

185. By the help of the preceding theorems we can describe 
an ellipse or hyperbola mechanically. 

If the extremities of a thread be fastened at two fixed points 
FsLuA Fj it is plain that a pencil moved about so as to keep the 
thread always stretched will describe an ellipse whose foci are F 
and F\ and whose axis major is equal to the length of the thread. 

In order to describe a hyperbola, let a ruler be fastened at 
one extremity {F)^ and capable of moving 
round it, then if a thread, fastened to a 
fixed point i^, and also to a fixed point on 
the ruler (i?), be kept stretched by a ring 
at P, as the ruler is moved round, the point 
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P Will describe a hyperbola ; for, since the sum of F^P and PR 
is constant, the difference of FP and F'P will be constant. 

186. The polar of either focus is called the directrix of the 
conic section. The directrix must, therefore 
(Art. 169), be a line perpendicular to the axis 

major at a distance from the centre = ± — . 

c 

Knowing the distance of the directrix from 

the centre, we can find its distance from any 

point on the curve. It must be equal to 

a?', or = - (a - eaf) = - (a - ex'). 

Bnt the distance of any point on the curve from the focus 
=s:a — ea?'. Hence we obtain the important property, that the 
distance of any point on the curve from the focus is in a constant 
ratio to its distance from the directrix^ viz. as c to 1. 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point (the focus) is in a con- 
stant ratio to its distance from a fixed line (the directrix). On 
this definition several writers have based the theory of conic 
flections. Taking the fixed line for the axis of x^ the equation 
of the locus is at once written down 

'which it is easy to see will represent an ellipse, hyperbola, or 
parabola, according as e is less, greater than, or equal to 1. 

Ex. If a curve be such that the distance of any point of it from a fixed point 
can be expressed as a rations^ function of the first degree of its coordinates, then the 
carve must be a conic section, and the fixed point its focus (see O'Brien's Co&rdituUe 
Ceometry, p. 86). 

For^ if thQ dJu3tanoe can be expressed 

pzzAx + Bp+Cf 

shice Ax + By-^Cts proportional' to the perpendicular let fall on the right line whose 
equation is {Ax + By ■{• C = 0) the equation signifies that the distance of any point of 
the curve from the fixed point is in a constant ratio to its distance from this line. 

187. To find the length of the perpendicular from the focus on 
the tangent. 

The length of the perpendicular from the focus (+ c, 0) on 
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the line (?j' + ^ * l) is, hy Art. 34, 



cai 
l — -— 



but, Art. 175, 
Hence (see fig. p. 177) 






Likewise 






Hence FT.FT^W (since a» ^ eV« = 0» 

or, The rectangle under the focal perpendiculars on the tangent la 

constant^ and equal to the square of the semt^axts minor. 

This property applies equally to the ellipse and the hyperbola, 

188, The focal radii make equal angles with the tangent. 

For we had FT^^FP, or ^- | ; 

but J| = 8ini^Pr, 

Hence the sine of the angle which the focal radius vector FP 
makes with the tangent =>t>- But we find, in like manner, 

the same value for sin-F'JPT', the sine of the angle which the 
other focal radius vector F'P makes with the tangent. 

The theorem of this article is true both for the ellipse and 
hyperbola, and, on looking at the 
figures, it is evident that the tangent 
to the ellipse is the external bisector 
of the angle between the focal radii, 
and the tangent to the hyperbola the 
internal bisector. 

Hence, if an ellipse and hyperhola^ 
having the samefoci^ pass through the same pointy they will cu% 
each other at right angles^ that is to say, the tangent to the ellipsei 
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at that point will be at right angles to the tangent to the 
hyperbola. 

Ex. 1. Prove analytically that confocal conies cut at right angles. 
The coordinates of the intersection of the oonics 

satisfy the relation obtained by subtracting the equations one from the other, Tiz. 

Bat if the conies be confocal, a' — a** = &* ~ h\ and this relation beooxnes 

But this is the condition (Art. 82) that the two tangents 

should be perpendicular to each other. 

Ex. 2. Find the length of a line drawn through the centre parallel to either focal 
radius vector, and terminated by the tangent. 

This length is found by dividing the perpendicular from the centre on the tangent 

f ^j , by [r;] the sine of the angle between the radius vector and tangent, and is 

therefore = a. 

Ex. 8. Verify that the normal, which is a bisector of the angle between the focal 
radii, divides the distance between the foci into parts which are proportional to the 
focal radii (Euc. vi. 8). The distance of the foot of the normal from the centre is 
(Art. 180) = e^x'. Hence its distances from the foci are c + eV and e — eV, quantities 
which are evidently e times a + ex' and a — ex*. 

Ex« 4. To draw a normal to the ellipse from any point on the axis minor. 

Am, The circle through the given point and the two foci, will meet the curve at 
the point whence the normal is to be drawn. 

189. Another important consequence may be deduced from 
the theorem of Art. 187, that the rectangle under the focal per- 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have (see figure, next 
page) 

FT.F'T' = Ft . FY, or ^ = -^ ; 

but -=^- is the ratio of the sines of the parts into which the line 

^^ • F't' . 

^P divides the angle at P, and 7^/7/ is the ratio of the sines of 
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the parts into which F'P divides the same angle ; we have, there- 
fore, the angle TPF^iPF\ 

If we conceive a conic section to pass 
through P, having F and F' for foci, it 
was proved in Art. 188, that the tangent 
to it must be equally inclined to the lines 
jPP, P'P: it follows, therefore, from 
the present Article, that it must be also 
equally inclined to Pr, Pt\ hence we learn that if through any 
point (P) of a conic section xoe draw tangents [PT^ Pt) to a con-» 
focal conic section^ these tangents will he equally inclined to the 
tangent at P. 

190. To find the locus of the foot of the perpendicular let fall 
from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 
the angles it makes with the axis by putting oj' = c, y' = in the^ 
formula of Art. 178, viz., 

p = ^f[a^ cos' a + J* sin* a) — x^ cos a — ^' sin % 

Hence the polar equation of the locus is 

p = fj[c? cos* a + J* sin* a) -* c cos a, 

or p* + 2cp cos a + c* cos* a = a* cos* a -h J* sin* a,. 

or p' + 2cp cos a = &*. 

This (Art. 95) is the polar equation of a circle whose centre^ 
is on the axis of a?, at a distance from the focus = - c ; the circle 
is, therefore, concentric with the curve. The radius of the circle 
is, by the same Article, = a. 

Hence, If toe describe a circle having for diameter the trans^ 
verse axis of an ellipse or hyperbola^ the perpendicular from the 
focus will meet the tangent on the circumference of this circle. 

Or, conversely, if from any point F (see figure, p. 177) we 
draw a radius vector FT to a given circle^ and draw TP perpen-- 
dicular to FT^ the line TPwill always touch a conic section^ having 
Ffor itsfocus^ which will be an ellipse or hyperbola^ according as 
F is within or without the circle. 

It may be inferred from Art. 188, Ex. 2, that the line OT, 
whose length = a, is parallel to the focal radius vector F^P, 
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191. To find the angle subtended at the focus by the tangent 
dravm to a central conic from any point {xy). 

Let the point of contact be (as'y')) ^^^ centre being the origin, 
then, if the radii from the focus F to the points {xy)^ (^V)* 
be />, p\ and make angles 6^ ff^ with the axis, it is evident that 

^ x-Vc - n y ry x'-k-c . /»/ y' 

C08^= , sina = -: cosa= — 7-, sina =S« 

P ' P P P 

Hence cos (5-^)=^^ — — y—^ — -- ; 

PP 
bat from the equation of the tangent we must have 

Substituting this value of yy\ we get 

pp^ cos {0 - 6') = xx^ -{-cx + cx^ + c* 5 xx^ + J", 

or = e^xx^ +cx-\-cx' -{-a*=ss(a-\'ex)(a-{- ex') ; 

or, since p' =^a-\- ex\ we have, (see O'Brien's Coordinate 

Geometry, ip.im)^ 

COS (^ -- ^) = . 

: . ^ . 

Since this value depends solely on the coordinates xy, and does 
not involve the coordinates of the point of contact, either tangent 
drawn from xy subtends the same angle at the focus. Hence, 
The angle subtended at the focus by any chord is bisected by the 
line joining the focus to its pole, 

192, The line joining the focus to the pole of any chord 
passing through it is perpendicular to that chord. 

This may be deduced as a particular case of the last Article, 
the angle subtended at the focus being in this case 180°; or 
directly as follows : — The equation of the perpendicular through 

any point x'xf to the polar of that point f — , + * = 1 j is, as in 

Art. 180, a^x Vy _ , 

1 
But if icy be anywhere on the directrix, we have a;' = — , and 

it will then be found that both the equation of the polar and that 
of the perpendicular are satisfied by the coordinates of the focus 
(a; = c,^=0). 
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When m any curve we use polar coordinates, the portion 
intercepted by the tangent on a perpendicular to the radius vector 
drawn through the pole is called the polar suhtangent. Hence 
the theorem of this Article may be stated thus : The focus being 
the poky the locus of the extremity of the polar suhtangent is the 
directrix. 

It will be proved (Chap, xii.) that the theorems of this and 
the last Article are true also for the parabola. 

Ex. 1. The angle is constant whicli is subtended at the focus, by the portion in* 
teicepted on a variable tangent between two fixed tangents. 

ByArt.l91,it is half the angle subtended by the chord of contact of the fixed tangents. 

Ex. 2. If any chord PP' cut the direc- 
trix in D, then FJD is the external bisector 
of the angle PFP*, For FTis the internal 
bisector (Art. 191) ; but JD is the pole of 
JT (since it is the intersection of PP% the 
polar of Tf with the directrix, the polar of 
F) J therefore, DF\a perpendicular to FT^ 
and is therefore the external bisector. 

[The following theorems (comuiuni- 
cttted to me by the Rev. W. D. Sadleir) are 
founded on the analogy between the equations of the polar and the tangent.] 

Ex. 8. If a point be taken anywhere on a fixed perpendicular to the axis, the per* 
pendicular from it on its polar will pass through a fixed point on the axis. For the 
intercept made by the perpendicular will (as in Art. 180) be cV, and will therefore be 
constant when a^ is constant. 

Ex. 4. Find the lengths of the perpendicular from the centre and from the foci on 
the polar of x't/, 

Ex. 6. Prove CM. PN' = b\ This is ansdogous to the theorem that the rectangle 
under the normal and the central perpendicular on 
tangent is constant. 




Ex. 6. Prove PJV. NN* r^ |^ (a« - e^acT). 



When 




P is on tlie curve this equation gives us the known 

hh' 

expression for the normal = - (Art. 181). 

Ex. 7. Prove FG . FG' - CM,NN'. When P is 
on the curve this theorem becomes FG, F'G' = **. 

193. To find the polar equation of the ellipse or hyperbola^ 
the focus F' being tJie pole. 

The length of the focal radius vector (Art. 182)=a-ea?'j 
but x' (being measured from the centre) =p cos^ + c. 

Hence p^a — ep cos 6 — ec, 

^ a(l-g') ^y 1 

'^ 1 + e cos d a * l + e cos d ' 
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The double ordinate at the focus is called the parameter ; its 
balf is found, by making 6 *= 90** in the equation just given, to be 

= — = a (1 - €")» The parameter is commonly denoted by the 

letter p. Hence the equation is often written 

^ 2 • l + eco8«' 
The parameter is also called the Latus Eectum*^^ 

Ex. 1. The hannonic mean between the segments of a focal chord is constant, 
tmd equal to the semi-parameter. 

For, if the radius ttector FP, when produced backwards through the focus, meet 

the curve again in P*, then FP being ^ . ^ — « , FP\ which answers to (6 + 18CP), 

Hence -1-4._L=* 

FP^FP' p* 

Ex. 2. The rectangle under the segments of a focal chord is proportional to the 
whole chord. 

This is merely another way of stating the result of the last Example ; but it may 
be proved directly by calculating the quantities /P. FP\ and FP + PP', which are 
easily seen to be respectively 

b^ 1 ,25« 1 



, and- 



a« 1 - c2 cos«e* a 1 - e* cos^O ' 

E&. 3. Any focal chord is a third proportional to the transverse a^ and t^o 
parallel diameter. 

For it will be remembered that the length of a semi-diameter making sen afigle fl 
with the transverse axis is (Art. 161) 



R'-- 



1 - e^ cos^e 



2i2^ 
Hence the length of the chord FP -f FP' found in the last Example = ^- , 

Ex. 4. The sum of two focal chords drawn paiaUel to two conjugate diameters is 
constant. 

For the sum of the squares of two conjugate diameters is constant (Art. 173). 

Ex 5. The sum of the reciprocals of two focal chords at right angles to each other 
is constant. 

194. The equation of the ellipse, referred to the vertex, is 
{x-af ,y'_- 

or V = — x — -\x=px — ; a; . 

Bn 
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Hence, Id tbe ellipse, the square of the ordinate is less than the 
rectangle under the parameter and abscissa. 

The equation of the hyperbola is found in like manner, 

Hence, in the hyperbola, the square of the ordinate exceeds the 
rectangle under the parameter and abscissa. 

We shall show, in the next chapter, that in the parabola 
these quantities are equal. 

It was from this property that the names paralola^ hyperbola^ 
and ellipse^ were first given (see Pappus, Math. ColLy Book vii.)« 

CONFOCAL CONICS.* 

194(a). Since the distance between the foci is 2c, where 
c^=za^^ ft'j two concentric and coaxal conies will have the same 
foci when the difference of the squares of the axes is the same 
for both; and if we take the ellipse whose semi-axes are a 
and bj any conic will be confocal with it, whose equation is 
of the forni 



+ 






If we give the positive sign to X*, the confocal conic will be 
an ellipse; it will also be an ellipse when V is negative as 
long as it is less than b\ When V is between i* and a^^ the 
curve will be a hyperbola, and when V is greater than a'*, the 
curve is imaginary. If X" = J*, the equation reducing itself 
to y* = 0, the axis of x is itself the limit which separates con- 
focal ellipses from hyperbolas. But the two foci belong to this 
limit in a special sense. In fact, through a given point can 
in general be drawn two conies confocal to a given one, since 
we have a quadratic to determine X*, viz. 

x'' y2_ _ 

or X*-X'(a« + J* -»'*-. /*) + a''&'-J'aj'»-aV = 0. 

When y' = 0, this quadratic becomes (X* - 6') (X' - a" + x"^) = 0, 
and one of its roots is X' = &", but if we have also a'* = a' - i% 

♦ This section may be omitted on a first reading. 
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the second root is also X* = 5", and therefore the two foci are in 
a special sense points corresponding to that value of X". 

If in the quadratic for X" we substitute X* = a*, we get the 
positive result (a* - b*) a;'* ; if we substitute X* = 6* we get the 
negative result (i*--«*)y'*; if we substitute negative infinity we 
get a positive result; hence, one of the roots lies between 
a' and i*, and the other is less than V; that is to say, one 
of the conies is a hyperbola and the other an ellipse, as is 
evident geometrically. In fact, through a given point F can 
clearly be described two conies having two given points -F, F^ 
lor foci ; via. the ellipse, whose major axis is the sum of i^P, 
i^'P, and the hyperbola whose transverse axis is the difference 
of the same lines. Conversely, if a', a" be the semi-axes major 
of the ellipse and hyperbola, FF and F^F are a -^d^ and 
a — a • 

194 (J). This theory can be made to furnish a kind of 
coordinate system which is sometimes employed ; viz. any point 
P is known when we know the axes of the two conies, confocal 
to a given one, which can be drawn through it ; and in terms 
of these axes can be expressed tte ordinary coordinates of P, 
and the lengths of all other lines geometrically connected with 
it. Perhaps the easiest way of getting such expressions is 
to investigate anew the problem of drawing through P a conic 
with given foci, taking for unknown quantity the transverse 
axis of the conic. Then since <? is known, we write «"-c* for 
i", and have 

^V-^=i 

or a'^-a^ (x'» +y * + «") + cV* = 0. 

In like manner, if 6* had been taken as the unknown quantity 

we should have had 

i^ - V (a;'* + y" - O ^ cV = ^» 
The products of the roots of these equations are respectively 
cV* and - ^y'^. Hence, we have at once expressions for the 
coordinates of the intersections of two confocal conies, viz. 
cV* = a'V'*, c*y''=-i''6'''. The last value being negative, 
it follows that one of the values of V is positive and the other 
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I 

negative ; tbat is to say, that one of the conies is an ellipse 

and the other a hyperbola. Considering then V^ as containing 

implicitly a negati^ sign, the values we have obtained for thQ 

coordinates may be written symmetrically 



^-^,^^ r- 



194 (o). From the second term in either of the equationsi 
I we get an expression for the square of the radius vector to 
the point P, viz. 

This also may be got by adding the depressions for oP and yf^ 
just found, since 

and a'«-J'*=^a"*-&'^ = c«, 

The square of the semi-diameter of the ellipse conjugate ta 
,(7Pis given by the equation /S" = a'" + 6'* - (a'» + J'''*), and i^ 

therefore ft'«-y^ or a'* -a'^. 

If ^' be the perpendicular on the tangent to the ellipse at Py 
' we have /8p' ==* o!b\ and therefore 

In like maimer if j>" be the perpendicular on the tangent tQ 
the hyperbola we have 

The reader will observe the symmetry which exists between 
these values for p'*, y^, and the values already found for 
a;'*, y[^. If the two tangents at P be taken as axes of coor- 
dinates, p\ y are the coordinates of the centre C The 
analogy then between the values for p', ^ and those for x\ j/ 
may be stated as follows : With the point P as centre, two 
confocal conies may be described having the tangents at P 
as axes, and intersecting in G. The axes of the new system 
are a', a" ; J', J" ; and the tangents at to the new system 
are the axes of the old system. 
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194 (rf). Keturning to the quadratic of 194(a), if X'*, X"* 
be the roots, we have V V = a*i« ■- i V« ^ ay ". Now if x'xf 

be a point external to -5 + Ti = l, we have X^ = a'* — a*, 

X'^^ssa'^ — a*; and it will be observed that X"* is essentially 
negative, since the axis of any hyperbola of the system is less 
than that of any ellipse. Thus we have 

a« "^ i* ^ a'b'' 

The expression given (Ex. 3, Art. 169) for the angle between 
the tangents to an ellipse from an external point may be thrown 
into the form 



tan^--^,,^^.. „-,-^^^. 



{a''''a')-]'{a'''^d') 
Now, when we have a formula tan^— ^^ an we have at once 

A —" fJL 

tan^^ = ^ , or in the present case = a /(-ts 5) • 

We have seen (Art. 189) that the tangents PT, Pt are 
equally inclined to the tangent to the confocal ellipse at P, or, 
in other words, that that tangent is the externjil bisector of the 
angle TFt. If then that tangent make an angle -^ with PT, 
^ will be the complement of |(/), and we have 

Cor. 1. We have always 

a''cos>-fa''"sin'^^ = a'. 

Cor. 2. If on the tangents PT, Pt be taken from P 
portions, equal respectively to the focal distances i!F, PF\ 
the length of the line joining their extremities will be 2a. For 
if we consider the triangle whose sides are a' 4 a'', a' — a^ (see 
Art. 194a) and 2a, and apply the ordinary trigonometric formula 

tan' 4 (7=^ 7-^-^: — -j we find for the angle between the first 

^ s (s - c) ' ° 

two lines the same value as that just found for 0. 

Cor. 3. If from a point P tangents be drawn to two fixed 
confocal ellipses, the ratio (sin ylr : sin >/r') of the sines of the 
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angles which these tangents make with the tangent to the 
confocal ellipse passing through P will be constant while P moves 
on that ellipse. For if a and A be the semi-axes of the 
interior ellipses, we have, from what has been just proved, 






an expression not involving a'^y aud therefore the same for 
every poiul on the ellipse a\ 

THE ASYMPTOTES. 

195. We have hitherto discussed properties common to tho 
ellipse and the hyperbola. There is, however, one class of pro- 
perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptotes^ 
which in the ellipse are imaginary. 

We saw that the equation of the asymptotes was alwaya 
obtained by putting the terms containing the highest powers of 
the variables = 0, the centre being the origin. Thus the equation 
of the curve, referred to any pair of conjugate diameters, beiog 



a 



/« i'^ ~ * 



that of the asymptotes is 

-Tii-^.^O, or-- gr = 0, aud - + f, = 0. 
a o a a 

Hence the asymptotes are parallel to the diagonals of the paral- 
lelogram, whose adjacent sides are any pair of conjugate semi- 
diameters. For, the equation of 

V V 
CTis- = -? , and must, therefore, 

coincide with one asymptote, while 



the equation of AB (■"< + f/= l) 




is parallel to the other(see Art.167). 

Hence, given any two conjugate diameters, we can find the 
asymptotes ; or, given the asymptotes, we can find the diameter 
conjugate to any given one ; for if we draw A parallel to one 
asymptote, to meet the other, and produce it till OB=AO^ we 
find B^ the extremity of the conjugate diameter. 
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196. The portion of any tangent intercepted by the asymptotes 
is lisected at the curve^ and is equal to the conjugate diameter. 

This appears at once from the last Article, where we have 
proved AT=^V=^AT] or directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymp- 
totes is 

Hence, if we take jr = a', we have y = ±J'; but the tangent at 
A being parallel to the conjugate diameter, this value of the 
ordinate is the intercept on the tangent. 

197. If any line cut a hyperbola^ the portions DE^ FO^ in-- 
iercepted between the curve and its asymptotes^ are eguaL 



For, if we take for axes a 



5>, 



>^ 




diameter parallel \o DO and 

its conjugate, it appears from 

the last Article that the por- \ ^^^^^^/C;^^^^^^^^ 

tion DQ \Q bisected by the /^'^^^^^^^x/ap 

diameter ; so is also the portion 

EF] hence DE=FG. 

The lengths of these lines can immediately be found, for, 
from the equation of the asymptotes (-^^ — ^,5, =0j , we have 
y{=DM=MG)=±Kx. 

Again, from the equation of the curve 

we have y (= EM= FM) =±V . /(C - l) • 
Hence ^^ (= ^«) = *' g- ^( J ^ l)} , 

and ^^(=^^)=^'{jV&-0}- 

198. From these equations it at once follows that the rect* 
angle DE.DFis constant^ and = ¥\ Hence, the greater BFis^ 
the smaller will DE be. Now, the further from the centre we 
draw DF the greater will it be, and it is evident from the value 
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piven In the last article, that by taking x sufficiently large, we 
can make DF greater than any assigned quantity. Hence, 
the further from the' centre we draw any Une^ the less will he the 
intercut between the curve and its asymptotCj and hy increasing 
the distance from the centre^ we can rnahe this intercept less than 
any assigned quantity. 

199. If the asymptotes be taken for axes, the coefficients g 
and / of the general equation vanish, since the origin is the 
centre ; and the coefficients a and h vanish, since the axes meet 
the curve at infinity (Art. 138, Ex. 4) ; hence the equation re- 
duces to the form 

xy = 1^* 

The geometrical meaning of this equation evidently is, thftt 
the area of the parallelogram formed ly the coordinates is constant. 

The equation being given in the form xy = lc\ the equation 
of any chord is (Art. 86), 

{X" x') {y - y'') = xy -h^^ 

or x^y + y'^x = i'* + xy'\ 

Making xf ^xf' and y' ^^y'^ we find the equation of the tangent 

or (writing x!y' for W) 

X y 

From this form it appears that the intercepts made on the 
asymptotes by any tangent =2a;' and 2^; their rectangle is, 
therefore, 44*, Hence, the triangle which any tangent forms with 
the asymptotes has a constant area^ and is equal to double the area 
of the parallelogram formed by the coordinates* 

Ex. 1. If two fixed points (ay, af'y") on a hyperbola be joined to any variable 
point on the curve {x"'j/")f the portion which the joining lines intercept on either 
asymptote is constant. 

The equation of one of the joining lines being 

«^"y + y'x = y'x'" + ^, 

the intercept made by it from the origin on the axis of a is found, by making y = 0, to 
be x'" + a?'. Similarly the intercept from the origin made by the other joining line is 
jj'" + x'\ and the difference between these two (»' — x") is independent of the position 
of the point x"'y"\ 
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fix. 2. "ffrnd tb6 coordinates of the interaection of the tangents at ae^/^a^Y' 
Solve for x and y from 

2k^ («' - a?'') 
and we find x = —7-7; t-tt > 

ife* jfca 2rc'x" 

which if we substitute for y', y", -7 , -?> becomes , .^ • 

Sunilarlj y= f^^^. 

200. To express the quantity fc* in terms of the lengths of the 
axes of the curve. 

Since the axis bisects the angle between the asymptotes, the 
coordinates of its vertex are found, by patting x=y m the 
equation xy = A*, to be a; = y = k. 

Hence, if be the angle between the axis and the asymptote 

a = 2^cos^, 

(since a is the base of an isosceles triangle whose sides = h and 
base angle = 6)^ but (Art. 165) 

hence ,^^±n. 

And the eqaation of the carre, referred to its asymptotes, is 

a' + J» 

201. The 'perpendicular from the focus on the asymptote is 
equal to the conjugate semi^axis b. 

For it is OF And, but CF=^ V(a«+ S'), and sin 5= ^ . 

y \a "T ) 

This might also have been deduced as a particular case of the 

property, that the product of the perpendiculars from the foci on 

any tangent is constant, and = — V. For the asymptote may be 

considered as a tangent, whose point of contact is at an infinite 

distance (Art. 154), and the perpendiculars from the foci on it 

are evidently equal to each other, and on opposite sides of it. 

202. The distance of the focus from any point on the curve is 
equal to the length of a line drawn through the point parallel to an 
asymptote to meet the directrix, 

CO 
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For the distance from the focus is e times the distance from 
the directrix (Art. 186), and the distance from the directrix is to 

the length of the parallel line as cosd f = - , Art. 167 ] is to 1. 

Hence has been derived a method of describing the hyperbola 
by continued motion. A ruler ABR^ bent 
at J9, slides along the fixed line DIX \ a 
thread of a length = RB is fastened at the 
two points R and F^ while a ring at P keeps 
the thread always stretched ; then, as the 
ruler is moved along, the point P will de- 
scribe an hyperbola, of which jF is a focus, 
DU a directrix, and BR parallel to an 
asymptote, since PjFmust always =P^. 
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CHAPTER XII. 

THE PARABOLA. 
REDUCTION OP THE EQUATION. 

203. The equation of the second degree (Art, 137) will re- 
present a parabola, when the first three terms form a perfect 
square, or when the equation is of the form 

We saw (Art. 140) that we could not transform this equation 
so as to make the coefficients of x and y both to vanish. The 
fonn of the equation, however, points at once to another method 
of simplifying it. We know (Art. M) that the quantities 
«a; + ^y, 2gx + 2ft/ + €j are respectively proportional to the 
lengths of perpendiculars let fall from the point (xy) on the 
right lines, whose equations are 

(ix + /3y = 0j 2gx + 2Jy-\-€==0, 

Hence, the equation of the parabola asserts that the square of 
the perpendicular from any point of the curve on the first of 
these lines is proportional to the perpendicular from the same 
point on the second line. Now If we transform our equa- 
tion, making these two lines the new axes of coordinates, then 
since the new x and y are proportional to the perpendiculars 
from any point on the new axes, the transformed equation must 
be of the form y" ==px. 

The new origin is evidently a point on the curve ; and since 
for every value of a; we have two equal and opposite values of y, 
our new axis of x will be a diameter whose ordinates are parallel 
to the new axis of y. But the ordinate drawn at the extremity 
of any diameter touches the curve (Art. 145) ^ therefore the new 
axis of y is a tangent at the origin. Hence the line oa; + /8y is 
the diameter passing through the origin, and 2gx + 2ft/ + c is 
the tangent at the point where this diameter meets the curve. 
And the equation of the curve referred to a diameter and 
tangent at its extremity, as axes, is of the form y^ =2>x. 
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204. The new axes to which we were led in the last article 
are in general not rectangular. We shall now show that it ia 
possible to transform the equation to the form y^ =p^j the new 
axes being rectangular. If we introduce the arbitrary constant 
k^ it is easy to verify that the equation of the parabola may b« 
written in the form 

Hence, as in the last article, ax + fiy-^-k is a diameter, 
2(5r--ai)aj + 2 (/— /8A)y + c — Ai* is the tangent at its ex- 
tremity, and if we take these lines as axes, the transformed 
equation is of the form t/^=px. Now the condition that thejeiQ 
new axes should be perpendicular is (Art. 25) 
a07-ai)+/8(/-/9A) = O, 

whence ^ = - 4 . o« • 

Since we get a simple^pequation for 4, we see that there is one 
diameter whose ordinates cut it perpendicularly, and this dia- 
meter is called the axis of the curve. 

205. We might also have reduced the equation to the form 
tf^=px by direct transformation of coordinates. In Chap, xi, 
we reduced the general equation by first transforming to parallel 
axes through a new origin, and then turning round the axes so 
SLS to make the coefficient of xy vanish. We might equally 
well have performed this transformation in the opposite order } 
and in the case of the parabola this is more convenient, since 
we cannot, by transformation to a new origin, make the coefii-« 
cients of x and y both vanish. 

We take for our new axes the line oLX + fiy^ and the line 
perpendicular to it fix — ay. Then since the new X and Y are 
to denote the^lengths of perpendiculars from any point on th^ 
new axes, we have (Art. 34) 

ax + fiy ^ y_ fix- ay 
"'-^(a^-^fir V(a^ + yy^)' 

If for shortness we write Q? + fi* = 7*, the formulae of transit 
formation become 

yY=ax-\^ fiyy yX=fix-ay^ 
whence yx^aT-^fiX, ryy = fiY—aX. 
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Making these substitutions in the equation of the curve it becomes 

7'r«4 2(^/3^/a)X+2((7a+/^) r+7c = 0. 
Thus, by turning round the axes, we have reduced the equation 
to the form jy ^ g/a; + ^fy + o' = 0, 

If we change now to parallel axes through any new origin x'^f^ 
substituting a; 4 a?', y + y'^ for x and y, the equation becomes 
jy + 2/aj + 2(jy+/0y4 %'* + 2/aj' + 2/y + c' = Q. 
The coeflScient of x is thus unaltered by transformation, and 
therefore cannot v^ this way be made to vanish. But we can 
evidently determine t! and y', so that the coefficients of y and 
the absolute term may vanish, and the equation thus be reduced 
to y^=px. The actual values of the coordinates of the new 

/ /' » r-Vd , . ., ,, 2/ 
ongm are y =^ — t? j sc = ,, , — j and^ is evidently ~ -ir » ^r 

in terms of the original coefficients 

2(/«^.^ff) 
^ T' 

When the equation of a parabola is reduced to the form y^ — px^ 
the quantity p is called the parameter of the diameter, which is 
the axis of x ; and if the axes be rectangular, p is called the 
principal parameter (see Art. 194). 

Ex. 1. Find the principal parameter of the parabola 

9a8 + 24a^ + 16y« + 22a; + 46y + 9 = 0. 

First, if we proceed as in Art. 204, we determine A = 6. The equation may then 
l^e written 

(8a; + 4y + 5)2 = 2 (4a; - 3y + 8). 

Now if the distances of any point from 3a; + 4y + 5 and 4a; — 3y + 8 be F and X, we 
have 

6r = 3a; + 4y + 5, 6X= 4a; - 3y + 8, 

and the equation may be written F* = |Z. 

The process of Art. 205 is first to transform to the lines ^x + 4y, 4a; — 3y as axes, 
when the equation becomes 

2572 + 60F-10X+ 9 = 0, 
or 25 (F+ 1)2 = 10^+ 16, 

which becomes F* = fZ when transformed to parallel axes through (— f, — 1). 
Ex. 2. Find the parameter of the parabola 

a;2 2xy y^ 2x 2y Aa%^ 

a2-^+3-2-a-T+^-^- %t;:^. 

This value may also be deduced d?rectly by the help of the following theorem, 
which will be proved aftti wards :— " The focus of a parabola is the foot of a perpendi- • 



198 THE PARABOLA. 

cular let fall from the intepseotion of two tangents which cut at right angles on their 
chord of contact ;" and " The parameter of a conic is found by dividing four times 
the rectangle under the segmentB of a focal chord by the length of that chord" 
(Art 193, Ex. 1). 

Ex. 8. If a and b be the lengths of two tangents to a parabola which intersect at 
iright angles, and m one quarter of the parameter, provQ 

d» a* »»» 

206. If in the original equation g0 =/a, the coefficient of x 
vanishes in the equation transformed as in the last article ; and 
that equation b'y^ -f 2/'^ + c' = 0, being equivalent to one of the 
form J'(y^X)(y^M) = 0, 

represents two real, coincident, or imaginary lines parallel to the 
new axis of x. 

We can verify that in this case the general condition that 
the equation should represent right lines is fulfilled. For thia 
condition may be writtea 

But If we substitute for a, A, J, respectively, a*, a^S, )8*, the left* 
band side of the equation vanishes, and the right-hand side 
becomes (/a-^/8)'. Writing the condition /a =^)8 in either 
of the {onnsfd^—ga^,fa0 = g0^j we see that the general equa-t 
tion of the second degree represents two parallel right linea 
when A' = a J, and also either a/= hg^ or/h = bg^ 

*207. If the original axes were oblique, the equation is stilt 
reduced, as in Art. 205, by taking for our new axes the line 
oa;-f /8y, and the line perpendicular to it, whose equation ia 
(Art. 26) (/3 - a cos©) a? - (qt - /? cos©) y = 0. 

And if we write 7" = a'4 /S*^ — 2a/8 cosod, the formulae of trans-« 
formation become, by Art. 34, 

yY=i{ax-\-fy) sin CO, yX={/3'-acoB€oi)x— (a — /8 cos q>) y ; 
whence 7a? sin co = (a - /3 cos (o) Y+ ^X sin cd ; 

7y sin G) = (/S — a cos w) Y— aX sin o). 
Making these substitutions, the equation becomes 
7»r* + 2sin«a)(.^i8-/a)X 

-f 2 sino) {^(a-^cosw)4/(/8-' acosft))} r+ 7c sin'*a) = 0. 
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, And the transformation to parallel axes proceeds as in Art. 205. 
The principal parameter is 

__^ _ 2(/a-ff/3)sin'Q) 
*' (a* + /9»-2a/3cosa))* 
Ex. Find the principal parameter of 

^_?^ + ?!_?^_?y + l = 0. Jim. 4g«y8in«ft» 

a^ ab b^ a b ' ' (o« + i« + 2a6 cos «)* * 
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208. From the equation y*=j>x we can at once perceive the 
figure of the curve. It must be symmetrical on both sides of the 
axis of a;, since every value for x gives two 
equal and opposite for y. None of it can 
lie on the negative side of the origin, since 
if we make x negative, y will be imagi- 
nary, and as we give increasing positive 
values to or, we obtain increasing values 
for y. Hence the figure of the curve is 
that here represented. 

Although the parabola resembles the hyperbola in having in- 
finite branches, yet there is an important diflFerence between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coincide with two diverg- 
ing right lines ; but this is not true for the parabola, since, if we 
seek the points where any right line (£C = %+Q meets the 
parabola [y^=-px)^ we obtain the quadratic 

whose roots can never be infinite as long as Jc and I are finite. 

There is no finite right line which meets the parabola in two 
coincident points at infinity; for any diameter (y = w), which 
meets the curve once at infinity (Art. 142), meets it once also in 

the point a? = — ; and although this value increases as m in- 
creases, yet it will never become infinite as long as m is finite. 

209. The figure of the parabola may be more clearly con- 
ceived from the following theorem : If we suppose one vertex 
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and focus of an ellipse given, while its axis major increases with- 
out limit, the curve will ultimately become a parabola* 

The equation of the el- p 

lipse referred to its vertex j^ 
is (Art, 194) 

We wish to express b in terms of the distance VF{=m)^ 
which we suppose fixed. We have tw = a — \/(a* - J") (Art. 182), 
whence b* = 2a7/i — 9ra', and the equation becomes 
, A 2w^ /2m m\ , 

Now, if we suppose a to become infinite, all but the first term of 
the right-hand side of the equation will vanish, and the equation 
becomes y» ^ 4^^^ 

the equation of a parabola. 

A parabola may also be considered as an ellipse whose eccen* 

tricity is equal to 1. For e* = 1 j . Now we saw that -5 , 

which is the coefficient of x^ in the preceding equation, vanished 
as we supposed a increased, according to the prescribed condi- 
tions; hence e* becomes finally = 1. 

THE TANGENT. 

210. The equation of the chord joining two points on the 
curve is (Art. 86) (y .y') (y-y")=y«-p^, 
or (y + /)y=/>a; + yy". 

And if we make y'* ^y\ and for y'* write its equal ^x', we have 
the equation of the tangent 

Vy ^P K^ + ^')- 
If in this equation we put y = 0, we get a; = - a;', hence TM 
(see fig. next page), which is called the Subtangent, is bisected 
at the vertex. 

These results hold equally if the axes of coordinates are 
oblique ; that is to* say, if the axes are any diameter and the 
tangent at its vertex, in which case we saw (Art. 203) that the 
equation of the parabola is still of the form y^ =px. 
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This AHicle ebables us, there- 
fore, to draw a tangent at any 
point on the parabola, since we 
have only to take TV— VM and 
join FT\ or again, having found 
this tangent, to draw an ordinate 
from P to any other diameter, 
since we have only to take V'M't=i T'V\ and join PiT. 

211. The equation of the polar of any point a?y is similar 
in form to that of the tangent (Art. 89), and is, therefore. 

Putting y — 0, we find that the intercept made by this polar 
on the axis of aj is — of. Hence the intercept which the polars of 
any two points cut off on the axia is equal to the intercept between 
perpendiculars from those points on that aods ; each of these 
quantities being equal to (a?' — a?"). 

DIAMETERS* 

212. We have said that if we take for axes any diameter 
and the tangent at its extremity, the equation will be of the 
form if^p'x. 

We shall prove ^this again by actual transformation of the 
equation referred to rectangular axes (y'=i?a?), because it is 
desirable to express the newp' in terms of the old^. 

If we transform the equation y" =paj to parallel axes through 
any point (a?y) on the curve, writing x-^-t! and y +y for x and 
y, the equation becomes 

Now if, preserving our axis of a:, we take a new axis of y,' 
inclined to that of x at an angle d, we must substitute (Art. 9), 
y sind for y, and a; +y cosd for a;, and our equation becomes 
y" sin*5 + 2y'y sin d^px -^-py cos tf. 
In order that this should reduce to the form y' '=^pXf we must 
have 

' 2y' sin =fp costf, or tan tf = ^ . 

Now this is the very angle which thQ tangent makes with the 
axis of Xj as we see from the equation 

2/3^=-it?(aj + aj'). 

DD 
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The equation, therefore, referred to a diameter and tangent, 
will take the form 

i^* = -=^») or y=/a:. 

The quantity p' is called the parameter corresponding to the 
diameter r'Jf', and we see that ike parameter of any diameter is 
inversely proportional to the square of the sine of the angle which 

its ardinates make with ike axis^ smce p = ^7^ • 

We can express the parameter of any diameter in terms of the 

coordinates of its vertex, from the equation tan^= — >; hence 



hence p' =i? + 4a/. 
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213. The equation of a line through (a;'/) perpendicular to 
the tangent 2yy' —p [x + a?') is 

i?(3/-y) + 2/(aj-a;')=0. 

If we seek the intercept on 
the axis of x we have 

x[=VN)^x'-{-y] 
and, since Filf=a;', we must have 

MN (the subnormal^ Art. 181) = ^p. 

Hence in the parabola the subnormal is constant^ and equal to 
the semi-parameter. The normal itself 
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214. A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, 
is called the focus of the curve. This is the point which. 
Art. 209, has led us to expect to find analogous to the focus 
of an ellipse ; and we shall show, in the present section, that a 
parabola may in every respect be considered as an ellipse, 
having one of its foci at this distance and the other at infinity. 
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To avoid fractions we shall ofteii) In the following Articles, use 
the abbreviation m = \p. 

To find the distance of any point on the curve from the focus. 

The coordinates of the focus being (w, 0), the square of its 
distance from any point is 

{»' - m)* + /* = a?" - ^mx -h w* + 4maj' = [x' + m)\ 
Hence the distance of any point from the focus = »' + w. 

This enables us to express more simply the result of Art, 212, 
and to say that the parameter of any diameter is four times the 
distance of its extremity from the focus, 

215. The polar of the focus of a parabola is called the 
directrix^ as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex = w, its polar 
is (Art. 211) a line perpendicular to the axis at the same dis* 
tance on the other side of the vertex- The distance of any point 
from the directrix must, therefore, = a?' + wi. 

Hence, by the last Article, ike distance of any point on the 
curve from the directrix is equal to its distanxie from the focus. 

We saw (Art. 186) that in the ellipse and hyperbola the 
distance from the focus is to the distance from the directrix in 
the constant ratio e to 1. We see, now, that this is true for the 
parabola also, since in the parabola e^l (Art. 209). 

The method given for mechanically describing an hyperbola, 
Art. 202, can be adapted to the mechanical description of the 
parabola, by simply making the angle ABB a right angle. 

216. The point where any tangent cuts the axis^ and its point 
of contact^ are equally distant from the focus. 

For, the distance from the vertex of the point where the 
tangent cuts the axis =?»' (Art. 810),^ its distance from the focua 
is therefore a?' + m^ 

217. Any tangent makes eqvtat angles vnth the axis and with 
the focal radius vector. 

This is evident from inspection of the isosceles triangle^ 
which, in the last Article, we proved was formed by the axis, 
the focal radius vector, and the tangent. 

This is only an extension of the property of the ellipse 
{Art- 188), that the angle 2!PF= T'PF'-^ for, if we suppose the 
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focus F' to go off to infinity, the line FF' will become parallel 
to the axis, and TPF=^PTF. (See figure, p. 200) • 

Hence the tangent at the extremity of the focal ordinate cuta 
the axis at an angle of 45"*, 

218. To find the length of the perpendioular ftcm the focus on 
the tangent. 

The perpendicular from the point [m^ 0) on the tangent 
ly/ = 2m(aj + iB')} is 

2m [oi + «») 2m (aj' + wi) ,. , . ., 

"" V(/' + 4m') == ^{^mx' + W) ^ ^^^ ^^ + *^^ '• 
Hence (see fig., p, 202) FR is a mean proportional between FY 
andZP. 

It appears, also, from this expression and from Art. 213 that 
FB is half the normal, as we might have inferred geometrically 
from the fact that TF^FN. 

219. To express the perpendicular from the focus in terms (^ 
the angles which it makes with the axis. 

We have 

cosa-sini^ra = (Art, 212) ^(^) , 

Therefore (Art 218) 

FR^sf{m[x'^m)]^'^. 
^ ^ '' cosa 

The equation '6f the tangent, the focus being the origin^ can 
therefore be expressed 

X cosa + V sina -{ = 0, 

^ cosa ' 

and hence we can express the perpendicular from any other 
point in terms of the angle it makes with the axis. 

220. The locus of the extremity of the perpendicular from the 
fbcus on the tangent is a right line. 

For, taking the focus for pole, we have at once the polar 
equation 

m 

P= , p cosa s 97), 

'^ cosa' '^ ^ 

^hich obviously represents the tangent at the vertex. 

Conversely, if from any point -F we draw FB a radius vector 
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to a right line VB^ and draw PB perpendicular to it, the line 
JFB will always touch a parabola having -Ffor its focus. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than is sufficient to determine 
a line is given, and it is required to find its envelope^ that is 
to say, the curve which it always touches. 

We leave, as a useful exercise to the reader, the investiga- 
tion of the locus of the foot of the perpendicular by ordinary 
rectangular coordinates. 

221. To find the loctts of the intersection qf tangents which 
cut at right angles to each other. 

The equation of any tangent being (Art. 219) 
X cos'a + y sina cosa + w = ; 
the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle = 90'' + a with the axis) is found 
by substituting cosa for sina, and — sina for cosa, or 

X sin*a — y sina cosa -f wi = 0. 
a is eliminated by simply adding the equations, and we get 

aj + 2w = 0, 
the equation of the directrix^ since the distance of focus from 
directrix = 2m. 

222. The angle ietween any two tangents is half the angle 
between the focal radii vectores to their points of contact. 

For, from the isosceles PFTy the angle PTFy which the tan- 
gent makes with the axis, is half the angle PFN^ which the focal 
i^adius makes with it. Now, the angle between any two tangents 
is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference 
of the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem : for if two tangents make with each 
other an angle of 90'', the focal radii must make with each other 
an angle of 180", therefore the two tangents must be drawn at 
the extremities of a chord through the focus, and, therefore, 
from the definition of the directrix, must meet on the directrix. 

223. The line Joining the focus to the intersection of two tangents 
bisects the angle which their points of contact subtend at the focus. 
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Subtracting one from the other, the equations of two tan- 
gents, VIZ. 

X cos"a + y sin a cosa + w = 0, x cos*/9 + y siu^ cos^ + »i = 0, 
we find for the line joining their intersection to the focus, 

X sin (a + i8) - y cos (a + /3) =» 0. 

This Is the equation of a line making the angle a + y3 with the 
axis of X. But since a and yS are the angles made with the a^is 
by the perpendiculars on the tangent, we have VFP^^^a and 
VFP' = 2y8 ; therefore the line making an angle with the axis 
^ a + )8 must bisect the angle PFP\ This theorem may also be 
proved by calculating, as in Art. 191, the angle {d-^ff) subtended 
at the focus by the tangent to a parabola from the point xy^ when 

X '4' 97t 

it will be found that cos {0 -^ ff) =? , a value which, being 

independent of the coordinates of the point of contact, will 
be the same for each of the two tangents which can be drawa 
through xy. (See O'Brien's Coordinate Qeometry^ p. 156.) 

Cor. 1. If we take the case where the angle PJ?!P'=180% 
then PP' passes through the focus ; the tangents J!P, 7!P' will 
intersect on the directrix, and the angle TFP= ftO** (See Art, 
192). This may also be proved directly by forming the equa^ 
tions of the polar of any point (— m, ^) on the directrix, and 
also the equation of the line joining that point to the focus* 
These two equations are 

y'y = 2w (a? - «i) , 2m (y- y') + y' (a? + w) = 0, 
which obviously represent two right lines at right angles ta 
each other. 

Cor. 2. If any chord PP' 
cut the directrix in i>, then FD 
is the external bisector of the 
angle PFP\ This is proved as 
at p. 184. 

Cor. 3. If any variable tan- 
gent to the parabola meet two fixed tangents, the angle sub^^ 
tended at the focus by the portion of the variable tangent 
intercepted between the fixed tangents is the supplement of 
the angle between the fixed tangents. For (see next figure] 
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the angle QRT is half pFq (Art. 222), and, by the present 
Article, PFQ is obviously also h^XfpFq^ therefore Pi^^ is =^J?y, 
or is the supplement of PRQ. 

Cor. 4. The circle drcumscrtbing the triangle formed hy any 
three tangents to a 
parabola will pass 
through the focus. 
For the circle de- 
scribed through 
PRQ must pass 
through F^ since 
the angle contained 
in the segment PFQ will be the supplement of that contained 
in PRQ. 

224. To find the polar equation of the parabola^ the focus 
being the pole* P 

We proved (Art. 214) that the focal 
radius 

^x'+m=^VM+m=:^FM+2m=p cos542«i. 

Hence p = -:; 3 . 

'^ 1 -CO8U 

This is exactly what the equation of Art. 193 becomes, if 
we suppose e=l (Art. 209). The properties proved in the 
Examples to Art. 193 are equally true of the parabola. 

In this equation d is supposed to be measured from the side 
FM'j if we suppose it measured from the side FV^ the equation 
becomes 

- 27ra 
^"i + cosd" 

This equation may be written 

p cos*i5 = «i, 
or p*cosi^= (w)*, 

and is, therefore, one of a class of equations 

p* cos«5 = a", 
some of whose prpperties we shall mention hereafter. 
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CHAPTER XIII. 

EXAMPLES AND MISCBLLANEOITS PROPERTIBS OP CONIC SECTIONS. 

225. The method of applying algebra to problems relating 
to conic sections is essentially the same as that employed in the 
case of the right line and circle, and will present no difficulty to 
any reader who has carefully worked out the Examples given in 
Chapters ill. and vii. We, therefore, only think it necessary 
to select a few out of the great multitude of examples which 
lead to loci of the second order, and we shall then add some 
properties of conic sections, which it was not found convenient 
-to insert in the preceding Chapters. 

Ex. 1* Thioagh a fixed point P is drawn a line LK (see fig., p. 40) terminated bgr 
two giren lines. Find the loooa of a point Q taken on the line, so that FL = QK. 

Ex. 2. Two equal mlers ABj BCy are connected by ^ 

a piyot at B ; the extremity A is fixed, while the ex- 
tremity C is made to traverse the right line AC\ find 
the locns described by any fixed point P on BC. 

Ex. 8. Given base and the product of the tangentd 
of the halyes of the base angles of a triangle ; find the ^ ^ 

• locus of vertex. 

Expressing the tangents of the half angles in terms of the sides, it wUl be found 
that the sum of sides is given ; and, therefore, that the locus is an ellipse, of which the 
extremities of the base are the foci. 

Ex. 4. Given base and sum of sides of a triangle ; find the locus of the centre of 
the inscribed circle. 

It may be immediately inferred, from the last example, and from Ex. 4, p. 47, that 
the locus is an ellipse, whose vertices are the extremities of the given base. 

Ex. 5. Given base and sum of sides, find the locus of the intersection of bisectors 
of sides. 

Ex. 6. Find the locus of the centre of a circle which makes given intercepts on 
two given lines. 

Ex. 7. Find the locus of the centre of a circle which touches two given circles, or 
which touches a right line and a given circle. 

Ex. 8. Find locns of centre of a circle which passes through a given point and 
makes a given intercept on a given Une. 

Ex. 9. Or which passes through a given point, and makes on a given line an in- 
tercept subtending a given angle at that point. 

Ex. 10. Two vertices of a given triangle move along fixed right lines; find the 
locuM of the third. 
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^.11. A triaiigle ABC circnmscribes a ^ren circle ; the angle at C Is given, and 
b moyes along a fixed line ; find the locns of A, 

Let ns nse polar coordinates, the centre being the pole, and the angles being 
tneasured from the i)erpendicalar on the fixed line \ let the coordinates of ^, £, be />, 
6$ p\ V, Then we have / cosO' =/». Bat it is easy to see that the angle AOB is 
given (= a). And since the perpendicular of the triangle AOB ia given, we have 

pp* sin a 



Bnt e + d^^a; thefef ore the polar equation of the locns ia 

j> V sin* a 



p* C0B«(o - 0) +^* -^ 2pp cosa cos(a - 0)* 
which represents a conic. 

Ex. 12. Find the loons of the pole with respect to one conic A of any taiigent to 
another conic B, 

Let a/3 be any point of the locns, and Xx-^py + vits polar with respect to the conic 
Af then (Art. 89) \, /bi, y are functions of the first degree in a, /3. But (Art. 151) the 
condition that Xx + fi,y + v should touch B ia of the second degree in X, fi, », Tha 
locus is therefore a conic. 

Ex. 13. Find the locus of the intersection of the perpendicular from a fbcua on any 
tftngent to a central conic, with the radius vector from centre to the point of contact. 

Ant, The corresponding directrix. 

Ex. 14. Find the locus of the intersection of the perpendicular from the centre on 
Atiy tangent, with the radius vector from a focus to the point of contact. Aru. A circle. 

Ex. 15. Find the locus of the intersection of tangents at the extremities of conju- 
gate diameters. .^^ a:« y«_ 

This is obtained at once by squaring and adding the equations of the two tangents, 
Attending to the relations. Art. 172. 

Ex. 16. Trisect a given arc of a circle. The points of trisection are found as the 
Snteraection of the circle with a hyperbola. See Ex. 7, p. 47. 

Ex. 17. One of the two parallel sides of a trapezium is given in magnitude and 
position, and the other in magnitude. The sum of the remaining two sides ia given ; 
find the locus of the intersection of diagonals. 

Ex. 18. One vertex of a parallelogram circdmscribing an ellipse moves along one 
directrix ; prove that the opposite vertex moves along the other, and that the two 
remaining vertices are on the circle described on the axis major as diameter. 

226. We give in this Article some examples on the focal 
properties of conies. 

Ex. 1. The distance of any point on a conic from the focus is equal to the whole 
length of the ordinate at that point, produced to meet the tangent at the extremity of 
the focal ordinate. 

Ex. 2. If from the focus a line be drawn making a given angle with any tangent, 
find the locus of the point where it meets it. 

Ex. 3. To find the locus of the pole of a fixed line with regard to a series of con- 
centric and confocal conic sections. 

We know that the pole of any line (^ + ^ = ^) » ^^^ regard to the conic 

f- + ^ = 1 j , is found from the equations mx^a!^ and ny « 6« (Art. 169). 
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Now, if the fooi of. the oonip Bxe giveii, aS-ftSs^* is giren; hence, the locos oi ttie 
pole of the fixed line ia ~ 

the equation of a right Une perpendicnlar to the given line. 

If the given Une ton<^ one of the couicB, its pole will be the point of contact. 
Hence, given two ooitfocal oonioB, If we diaw any tangent to one and tangents to the 
second where this line meets it, these tangents will inteisect on the nonnal to the 
firat conic. 

Ex. 4. Find the locns of ^bb points of contact of tangents to a series of confocal 
eUipees from a fixed point on the axis major. Atu, A circle. 

Ex. 5. The lines Joining each focos to the foot of the perpendicular from the other 
focus on any tangent intersect on the corresponding normal and bisect it. 

Ex. 6. The focus being the pole, prove that the polar equation of the chord 
through points whose angular coordinates area + /3,a~/3yis 

^ = e oosd + sec /3 cos (0 - a). 

This expression is due to Mr. Frost {Cambridge and Dublin Math. Journal, I., 69, 
cited by Walton, Examples, p. 375). It follows easily from Ex. 8, p. 87. 

Ex. 7. The focus being the pole, prove that the polar equation of the tangent, ai 
tiie point whose angpilar coordinate is a, is ^ = « cos + cos (0 - a). 

This expression is due to Mr. Davies {Philosophical Magazine for 1842, p. 192^ 
cited by Walton, Examples, p. 368). 

Ex. 8. If a chord PP^ of a conic pass through a fixed point 0, then 

tan iPif'O. tan iP'FO 
is constant. 

The reader will find an investigation of this theorem by the help of the equation ol 
Ex. 6 (Walton's Examples, p. 377). I insert here the geometrical proof given by 
Mr. Mac Cullagh, to whom, I believe, the theorem is due. Imagine a point O taken 
anywhere on PP* (see figure p. 206), and let tiie distance FO be e' times the distance 
of from the directrix : then, sinoe the distanoea of P and from the directrix are 
proportional to PD and OD, we haw 

FP FO _€ an PD F , mnODF_ « 
Td'^'OD^?*^ anPFD^tmOFD"^' 

_ . _. COB OFT e 

Hence (Art. 192) eosPFT ~ e' * 

#r, since (Art. 191) PFT is half the sum, andOFT half the difference, of PFO and P^FO, 
tan JPFO.taniP'FO = * ^*^ 

It is obvious that the product of these tangents remains constant if (7 be not fixed, bat 
be anywhere on a conic having the same focus and directrix as the given conic. 

Ex. 9. To express the conditk>n that the chord joining two points oc^jf', x"^* on the 
eurve passes through the focus. 

This condition may be expressed in several equivalent forms, two of the most 
useful of which are got by expressing that 0" = 0* + 180°, where 0', 0" are the angles 
made with the axis by the lines joining the focus to the points. The condition 
sin 0" = — sin 0' gives 



«(y'+y") = «(«'y" + «"y'). 
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»Onie coadiMon cos 6^ = - cos 0* gives 

Ex. 10. If normals be drawn at the extremities of any focal chord, a HUe drown 
through their intersection parallel to the axis major will bisect the chord. [This 
solution is by Larrose, NouveUes Annalesy jlijl. 85.] 

Since each normal bisects the angle between the focal radii, the intersection of 
normals at the extremities of a focal chord is tiie centre of the circle inscribed in the 
triangle whose base is that <diord, and sides the lines joining its extremities to the other 
focus. Now if a, 6, c be the sides of a triangle whose rertioes are x^i/, ^'}/'% x'"y"\ 
then, Ex. 6, p. % the coordinates of the centre of the inscribed circle are 

oa f ■\-hx'* + ex" * _ ay' + y + cj/** 

In the present case the coordinates of the yerfiices are a/, y^ ; »", tfi — c» j and 
the lengths of opposite sides are « + «rf", « + «a/, 2a - sa/ — eos". We hare theref oi« 

{a + ex*)yr-\-{a'¥ear)if 

or, redudng by the first lelation of the last Example, y = i (/ + y^i which proves tho 
theorem. 

In like manner we have 

* = ii • 

which, reduced by the second relation, becomes 

(o - f eg) (a/ 4- af') - 2cm 
*- 2i • 

We eould find, similarly, expressions for the coordinates of the intersection of 
tangents at the extremities of a focal chord, since this point is the centre of the circle 
exscribed to the base of the triangle just considered. The line joining the intersection 
'of tangents to the corresponding intersection of normals evidently passes through a 
.focus, being the bisector of the vertical angle of the same triangle. 

Ex. 11. To find the loeos of the intersectioa of normals at the extremities of a 
focal chord. 

Let a, /3 be the coordinates of the middle point of the chord, and we have, by the 
last Example, 

If, then, we knew the equation of the locus described by a/9, we should, by making 
the above substitutions, have the equation of the locus described by xy. Now the 
polar equation of the locus of middle point, the focus being origin, is (Art. 193) 

— ^ « cos 

which, transformed to rectangular axes, the centre being origin, becomes 

*2a« + a2/32 - b^ea. 
The equation of the locus sought is, therefore, 

a2*2 (x + cy + (a« + c^)Y = b^c (a« + <?«) {x + e). 
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Ex. 12. If 6 be the angle between tbe tangents to an ellipee from any point /*| 
and if /O} /o' be the distances of that point from the 

foci, prove that cob = !- — ^— ^ (see also 

Art. 194 tf).. 

For (Art 189) 

^ PF.PF' pp'* 

But COB FPF' - cos rP* = 2 sin TPF, an tPFi 
and 2pp' cos FPF' = /»• + /»"«- 4<^. 

Ex. 13. If from any point two lines be drawn to the foci (or touching any 
oonfocal conic) meeting the conic iaJK, R; S, 8'-, then (see also Ex. 15, Ait. 281) 

It appears from the quadratic, by which the radius vector is determined (Art. 136), 
that the difference of the reciprocals of the roots will be the same for two valuep 
of 0, which give the same value to 

{ac-^g^) oos«0 + 2 (cA -5f ) COB0 sine + {he -/«) 8in«0. 
ITow it is easy to see that A co8^0 + 2S cos sin + .8 sin^0 has equal values for any 
two values of 0, which correspond to the directions of lines equally inclined to the 
two represented by Ax^ + 2Sxy + By* = 0. But the function we are considering 
becomes = for the direction of the two tangents through (Art. 147) ; and tangenta 
to any confocal are equally inclined to these tangents (Art. 189). It follows from this 
example that chords which touch a confocal conic are proportional to the squares of 
the parallel diameters (see Ex. 15, Art 231). 

227. We give in this Article some examples on the parabola. 
The reader will have no difficulty in distinguishing those of the 
examples of the last Article, the proo& of which apply equally 
to the parabola. 

Ex. 1. Find the coordinates of the intersection of the two tangenta at the pointa 

I a.y,a'y', to the parabola y«= pa?, ..^ y' + y'' „^^' 

Ans, y g — , »-^ , 

Ex. 2. Find the locus of the intersection of the perpendicular from focus on tan« 
gent with the radius vector from vertex to the point of contact. 

Ex. 3. The three perpendiculars of the triangle formed by three tangents intersecl 
on the directrix (Steino*, Gergonne, Annates, xix. 59 ; Walton, p. 119), 
The equation of one of thpse perpendiculars is (Art. 82) 

which, after dividing by y'" — y", may be written 

The symmetry of the equation shows that the three perpendiculars intersect on thQ 
durectrix at a height 

y- pt "^ 2 

Ex. 4. The area of the triangle formed by three tangenta is half that of the trio 
angle formed by joining their points of contact (Gregory, Cambridge Joui-nal, ii. 16 
Walter, p. 97. See also Leseon* on Mightr Algebra, Ex. 12, p. 15). 
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Substituting the coordinates of the vertioea of the triangles in the ezpiession of 

Art. 86, we find for the latter area — (y* - y") (y" - y'") W^-tTit and for the former 

area half this quantity. 

Ex. 5. Find an expression for the radius of the circle circumscribing a triangle 
inscribed in a parabola. 

The radius of the circle circumscribing a triangle, the lengths of whose sides are 

4f tjff and whose area = £ is easily proved to be -^ . But if <; be the length of the 

chord joining the points rc'V, a"y", and 0' the angle which this chord makes with 
the axis, it is obvious that d sin O'^y" ^ %f". Using, then, the expression for the 

area found in the last Example, we have R = - . ^, .-P^,. . — --.. . We might ex- 

2 sm 6' sin 6" sm 0"' 

press the radius, also, in terms of the focal chords parallel to the sides of the 

triangle. For (Art. 193, Ex. 2) the length of a chord making an angle 6 with the axia 

Js <^ = -!^ • Hence B? = —; — . 
8in«0 4|? 

It follows from Art. 212 that c', tf\ c^' are the parameters of the diameters which 

bisect the sides of the triangle. 

Ex. 6. Express the radius of the circle circumscribing the triangle formed by three 
tangents to a parabola in terms of the angles which they make with the axis. 

^- ^ = 8ain(>'si^e"ainr '' *" ^^^Ui^' where,',,",,"' are the pM* 
meters of the diameters through the points of contact of the tangents (see Art. 212). 

Ex. 7. Find the angle contained by the two tangents through the point «y to 
the parabola y^ = 4»m;. 

The equation of the pair of tangents is (as in Art. 92) found to be 

(jf'« - 4i»«') (y« - 4ma;) = {yy* - 2ni (a? + *')}«. 

A parallel pair of lines through the origin is 

ay — y'fcy + ««* = 0. 

The angle contained by which is (Art. 74) tan <^ = ^^J" ^"^^ ^ . 

Ex. 8. Find the locus of intersection of tangents to a parabola which cut at 
a given angle. 

Am, The hyperbola, y* - ^mx = (« + f»)« tan*^, or y« + (« - »i)« = (« + f»)« sec'^. 
From the latter form of the equation it is evident (see Art. 186) that the hyperbola 
has the same focus and directrix as the parabola, and that its eccentricity = sec ^. 

Ex. 9. Find the locus of the foot of the perpendicular from the focus of a parabola 
on the normal. 

The length of the perpendicular from (i», 0) on 2m (y - yQ + y* (« - «^ = is 

y^Ca^' + w) ..^.^ „ 
But if 6 be the angle made with the axis by the perpendicular (Art. 212) 

"Bimot the polar equation of the locus is 

. m cos 6 • 
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Ex. 10. find the coordinates of the intersection of the normals at the points 

Ans »-2« + S^ + yy' + y'" «- y'y"(y'tl2 
Afis. »-2« + ^ , y_ ^, 

Or if a, /i be the eoordinates of the corxespondixig interaeotion of tangents, 
then (Ex. 1) 

471 171 

Ex. 11. Find the coordinates of the points on the curTe, the normals at which 
pass throngh a given point a^y. 

Solving between the equation of the normal and that of the curve, we find 

and the three roots are connected by the relation yi + ya + ya = 0. The geometric 
meaning of this is, that the chord joining any two, and the line joining the third to 
the vertex, make equal angles with the axis. 

Ex. 12. Find the locus of the intersection of normals at the extremities of ehotda 
which pass through a given point xy. 

We have then the relation fit^ = 2fn (x* + a) ; and cm substituting ia the zesulto 
of Ex. 10 the value of a derived from this relation we have 

2mx + /V = *«»• + 2/3» + 2ouE^ j 2» V = ^^mae^ - fiV 5 
whence, eliminating /3, we find 

2 {2to (y-yO + y' («-aO}'= (^w**-/*) (/y + 2«'»-4iiw'-2ar^ 
the equation of a parabola wliose axis is perpendicular to the polar of the given 
point. If the chords be parallel to a fixed line, the kcna leduoes to a right line^ aa 
is also evident from Ex. 11. 

Ex. 18. Find the locus of the intersection of normals at right angles to each other* 

In this case « = — m, x = dm + '—, y^fit y*^m{pB — 3ffi). 
m 

Ex. 14. If the lengths of two tangents be a, d, and the angle between them «^ 
find the parameter. 

Draw the diameter bisecting the chord of contact ; then the parameter of thafe 

diameter is^ = ^ , and the principal parameter is » = ^LEL^ = S^ (where w is tha 
^ X 4x* 

length of the perpendicular on the chord from the intersection of the tangents), Bnfe 

dvy = od sin*, and 16x* = ii*+ ^ 4> 2a& cobm; henoa 

!> = 4a>g*sin»« .»eep.m). 

(o« + i« + 2a*coB»)« 

Ex. 15. Show, from the equation of the circle circumscribing three tangents tt 
• paabola, that it passes through the focus. 

The equation of the circle circumscribing a triangle being (Art 124} 

fiy eAaA -{■ ya tamB -^ afi Bin(7= $ 

the abeolufce term in this equation is found (by writing at full length for a, 
acoso + ysino-j», 4c.) to be i?y sin(/3- y) +yp sin(y-- a) +^' 8m(a-/3). 
But if the line a be a tangent to a parabola, and the origin the focus, we have (Art. 219) 

p = -^ , and the absolute term 

= ^ ^ {sin (/3 - y) 006 o + sm (y - a) cos /3 + sin (o - /3) COS y }, 

cos a cos /3 COB y ^ v- r/ \# / »- 

which vanishes identically. 
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r Ex. 16. Find the loons of the intersection of tangents to a parabola, being given 
either (1) the product of sines, (2) the product of tangents, (3) the sum or (4) difference 
of cotangents of the angles they make with the axis. 

Ans. (1) a circle, (2) a right Une, (3) a right line, (4) a parabola. 

228. We add a few miscellaneous examples. 

Ex. 1. If an equilateral hyperbola circumscribe a triangle, it will also pass through 
the intersection of its perpendiculars (Brianchon and Poncelet ; Gergonne, Annates, 
XL, 205 ; Walton, p. 283). 

The equation of a conic meeting the axes in given points is (Ex. 1, p. 148) 

/M/ttV + 2hxy + Uy - /ufi' (X + \') » - XV 0* + /*') y + XX>/ = 0. 

And if the axes be rectangular, this will represent an equilateral hyperbola (Art. 

174) if \\* = — fifi\ If, therefore, the axes be any side of the given triangle, and 

the perpendicular on it from the opposite vertex, the portions X, X', fi are given, there- 

XX' 
fore, ft' is also given j or the curve meets the perpendicular in the fixed point y = — - , 

which is (Ex. 7, p. 27) the intersection of the perpendiculars of the tzdangle. 

Ex. 2. What is the locus of the ceatoes of equilateral hyperbolas through three 
given points ? 

Ant, The circle through the middle points of sides (see Ex. 3, p. 153). 

Ex. 3. A conic being given by the general equation, find the condition that the 
pole 0f ihe axis of x should lie on the axis of y, and vice versa, Ans. he =/ff._ 

Ex. 4. In the same case, whait ia the condition that an asymptote should pass 
through the origin? Ans, «/* - 2^A + *^* = 0. 

Ex. 5. The circle circumscribing a triangle, self -conjugate with regard to an equi- 
lateral hyperbola (see Art. 99), passes through the centre of the curve. (Brianchon 
and Poncelet ; Gergonne, xi. 210 ; Walton, p. 304). [This is a particular case of the 
theorem that the six vertices of two self -con jugate triangles lie on a conic (see Ex. 1, 
Art. 375).] 

The condition of Ex. 8 being fulfilled, the equation of a circle passing through 
the origin and through the pole of each axis is 

h{a? + 2xyoOBt» + y^+fx + ffy = 0, 

or ^(hx + by +/) + y (oa? + Ay + ^) - (a + * - 2A cos «) ary, 

an equation which will evidently be satisfied by the coordinates of the centre, pro- 
vided we have a + b = 2hooB<», that is to say, provided the curve be an equilateral 
hyperbola (Arts. 74, 174). 

Ex. 6. A circle described through the centre of an equilateral hyperbola, and 
through any two points, will also pass through the intersection of lines drawn through 
eadi of these points parallel to the polar of the other. 

Ex. 7. Find the locus of the intersection of tangents which intercept a given 
length on a given fixed tangent. 

The equation of the pair of tangents from a point x'y' to a conic given by the 
general equation is given Art. 92. Make y = 0, and we have a quadratic whose roots 
are the intercepts on the axis of x. 

Forming the difference of the roots of this equation, and putting it equal to a 
constant, we obtain the equation of the locus required, which will be in general of 
the fourth degree ; but if ^' = aCf the axis of x will touch the given conic, and the 
equation of the locus will become divisible by y^, and will reduce to the second 
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degree. We oonld, by the help of the same equation, find the loens of the interaectioii 
of tangents ; if the snm, product, Ac, of the intercepts on the axis be given. 

Ex. 8. Given four tangents to a conic to find the locus of the centre. [Thfl 
solution here given is by P. Serret, NouvelUs Annalesy 2nd series, rv. 145.] 

Take any axes, and let the equation of one of the tangents hexcoaa+yema —p = 0^ 
then a is the angle the perpendicular on the tangent makes with the axis of x ; and 
if be the unknown angle made with the same axis, by the axis major of the conic, 
then a — is the angle made by the same perpendicular with the axis major. If then 
X and y be the coordinates of the centre, the formula of Art. 178 gives us 

(a cos o + y sin o — p)* = a* cos' (o — 0) + Ifl sin* (o — 0). 

We have four equations of this form from which we have to eliminate the 
three unknown quantities ««, **, 0. Using for shortness the abbreviation a for 
X cos a + ywa.a—p (Art. 63), this equation expanded may be written 

ti?=i{a^ 008«e + **fiin«0) cos«a + 2 (o« - J«) coe0 sin0 cosa sina + (o« 8in«0 + *« cos«0) mn«o* 

It appears then that the three quantities o* cos*0 + J« Bin*0, (a« — ft*) cos sin 0, 
a* sin*0 + ft* cos*0, may be eliminated linearly from the four equations ; and thg 
result comes out in the form of a determinant 

a*, cos* a, cos a sin a, sin* a 
/3«, cos*^, COB /3 sin /3, sin*/3 
y*, C08*y, cos y sin y, sin*y 
d*, cos* d, cos d sin d, sin* d = 0^ 

which expanded is of the form Ja* + -B/3* + Cy' + 2>^ = 0, where A, By Cj D are 
known constants. But this equation, though apparently of the second degree, is in 
reality only of the first; for if, before expanding the determinant, we write o*, &c.^ 
at full length, the coefficients of a:* are C08*o, cos*^, C08*y, cos*^; but these being 
the same as one column of the determinant, the part multiplied by a;* vanishes on 
expansion. Similarly, the coefficients of the terms xy and y* vanish. The locus is 
therefore a right line. The geometrical determination of the line depends on prin- 
ciples to be proved afterwards ; namely, that the polar of any point with regard to 
the oonic is 

Aa'a + B^'P + Cy'y + D^'^ = j 

and, therefore, that the polar of the point aj3 passes through yd. But when a conic 
reduces to a line by the vanishing of the three highest terms in its equation, the polar 
of any point is a parallel line at double the distance from the point. Thus it is seen 
that the line represented by the equation bisects the lines joining the points a/3, yd ; 
ay, /3d J ad, /3y, Conversely, if we are given in any form the equations of four 
lines a = 0, &c., the equation of the line joining the three middle points of diagonals 
of the quadrilateral may, in practice, be most easily formed by determining the 
constants so that ^a* + -B/3* + Cy* + X>d* = shall represent a right line. 

Ex. 9. Given three tangents to a conic and the sum of the squares of the axes, 
find the locus of the centre. We have three equations as in the last example, and 
a fourth a* + ft* = A;*, which may be written 

F = (a* cos*0 + ft* sin*0) + (a* sin*0 -f ft* cos*0), 

and, as before, the result appears in the form of a determinant 

a*, cos* a, cos a sin a, sin* a 

/3*, cos*j3, cos /3 sin /3, 8in*/3 

y*, cos* y, cos y sin y , sin *y 

A;*, 1 , 0,1 =0, 
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'iridc)i ^^ded is of the form Aa' + B^ + Cy* + i) =: 0. It is seen, as in the laet 
example, that the coeflficient of xy vanishes in the expansion, and that the coefficients 
of »» and y* are the same. The locus is therefore a circle. Now if -4a* + ^/32 + Cy' = 
t^presents a circle, it will afterwards appear that the centre is the intersection of 
perpendiculars of the triangle formed by the lines Uj j3, y. The present equation there- 
fore, which differs from this by a constant (Art. 81) represents a circle whose centre 
is the intersection of perpendiculars of the triiangld formed by the three tangents. 

If we Consider the case of the equilateral hyperbola o* 4. ja — q^ ^q gee that two 
lequilateral hyperbolas Oan be described to touch four ffiven lines, the centres being 
the intersections of the line joining the middle points of diagonals with any one of 
four circles whose centres are th6 intersedtions of perpendiculars of the four triangles 
formed by any three of the four given lin^. From the fact that the four circles 
have two common points it follows that the four intersections of perpendiculars lie 
on a right line, perpendicular to the line joining middle points of diagonals (spe 
Art. 268, Ex. 2). 

Ex. 10. Given four points on a conic to find the locus of eithet fociis. Hie 
distance of one of the given points from the focus (see Ex., Art. 186) satisfies the equation 

p = -4*' + £y + C 
We h&ve four such equations from which we can linearly eliminate A, B^ C^ and we 
get the determinant 

p » «^ , y' , i 

/»^ ^'\ r , 1 

r,x"'\y"'\X =0, 
l^liich fexpahded is of the form Ip + mp' + np" -hpp"' = 0. If we look to the actual 
Values of the coefficients /, m, n, p, and their geometric meaning (Art. 36), this 
equation geometrically interpreted gives us a theorem of Mobius, viz. 

OA,BCI)+OC,ABB^OB,ACD-V OB. ABC, 
^vhere is the focus, and BCD the area of th6 triangle formed by three of the points 
(compare Art. 94). It is seen thus that l + m + n-\-p-=zQ. If we substitute for p 
its value ^{{x — a^y + (i^ — yO^}» ^^'t ^id clear of radicals, the equation of the locuts^ 
though apparently of this eighth, is found to be only of the sixth degree. In fact, 
We may clear of radicals by giving each radical its double siguj and multiplying 
together the eight factors Ip ± mp* ± np" ± pp"' ', and then it is apparent that the 
highest powers in x and y wiU be (»* + y2)4 multiplied by the product of the factors 
^±m±n±p; and that these terms vanish in virtue of the relation l + m + 7i-{-p = 0. 

If the four given points be on a circle, Mr. Sylvester has remarked that the locus 
breaks up into two of the third degree, as Mr. Bumside has thus shewn. We have 
by a theorem of Feuerbach's, given Art. 94, 

Ip^ 4- m/o'2 + «/o"2 +pp'>'2 = 0. 

We have then {t + ni) {Ip* + mp*^ = (» + />) {np*'^ +i?/>"'«)> 
(/p + m/)» = (V'+i>A'"0*, 
whence, subtracting lm{p — p')^ = np {p" — p'")^i 

Vhich obviously breaks up into factors. * 

THE ECCENTRIC ANGLE.* 

229. It IS always advantageous to express the position of a 
point on a curve, if possible, by a single independent variable, 

* The use of this angle was recommended by Mr. O'Brien, Cambridge McUhemaiical 
Journal^ Vol. iv. p. 99. 

FF. 
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rather than by the two coordinates x'y\ We Bhall, therefore, 
find it useful, in discussing properties of the ellipse, to make a 
substitution similar to that employed (Art. 102) in the case of 
the circle, and shall write 

x=»acos<f>j y = Jsin<^, 

a substitution evidently consistent with the equation 



Ghdh 



The geometric meaning of the angle <f> is easily explained. 
If we describe a circle on the axis major as diameter, and 
produce the ordinate at F to meet the circle at Q^ then the angle 

QCL^<t>^ for CL^ CQ co^QGL, or x=:^a cos <^ ; and Pi = - QL 

(Art. 163) ; or, since QL = a sin<^, we have y' = b Bin<f>. 

230. If we draw through P a parallel PN to the radius OQy 
then PM: GQ :: PL : QL :: b : a^ D 

but CQ = a, therefore PM= b. 

P^ parallel io CQ is, of course, =ia. 

Hence, if from any point of an ellipse a!( 
a line » a be inflected to the minor axis, 
its intercept to the axis major = &. If 
the ordinate PQ were produced to meet 
the circle again in the point Q^ it could 
be proved, in like manner, that a parallel through P to the 
radius CQ is cut into parts of a constant length. Hence, con. 
versely, if a line MN^ of a constant length, move about in the 
legs of a right angle, and a point P be taken so that MP may 
be constant, the locus of P is an ellipse, whose axes are equal 
to MP and NP. (See Ex. 12, p. 47.) 

On this principle has been constructed an instrument for 
describing an ellipse by continued motion, called the ElltpttG 
Compasses, CA^ CD' are two fixed rulers, MN b, third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencil fixed at any point of MN will describe an ellipse. 

If the pencil be fixed at the middle point of MN^ it will 
describe a circle. (O'Brien's Coordinate Geometry^ p. 112.) 
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231. The consideration of the angle aflfords a simple 

method of constructing geometrically the diameter conjugate 

to a given one, for 

t/' h 
tane = S = - tan<^ 

Hence the relation 

tanetan^ = -^, (Art.170) 

becomes tan <f> tan ^* = — 1, 

or <t>^4>'^ 90% 

Hence we obtain the following oonstniction. Let the ordi- 
nate at the given point P, when produced, — 
meet the semicircle on the axis major at 
^, join CQ, and erect CQ perpendicular 
to it ; then the perpendicular let fall on 
the axis from Q' will pass through P', a 
point on the conjugate diameter. 

Hence, too, can easily be found the coordinates of P' given 

in Art. 172, for since 

«" t/ 
cos ^' as sin ^, we have — = /! i 

V** qS 

and since sin 6* « - cos A, we have x* = • 

^ ^' ha 

From these values it appears that the areas of the triangles 
POJf, FCM' are equaL 

Ex. 1. To express the lengths of two conjugate semi-diameters in terms of the 
angle <^. Am, a*^ = a? cOei^ip -|- b^ sin««/) j 6'^ = a? sin^^ + A« cos^^. 

Ex. 2. To express the equation of any chord of the ellipse in terms of ^ and <^' 

' P* ^^' Aiu. - cosi (<^ + i^O + 1 sin J ( 

a o 

Ex. 8. To express similarly the equation of the tangent. 




Ana, -cosA+?8in<6 = l, 

Ex. 4. To express the length of the chord joining two points a, ^ 

jy^ = a« (cosa - cos^)2 + h^ (sin a - sin/3)«, 

J) = 2 sini (« - /3) {o2 Bin2^ (o + ^) + *« cos^i (o + /9)}*. 

But (Ex. 1) the quantity between the parentheses is the semi-diameter conjugate to 
that to the point \ (a + jS) j and (Ex. 2, 3) the tangent at the point J (a + /?) is parallel 
to the chord joining the points a, /3 ; hence, if V disnote the length of the semi" 
diameter parallel to the given chord, Z> = 2*' sin i (a - /3). 
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Ex. 5. To find the area of the triangle formed by three given points a, /9, y. 
By Art. 36-we haye 

22: = aJ {sin (a - /8) + Bin (/3 - -y) + an (y - o)} 

= a6 {2 sin J (« - /3) cob J (a - /3) - 2 sin J (a - /3) cosi (a + /8 - 2y)} 

= 4ab sini (a - /3) sin J (/3 - y) sin^ (y - «) 

2 = 2a6 sini (o - /3) gin J (/3 - y) sin^ (y - a), 

Ex. 6. If the bisectors of sides o| an inscribed triangle meet in the centre it* 
area is constant. 

Ex. 7. To ^d the radius of the circle circumscribing the triangle formed by threft 
giren points a, ^y y. 

If d^ e,y*be the sides of the triangle formed by the three points^ 

where *', b", V" are the semi-'diameters parallel to the side* ol the triangle. If 

&c"c"' 
<?', *", if" be the parallel focaJi chords, then (see Ex. 6, p. 213) i? =— -- - . (These 

4p 

expressions are due to Mr. MacCullagh, Dublin Exam, Papers, 1836, p. 22.). 
Ex. 8. To find the equation of the circle circumscribing this triangle. 

Ans. a^ + y* ^^'~ ^^^ oos^ (a + /3) cos|(/8 + y) cos^ (y + a) 

^ ?-^^^^Qj^ sini (a + /3) sini (^ + y) Bin J (y + a) 


= i (a« + h^) - i (a« - h^) {cos (a + /3) + cos (^ + y) + cos (y + a)\ 
Jrom this equation the coordinates of the centre of this circle are at once obtained^ 
Ex. 9« The area of the triangle formed by three tangents is, by Art. 39, 

aJ tan J (« - ^) tan J 03 - y) tan J (y - a). 
Ex. 10. The area of the triangle formed by three normals is 
J~ tan J (a -^ tanj (/3- y) tanj (y - a) [m (jS + y) + sin (y + o), + sin (a +/3)}», 

consequc^ptly thtee normals meet in a point if 

Bin (^ + y) + sin (y + a) + sin (a + /3) = 0. [Mr. Burnside.] 

Ex; 11. To find the locus of the intersection of the focal radius vector FP with 
the radius of the circle CQ. 

Let the central coordinates of /* be x't^, of 0, a?y, then we have, from the simila;; 
triangl*, FONf FPM^ ^^ ..^Q 

_y____y^ _ h ein </> 
9 + c" of + 0" a {e -f cos </>> * 

5?"ow, since <^ is the angle made with the axis by the 
radius vector to the point (?, we at once obtain the polar 
equation of the locus by writing pQos<t> for x, p8m<f> for y, 
and wefiHl 

P ^ ft 

c + p coBip a{e + cos <f>) * 
be 
c+ (^ — i) cos<^' 
Hence (Art. 193) the locus is an ellipse, of which C is one focus, and it can easily 
be proved that Fin the other. 
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Ex. 12. The normal at P is produced to meet CQ ; the locus of their intersectioii 
is a circle concentric with the ellipsQ. 
The equation of the normal is 

cos<^ 8in<^ ' 
but we may^ as in the last example, write p cos 4> and p an<f} f or ic and y, and the 
equation becomes 

{a — b)p = c'^j OT p=z a + ^, 



Ex. 13. Prove that tanhPFC = Jj^^ tan J<^. 



Ex. 14. If from the vertex of an ellipse a radius vector be drawn to any point 
on the curve, find the locus of the point where a parallel radius through the centre 
meets the tangent at the point. 

The tangent of the angle made with the axis by the radius vector to the vertex 

9 -^ — ; therefore the equation of the parallel radius through the centre id 
y__ y* __ b sin<pi __b 1 — co8<^ ^ 
a~ x' + a " a (1 +cob<^) ~" a Bin <^ * 

V . SB X 

or T^sm<^ + -COS0 = - , 

and the locus of the intersection of this line with the tangent 

V . * 

f sm d) + - cos <i> = 1, 

^ a ^ 

is, obviously, - = 1, the tangent at the other extremity of the axis. 

The same investigation will apply, if the first radius vector be drawn trough 
any point of 4;he curve, by substituting a' and b' for a and h ; the locus will then be 
the tangent at the diametrically opposite point. 

Ex. 15. The length of the chord of an ellipse which touches a oonfbcal eUipse, 

the squares of whose semiaxes are a' — A», i» — A*, is —5- [Mr. Bumsldel. 

ab 

The condition that the chord joining two points a, ^ should touch the confocal 

conic is 

^~ cosH (a + /S) +-5^' sin^i (« + /3) ^ cos'i (a - ^), 

or sm«Ha~p) = -^^{*«cos'J(a + ^) + a*sin'H« + /S)} = ^a*''. (Ex.4). 

But the length of the chord is 

«„ . , / «x 2A6'2 
^ 2i'smi(a^/3) = -^. 

By the help of this Example several theorems concerning chords through a focna 
may be extended to chords touching confocal conies. Hence also is immediately 
derived a proof of Ex. 13, p. 212, for OR, OR is to 08. OS' as the squares of the 
parallel diameters (Art. 149), and it is here proved that the chords OB — OR, 
OS — OS' are to each other in the same ratio, 

232. The methods of the preceding Articles do not apply to 
the hyperbola. Tor the hyperbola, however, we may substitute 
oj' = a sec (f>j y =h tan ^, 



since 



©-©='• 
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This angle may be represented geometrically by drawing 
a tangent MQ from the foot of 
the ordinate M to the circle de- 
scribed on the transverse axis, 
then the angle QCM= <f>^ since 

CM^CQ^QcQGM. 

We have also QM=^a tan^, but PM^h tan0. Hence, if 
from the foot of any ordinate of a hyperbola we draw a tangent 
to the circle described on the transverse axis, this tangent is in 
a constant ratio to the ordinate. 

Ex. If any point on the conjugate hyperbola be expressed similarly %f* — h sec^', 
af' = a tan<^', prove that the relation connecting the extremities of conjugate dia- 
meters is = ^'. [Mr. Turner.] 

SIMILAR CONIC SECTIONS. 

233. Any two figures are said to be similar and similarly 
placed if radii vectores drawn to the first from a certain point O 
are in a constant ratio to parallel radii drawn to the second from 
another point o. If it be possible to find any two such points 
O and o, we can find an 
infinity of others ; for, take 
any point (7, draw oc parallel 
to 0(7, and in the constant 

ratio y^, then from the similar triangles OCP^ ocpj cp is parallel 

to CP and in the given ratio. In like manner, any other radius 
vector through c can be proved to be proportional to the parallel 
radius through (7. 

If two central conic sections be similar and similarly placed, 
all diameters of the one are proportional to the parallel diameters 
of the other, since the rectangles OP.OQ^ op.oq are propor- 
tional to the squares of the parallel diameters (Art. 149). 

234. To find the condition that two conies, given by the 
general equations, should be similar and similarly placed. 

Transforming to the centre of the first as origin, we find 
(Art. 152) that the square of any semi-diameter of the first is 
equal to a constant divided by a cos'^^ + 2h cos ^ sin ^ + J sin'^, 
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and, in like manner, that the square of a parallel semi-diaineter 
o&ihe second is equal to another constant divided by 

ci cos'^ + 2A' cos 5 sin 5 + V m^B. 

The ratio of the two cannot be independent of Q unless 

a ^Ti _^'b 
^ - A' ~ 5' • 
Hence two conic sections will be similar and similarly placed^ 
if the coefficients of the highest potoers of the variables are the 
same in both or only differ by a constant multiplier. 

235. It is evident that the directions of the axes of these 
conies must be the same, since the greatest and least diameters 
of one must be parallel to the greatest and least diameters of 
the other. If the diameter of one become infinite, so must also 
the parallel diameter of the other, that is to saj, the asymptotes 
of similar and similarly placed hyperbolas are parallel. The 
same thing follows from the result of the last Article, since 
(Art. 154) the directions of the asymptotes are wholly determined 
by the highest terms of the equation. 

Similar conies have the same eccentricity; for — 5 — must 

as ^J.^ ^ 

be = 57-5 — • Similar and similarly placed conic sections 

ma '' ^ 

have hence sometimes been defined as those whose axes are 
parallel, and which have the same eccentricity. 

If two hyperbolas have parallel asymptotes they are similar, 
for their axes must be parallel, since they bisect the angles 
between the asymptotes (Art. 155), and the eccentricity wholly 
depends on the angle between the asymptotes (Art. 167). 

236. Since the eccentricity of every parabola is =1, we 
should be led to infer that all parabolas are similar and similarly 
placed, the direction of whose axes is the same. In fact, the 
equation of one parabola, referred to its vertex, being ^*=^a;, or 

__ p cos 9 

it is plain that a parallel radius vector through the vertex of the 
other will be to this radius in the constant ratio p : p. 
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Ex. 1. If on any radius Tector to a conic section thiongh a fixed point 0, OQ te 
taken in a constant ratio to OP, find the locus of Q, We have only to sabstitnte 
mp for /o in the polar equation, and the locus is found to be a conic similar to the giVetl 
conic, and similarly placed. 

The point may be called the centre o/similitttde of the two conies; and it Ss 
obviously (see also Art. 115) the point where commoh tangents to the two oonids 
intersect, since when the radii vectores OP, OP* to the first conic become equal, so 
must also OQ, OQ! the radii vectores to the other. 

Ex. 2. If a pair of radii be drawn through a centre of similitude of two similar 
conies, the chords joining their extremities will be either parallel, or will meet on th« 
chord of intersection of the conies. 

This is proved predsely as in Art. 116. 

Ex. 8. Given three conies, similar and similarly placed, their six centres of simili* 
tude will lie three by three on right lines (see figure, page 108). 

Ex. 4. tf any line cut two similar and concentric conies, its parts intercepted 
between the conies will be equal. 

Any chord of the outer conic which touches the interior wUl be bisected at the 
point of contact. 

These are proved in the same manner as the theorems at page 191, which are but 
particular cases of them ; for the asymptotes of any hyperbola may be considered 
as a conic section similar to it, since the highest terms in the equation of the asymp* 
totes are the same as in the equation of the curve* 

Ex. 5. If a tangent drawn at any point P of the inner of two concentric and 
similar ellipses meet the outer in the points T and 7", then any chord of the inne* 
drawn through P is half the algebruc sum of the parallel chords of the outer 
through rand 2"'. 

237. Two figures will be similar, although not similarly 
placed, if the proportional radii make a constant angle with 
each other, instead of being parallel ; so that if we could imagine 
one of the figures turned round through the given angle, they 
would be then both similar and similarly placed. 

To find the condition that two conic sections^ given hy tJie 
general equations^ should be similar^ even though not similarly 
placed. 

We have only to transform the first equation to axes making 
any angle with the given axes, and examine whether any 
value can be assigned to which will make the new a, A, b pro- 
portional to a , A', b\ Suppose that they become ma\ mh\ mb\ 

Now, the axes being supposed rectangular, we have seen 
(Art. 157) that the quantities d + 5, ab — h^j are unaltered by 
transformation of coordinates ; hence we have 

a-\'b = 7n{a' + V\ 

ab^h'^m'ia'b'-h''), 
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And the required condition is evidentlj 

If the axes be oblique, it is seen in like manner (Art. 158) that 
the condition for similarity is 

(a + 6 - 2A cos ©)* (a' + 6' - 2h' cos wf * 

It will be seen (Arts. 74, 154) that the condition found ex- 
presses that the angle between the (real or imaginary) asymptotes 
of the one curve is equal to that between those of the other. 

THE CONTACT OF CONIC SECTIONS. 

238. Tino curves of the rrC^ and n^ degrees respeciwely inter" 
sect in ran points. 

For, if we eliminate either x or y between the equations, the 
resulting equation in the remaining variable will in general be 
of the mn^ degree {Higher Algebra^ Art. 73). If It should 
happen that the' resulting equation should appear to fall below 
the mn^^ degree, in consequence of the coeflScients of one or 
more of the highest powers vanishing, the curves would still 
be considered to intersect in mn points, one or more of these 
points being at infinity (see Aii. 135). If account be thus 
taken of infinitely distant as well as of imaginary points, it 
may be asserted that the two curves always intersect in mn 
points. In particular two conies always intersect in four points. 
In the next Chapter some of the cases will be noticed where 
points of intersection of two conies are infinitely distant; at 
present we are about to consider the cases where "two or more 
of them coincide. 

Since four points may be connected by six fines, viz. 12, 34 ; 
13, 24 ; 14, 23 ; two conies have three pairs of chords of intersection. 

239. When two of the points of intersection coincide, the 
conies touch each other, and the line joining the coincident points 
is the common tangent. The conies will in this case meet in two 
real or imaginary points Z, M distinct from the point of contact. 
This is called a contact of the first order. The contact is said to 
be of ike second order when three of the points of intersection 

a a. 
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coincide, as, for instance, if the point JIf move up until it coincide 




with T. Curves which have contact of an order higher than 
the first are also said to osculate; and it appears that conies 
which osculate must intersect in one other point. Contact of 
the third order is when two curves have four consecutive points 
common; and since two conies cannot have more than four 
points common, this is the highest order of contact they can 
have. 

Thus, for example, the equations of two conies, both passing 
through the origin and having the line x for a common tangent 
are (Art. 144) 

aa?* + 2Aa?y + 5y* + 25'aj = 0, a'x* + 2h'xy + hy + 2g'x = 0. 

And, as in Ex. 2, p. 175, 

X {{aV - a'J) a: + 2 {hV - h'h) y + 2 {gV - g'b)} = 0, 

represents a figure passing through their four points of inter- 
section. The first factor represents the tangent which passes 
through the two coincident points of intersection, and the second 
factor denotes the line LM passing through the other two points. 
If now^&'=^'J, LM passes through the origin, and the conies 
have contact of the second order. If in addition hb' = h'b^ the 
equation of LM reduces to a; = ; LM coincides with the tangent, 
and the conies have contact of the third order. In this last 
case, if we make by multiplication the coeflScients o{ y* the same 
in both the equations, the coefficients of xy and x will also be 
the same, and the equations of the two conies may be reduced 
to the form 

aaj* + 2hxy + bf ■]-2gx = 0, aV + 2kxy + J/ + 2gx = 0. 

240. Two conies may have double contact if the points of 
intersection 1, 2 coincide and also the points 3, 4. The condition 
that the pair of conies considered in the last Article should 
touch at a second point is found by expressing the condition 
that the line LM^ whose equation is there given, should touch 
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either conic. Or, more simply, as follows: Multiply the equa- 
tions by g' and g respectively, and subtract, and we get 

which denotes the pair of lines joining the origin to the two 
points in which LM meets the conies. And these lines will 
coincide if 

(V-a'^)(5^'-J'^) = (V-A'<7)'. 

241. Since a conic can be found to satisfy any five conditions 
(Art. 133], a conic can be found to touch a given conic at a 
given point, and satisfy any three other conditions. If it have 
contact of the second order at the given point, it can be made 
to satisfy two other conditions ; and if it have contact of the 
third order, it can be made to satisfy one other condition. Thus 
we can determine a parabola having contact of the third order 
At the origin with 

iji£ + ihxy + Jy* + 2^a? = 0. 

Referring to the last two equations (Art. 239), we see that 
it is only necessary to write d instead of o^ where ci is deter- 
mined by the equation ah = V. 

We cannot, in general, describe a cvrcle to have contact of the 
third order with a given conic, because tw(^ conditions must be 
fulfilled in order that an equation should represent a circle ; or, in 
other words, we cannot describe a circle through four consecutive 
points on a conic, since three points are sufficient to determine 
a circle. We can, however, easily find the equation of the 
circle passing through three consecutive points on the curve. 
This circle is called the osculating circle^ or the circle of 
curvature. 

The equation of the conic to oblique or rectangular axes 
being, as before, 

aa? + 2hxy + h/ 4 ^gx = 0, 
that of any circle touching it at the origin is (Art. 84, Ex. 3) 

a?* + 2xy cos « + y* — 2rx sin © = 0. 
Applying the condition gV=^g'h (Art. 239), we see that the 
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condition that the circle should osculate is 

g^ — rh sin 6>, or r = ^ "^ .* 

^ sm 01 

The quantity r is called the radius qf curvature of the conio 
at the point T. 

242. To find the radius of curvature at any point an a central 
conic. 

In order to apply the formula of the last Article the tangent 

at the point must be made the axis of y. Now the equation 

referred to a diameter through the point and its conjugate 

(X* y* \ . 

(-75 + ?7j=lj IS transferred to parallel axes through the given 

point, by substituting x + a' for a, and becomes 

a' y* 2x 

^, + ^71 + ^=0, 

Therefore, by the last Article, the radius of curvature is 

—i—, . Now a' sin w is the perpendicular from the centre on 

a 8in CD ^ ^ 

the tangent, therefore the radius of curvature 
--,or(Art.m) = ^. 

243. Let N denote the length of the normal PN^ and let ^ 

denote the angle FFN between the normal ^^ ~ — -^^ 

and focal radius vector, then the radius of 

N hb 

curvature is — 5-^ . For JV= — (Art. 181), 
cos^ a ^ ^^ 

and cos '^=7; (Art. 188), whence the truth of the formula ia 
manifest. 

* In the Examples which follow we find the absolute magnitude of the radius of 
curvatm-e, without regard to sign. The sign, as usual, indicates the direction in which 
the radius is measured. For it indicates whether the given curve is osculated hy 
a circle whose equation is of the form 

x^ + 2ajy co&w + y^T- 2ra; sin « = 0, 
the upper sign signifying one whose centre is in the positive direction of the axw 
of X ; and the lower, one whose centre is in the negative direction. The formula in 
the text then gives a positive radius of curvature when the concavity of the curve 
is turned in the positive direction of the axis of x, and a negative radius when it ia 
tamed ia (hit oeposite direction. 
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Thus we have the following construction: Erect a perpen- 
dicular to the normal at the point where it meets the axis ; and 
again at the point Q, where this perpendicular meets the focal 
radius, draw CQ perpendicular to it, then C will be the centre 
of curvature, and CP the radius of curvature. 

244. Another useful construction is founded on the principle 
that if a circle intersect a conicy its chords of intersection vnll 
make equal angles with the axis. For the rectangles under the 
segments of the chords are equal (Euc. ill. 35), and therefore 
the parallel diameters of the conic are equal (Art. 149), and 
therefore make equal angles with the axis (Art. 162). 

Now, in the case of the circle of curvature, the tangent at T 
(see figure, p. 226) is one chord of intersection and the line TL 
the other; we have, therefore, only to draw ZX, making the 
same angle with the axis as the tangent, and we have the point 
i; then the circle described through the points T, Z, and, 
touching the conic at T, is the circle of curvature. 

This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 

Ex. 1. Usmg the notation of the eccentric angle, find the condition that four 
points a, j8, y, d should lie on the same circle (Joachimsthal, Crelhj xxxvi. 95), 

The chord joining two of them must make the same angle with one side of the 
axis as the chord joining the other two does with the other ; and the chords being 

|cosi(« + /S)+fsini(a + ^) = co8i(a-i8); 

I cosi (y + d) +1 sinHy + *) = oosHy - ^) ; 

we have tani (o + jS) + tan J (y + a) = Oj o + j8 + y + d = 0;or = 2mir. 

Ex. 2. Find the coordinates of the point where the osculating circle meets the 
conic again. 

We have a = jS = y ; hence d=:-Sa; or X = —^ - 8a;'j T = -|j- - Sy*. 

Ex. 3. If the normals at three points a, fi, y meet in a point, the foot of the fourth 
normal from that point is given by the equation o + j8 + y + d = {2m + 1) ir, 

Ex. 4. Find the equation of the chord of curvature TL, 

Ans, -cofia — f sma=:C062a. 
a o 

Ex. 5. There are three points on a conic whose osculating circles pass through 
a given point on the curve ; these lie on a circle passing through the point, and form 
a triangle of which the centre of the curve is the intersection of bisectors of sides 
(Steiner, Crelle, XXXii. 300 ; Joachimsthal, CrelUy xxxvi. 96). 

Here we are given ^, the point where the circle meets the curve again, and from 
the last Exampld the point of contact is a = — ^d. But since the sine and cosino 
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of 6 wonld not alter if i were increased by SGO**, we might also have « = - ^5 + 120°, 
or = — ^d + 240°, and, from Ex. 1, these three points lie on a circle passing through i. 
If in the last Example we suppose JT, T given, since the cubics which determine 
a;' and y' want the second terms, the sums of the three values of a/ and of y* are 
respectively equal to nothing ; and therefore (Ex. 4, p. 5) the origin is the intersection 
of the bisectors of sides of the triangle formed by the three points. It is easy to see 
that when the bisectors of sides of an inscribed triangle intersect in the centre, the 
normals at the vertices are the three perpendiculars of this triangle, and therefore 
meet in a point. 

245. To find the radttis of curvature of a parabola. 

The equation referred to any diameter and tangent being 

y^^px^ the radias of curvature (Art. 241) is . ^ , where 

N 
is the angle between the axea. The expression — -^ , and the 

construction depending on it^ hold for the parabola, since 
N^ \p' sin e (Arts. 212, 213) and i|r = 90* - 5 (Art. 217). 

Ex. 1. In all the conic sections the radius of curvature is equal to the cube of the 
normal divided by the square of the semi-parameter. 

Ex. 2. Express the radius of curvature of an ellipse in terms of the angle which 
the normal makes with the axis. 

Ex. 3. Find the lengths of the chords of the circle of curvature which pass 

through the centre or the focus of a central conic section. . 2b'^ , 2d'< 

^ Aim. —r , and — 

a' * a 

Ex. 4. The focal chord of curvature of any conic is equal to the focal chord of 
the conic drawn parallel to the tangent at the point. 

Ex. 5. In the parabola the focal chord of curvature is equal to the parameter of 
the diameter passing through the point. 

246. To find the coordinates of the centre of curvature of a 
central conic. 

These are evidently found by subtracting from the coordi- 
nates of the point on the conic the projections of the radius of 
curvature upon each axis. Now it is plain that this radius is to 
its projection on y as the normal to the ordinate y. We find the 
projection, therefore, of the radius of curvature on the axis of 

y fby multiplying the radius — by ^ J = -~ . The y of the 
centre of curvature then is — ^ — y\ But J'* = J* + ^ y", there- 

la a 

fore the y of the centre of curvature is —ji — y". In like 
manner its x is — -^— x\ 
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We should have got the same valaes by making a = l3 = y 
in Ex. 8, p. 220. 

Or, again, the centre of the circle circumscribing a triangle is 
the intersection of perpendiculars to the sides at their middle 
points; and when the triangle is formed by three consecutive 
points on a curve, two sides are consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre of curvature of any curve i$ the intersec' 
tion of two consecutive normals. Now if we make x' = x" = JT, 
y'^y" =■ Y^ in Ex. 4, p. 175, we obtain again the same values aa 
those just determined. 

247. To find the coordinates of the centre of curvature of a 
parabola. 

The* projection of the radius on the axis of y is found in like 

manner (by multiplying the radius of curvature -r-jg by ^J 

and subtracting this quantity from y we have 

f) 2? "4* 4x 

In like manner its Xia x' & ^ t ^^ = a;' + ^-—^ — = 3-c' + i p, 

2 sin^ 2 ^^ 

The same values may be found from Ex. 10, p. 214. 

248. The evolute of a curve is the locus of the centres of 
curvature of its different points. If it were required to find the 
evolute of a central conic, we should solve for x'y' in terms of 
the X and y of the centre of curvature, and, substituting in the 

equation of the curve, should have (writing - = -d, t =-5) , 

In like manner the equation of the evolute of a parabola is fouiid 
to be 

27^/ = 16(a;~ip)», 

which represents a curve called the semi-cubical parabola. 
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METHODS OP ABRIDGED NOTATION. 

249. If 5=0, 8' = be the equations of two conies, then 
the equation of any conic passing through their four, real 
or imaginary, points of intersection can be expressed in the 
form 8=k8\ For the form of this equation shows (Art. 40) 
that it denotes a conic passing through the four points common 
to 8 and 8' ; and we can evidently determine k so that 8= k8. 
shall be satisfied by the coordinates of any fifth point. It must 
then denote the conic determined by the five points.* ^ 

This will, of course, still be true if either or both the quan- 
tities 8^ 8' be resolvable into factors. Thus 8=Jca/3y being 
evidently satisfied by the coordinates of the points where the 
right lines a, ^ meet 8^ represents a conic passing through the 
four points where 8 is met by this pair of lines; or, in other 
words, represents a conic having a and /8 for a pair of chords of 
intersection with 8. If either a or ^ do not meet 8 in real 
points, it must still be considered as a chord of imaginary inter« 
section, and will preserve many important properties in relation 
to the two curves, as we have already seen in the case of the 
circle (Art. 106). So, again, a7 = kffS denotes a conic circum- 
scribing the quadrilateral a^yBy as we have already seen (Art. 
122) .f It is obvious that in what is here stated, a need not 

* Since five conditions determine a conic, it is evident that the most general 
equation of a conic satisfying four conditions must contain one independent constant, 
"whose value remains undetermined until a fifth condition is given. In like manner, 
the most general equation of a conic satisfying three conditions coutaiQs two in- 
dependent constants, and so on. Compare the equations of a conic passing through 
three points or touching three lines (Arts. 124, 129). 

If we are given any four conditions, in the expression of each of which the co- 
efiEicients enter only in the first degree, the conic passes through four fixed points ; 
for by eliminating all the coefficients but one, the equation of the conic is reduced 
to the form S = kS', 

t If a^ be one pair of chords joining four points on a conic S, and yd another 
pair of chords, it is immaterial whether the general equation of a conic passing 
through the four points be expressed in any of the forms S — *a/3, S — kyd^ ap — kyd, 
where k is indeterminate j because^ in virtue of the general principle, S is itself of the 
form a/3 - kyd» 
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be restricted, as at p. 53, to denote a line 'whose equation has 
been reduced to the form xco^A + y sina=^p] but that the 
argument holds if a denote a line expressed by the general 
equation. 

■250. There are three values of ^, for which S-^kS^ re- 
pi'esents a pair of right lines. For the condition that this shall 
be the case, is found by substituting a-ka\ h-^kh'^ &c. for 
a, 5, &c. in 

and the result evidently is of the third degree in ^, and is 
therefore satisfied by three values of k. If the roots of this 
cubic be k\ k'\ k"\ then 8^k!S\ 8^k!'S\ 8^k"'S\ denote 
the three pairs of chords joining the four points of intersection 
of 8 and 8' (Art. 238). 

Ex. 1. What is the equation of a conic passiDg through the points where a given 
conic S meets the axes ? 

Here the axes a; = 0, y = 0, are chords of intersection, and the equation must ho 
of the form 8 =r hxy^ where k is indeterminate. See Ex. 1, Art. 151. 

Ex. 2. Form the equation of the conic passing through five given points ; for 
example (1, 2), (3, 5), (- 1, 4), (- 8, - 1) (- 4, 3). Forming the equations 6t the sides 
of the quadrilateral formed by the first four points, we see that the equation of tho 
required conic must be of the form 

(3x-2y + l)(6«*2y + 13) = Ar(«-4y + 17)(3a>-4y + 5). 

Substituting in this, the coordinates of the fifth point (—4, 3), we obtain 1; x — ^. 
Substituting this value and reducing the equation, it becomes 

79«« - 820ary + SOl^^ + 1101« - 1665y + 1686 = 0. 

251. The conies 5, 8-kap will touch; or, in other words, 
two of their points of intersection will coincide ; if either a or )8 
touch 5, or again, if a and /8 intersect in a point on 8. Thus if 
T= be the equation of the tangent to fi^ at a given point on it 
xy\ then 8^T(lx-^my-^ w), is the most general equation of a 
conic touching 8 at the point x'y' ; and if three additional con* 
drtions are given, we can complete the determination of the 
conic by finding Z, w, n. 

Three of the points of intersection will coincide \( Ix •{• my ■\- n 
pass through the point x'y' ; and the most genial equation of a 
conic osculating iSat the point x'y is /S= T {lx-{-my -Ix'— my'). 
If it be required to find the equation of the osculating circle^ 
we have only to express that the cofefEcient xy vanishes in this 



234 METHODS OP. ABRIDGED NOTATION. 

equation, and that the coeflicient of aj*= that of y*; when we* 
have two equations which determine I and m. 

The conies will have four consecutive points common if 
Ix 4 my 4 n coincide with T, so that the equation of the second 
conic is of the form 8=kT*. Compare Art. 239. 

Ex. 1. If the axes of 8 he parallel to those of 8\ so will also the axes of 
8 — hS\ For if the axes of coordinates be parallel to the axes of 8, neither 8 nor 
8^ wiD contain the term xy. If 5' be a circle, the axes of 8 — A5' are parallel to 
the axes of 8. *Ji 8 — kS' represent a pair of right lines, its axes become the internal 
and external bisectora of the angles between them; and we haye the theorem ol 
Art. 244. 

Ex. 2. If the axes of coordinates be parallel to the axes of 8, and also to thoso 
of 8 — kafif then a and j9 are of the fonns Ix + my + iif Ix— my + n'. 

Ex. 3. To find the equation of the circle osculating a centrstl conic. The equation 
must be of the form 

Expressing that the coeflScient of xy vanishes, we reduce the equation to the form 

in 

and expressing that the coefficient of »•= that of y*, we find ^=,-2 ,> ^"^^ 

the equation becomes 

* o* • 6* 

Ex. 4. To find the equation of the circle osculating a parabola. 

Ans, {ja^ + 4px^ (y« - par) = {2^^' -pix + xT)} {2yy' +px- Spx"). 

252. We have seen that 8=^kaff represents a conic passing 
through the four points 
FjQ]j>y q^ where a, /8 meei 
S] and it is evident that 
the closer to each other 
the lines a, )S^ are, the 
nearer the point P is to /?, ^ 

and Q to q. Suppose that the lines a and ff coincide, then 
the points P,^; Q^ q coincide, and the second conic will touch 
the first at the points P, Q. Thus, then, the equation 8=^ka? 
represents a come having double contact vrith 8^ a being the chord 
of contact. Even if a do not meet 8j it is to be regarded as the 
imaginary chord of contact of the conies 8 and 8—ka\ In 
like manner a7 = kjS^ represents a conic to which a and 7 are 
tangents and /8 the chord of contact, as we have already seen 
(Art. 123). The equation of a conic having double contact 
with 8 at two given points xYj ^"y' may b^ also written in the 
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form 8=kTT^ where Tand T' represent the tangents at these 
points. 

253. If the liqe a be parallel to an asymptote of the conic 
8^ it will also be parallel to an asymptote of any conic repre- 
sented by S^kap^ which then denotes a system passing through 
three finite and one infinitely distant point. In like manner, 
if in addition /8 were parallel to the other asymptote, the system 
would pass through two finite and two infinitely distant points. 
Other forms which denote conies having points of intersection 
at infinity will be recognized by bearing in mind the prin- 
ciple (Art. 67) that the equation of an infinitely distant line is 
<0.a;+ 0.^+0=0; and hence (Art. 69) that an equSition, appa- 
rently not homogeneous, may be made homogeneous in form, if 
in any of the terms which seem to be below the proper degree of 
the equation we replace one or more of the constant multipliers 
by 0.aj+ O.y + CL Thus, the equation of a conic referred' to its 
asymptotes xy^^Jc^ (Art. 199) is a particular case of the^ form 
ay =: 13* referred to two tangents and the chord of contact 
(Arts. 123, 252). Writing the equation icy = (0. a? + 0.y +'*)", 
it is evident that the lines x and y are tangents, whose points of 
contact are at infinity (Art. 154). 

254. Again, the equation of a parabola i/* =px is also a par- 
ticular case of a7=i8*. Writing the equation a; (0. a: + . y4 p) =y*, 
the form of the equation shows, not only that the line x touches 
the curve, its point of contact being the point where x meets y, 
but also that the line at infinity touches the curve, its point of 
contact also being on the line y. The same inference may be 
d^awn from the general equation of the parabola 

(ox + %)* + (25raj + 2/5^ + c) (O.oj + O.y + 1) = 0, 

which shews that both 2gx + 2>^ + c, and the line at infinity are 
tangents, and that the diameter ouv + /3y joins the points of con- 
tact. Thus, then, every parabola has one tangent altogether at an 
infinite distance. In fact, the equation which determines the 
direction of the points at infinity on a parabola is a perfect 
square (Art. 137); the two points of the curve at Infinity 
therefore coincide; and therefore the line at Infinity is to be 
regarded as a tangent (Art. 83). 
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Ex. The gexLieiral ecfiatioH 

aaj» + 2hxy + iy« + 2ya; + 2/y + c = 

may be regarded as a particular case of the form (Art. 122) ay = k^S. For the first 
three terms denote two lines a, y passing through the origin, and the last three terms 
denote the line at infinity /3, together with the line S, 2gx + 2/y+c. The form of the 
equation then shows that the lines a, y meet the curve at infinity, and also that i 
represents the line joining the finite points in which ay meet the curve. 

265. In accordance with Art. 253, the equation 8= Jeff is to 
be regarded aa a particular case of 5 b a/9, and denotes a system 
of conies passing through the two finite points where 13 meets 8^ 
and also through the two infinitely difctant points where 8 is 
met by 0,x + 0,y + k. Now it is plain that the coefficient's of 
a*, of a:y, and of y", are the same in 8 and in 5- kS^ and there- 
fore (Art. 234) that these equations denote conies similar and 
similarly placed. We learn, therefore, that two conies sintilar 
and similarly/ placed meet each other in tivo infinitely distant 
j)oints^ and consequently only in two finite points. 

This is also geometrically evident when the curves are 
hyperbolas; for the asymptotes of similar conies are parallel 
(Art. 235), that is, they intersect at in- 
finity; but each asymptote intersects 
its own curve at infinity ; consequently 
the infinitely distant point of intersec- 
tion of the two parallel asymptotes is 
also a point common to the two curves. 
Thus, on the figure, the infinitely distant 
point of meeting of the lines OZ, Oa?, ® ^^ 

and of the lines OF, Oy, are common to the curves. One of 
their finite points of intersection is shown on the figure, the 
other is on the opposite branches of the hyperbolas. 

If the curves be ellipses, the only difference is that the 
iwymptotes are imaginary instead of being real. The directions 
of the points at infinity, on two similar ellipses, are determined 
from the same equation (aa;* -f 2Axy + ^^ = 0) (Arts. 136,234), 
Now, although the roots of this equation are imaginary, yet 
they are, in both cases, the same imaginary roots, and therefore 
the curves are to be considered as having two imaginary points 
^t infinity common. In fact, it was observed before, that even 
wh'cn the line a does not meet B in reri points, it is to be re- 
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garded as 9 chord of imaginary intersection of 8 and S—Jca/Sj 
and this remains true when the line a is infinitely distant. 

If the curves be parabolas, they. are both touched by the line 
at infinity (Art. 254) ; but the direction of the point of contact, 
depending only on the first three terms of the equation, is the 
same for both. Hence, two similar and similarly placed para^ 
holas touch each other at infinity. In short, the two infinitely 
distant points common to two similar conies are real, imaginary, 
or coincident, according as the curves are hyperbolas, ellipses, 
or parabolas. 

256. The equation 5- Z;, or iff=A(0.a? + 0.y + 1)' Is mani- 
festly a particular case of /S = ^a*, and therefore (Art. 252) de- 
notes a conic having double contact with /8, the chord of contact 
being at infinity. Now S—k difiers from 8 only in the constant 
term. Not only then are the conies similar and similarly placed, 
the first three terms being the same, but they are also con- 
centric. For the coordinates of the centre (Art. 140) do not 
involve c, and therefore two conies whose equations differ only 
in the absolute term are concentric (see also Art. 81). Hence, two 
similar and concentric conies are to he regarded as touching each 
other at two infinitely distant points. In fact, the asymptotes of 
two such conies are not only parallel but coincident ; they have 
thei*efore not only two points at infinity common, but also the 
tangents at those points ; that is to say, the curves touch. 

If the curves be parabolas, then, since the line at infinity 
touches both curves, 8 and 8—k^ have with each other, by 
Art. 251, a contact at infinity of the third order. Two para- 
bolas whose equations difier only in the constant term will be 
equal to each other ; for the curves y^ =^px^ y^ —p (a? + w) are 
obviously equal, and the equations transformed to any new axes 
will continue to diflfer only in the constant term. We have seen, 
too (Art. 205), that the expression for the parameter of a para- 
tola does not involve the absolute term. The parabolas then, 
8 and 8—k^ are equal, and we learn that two equal and similarly 
placed parabolas whose axes are coincident may he considered as 
having with each other a contact of the third order at infinity, 

257. All circles are similar curves, the terms of the second 
degree being the same in all. It follows then, from the last 
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Articles, that all circles pass through the same two imaginary 
points at infinity^ and on that account can never intersect in more 
than two finite points, and that concentric circles touch each other 
in two imaginary points at infinity ; and on that account can 
never intersect in any finite point. It will appear hereafter 
that a multitude of theorems concerning circles are but parti- 
cular cases of theorems concerning conies which pass through 
two fixed points, 

258. It is important to notice the form Pa* + w*/8* = w*7*? 
which denotes a conic with respect to which a, )8, 7 are the 
sides of a self-conjugate triangle (Art. 99). For the equation 
may be written in any of the forms 

wV-m')8» = Pa''; nV^W»in»/3*; Pa« + iw«/3« = w y. 
The first form shows that ny-{-ml3j ny — mff (which intersect 
in ^87) are tangents, and a their chord of contact. Consequently 
the point I3y is the pole of a. Similarly from the second form 
7a is the pole of /8. It follows, then, that a^ is the pole of 7 ; 
and this also appears from the third form, which shows that the 
two imaginary lines la ± mfi V(— 1) sir© tangents whose chord 
of contact is 7. Now these imaginary lines intersect in the 
real point a/S, which is therefore the pole of 7 ; although being 
within the conic, the tangents through it are imaginary. 

It appears, in like manner, that 

aa' + 2Aa/8+i/8» = C7" 

denotes a conic, such that afi is the pole of 7 ; for the left-hand 
side can be resolved into the product of factors representing 
lines which intersect in a/3. 

CJOR. If Pa* + w'jS* = n'y* denote a circle, its centre must be the intersection of 
perpendiculars of the triangle a/3y. For the perpendicular let fall from anj point 
on its polar must pass through the centre. 

258*(a). If a; = 0, y = be any lines at right angles to each 
other through a focus, and 7 the corresponding directwx, the 
equation of the curve is 

a particular form of the equation of Art. 258. Its form shows 
that the focus {xy) ia the pole of the directrix 7, and that the 

♦ This Article was numhered 279 in the previous editions. 
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polar of any point on the directrix is perpendicular to the line 
joining it to the focns (Art. 192) ; for y, the polar of {xy) is per- 
pendicular to oj, but X may be any line drawn through the focus. 
The form of the equation shows that the two imaginary 
lines a' +y* are tangents drawn through the focus. Now, since 
these lines are the same whatever 7 be, it appears that all canica 
which have the same, focus have two imaginary common tangents 
passing through this focus. All conies, therefore, which have both 
foci common, have four Imaginary common tangents, and may 
be considered as conies inscribed in the same quadrilateral. The 
imaginary tangents through the focus (p^ + y" = 0) are the same 
as the lines drawn to the two imaginary points at infinity on any 
circle (see Art. 257). Hence, we obtain the following general 
conception of foci : " Through each of the two imaginary points 
at infinity on any circle draw two tangents to the conic ; these 
tangents will form a quadrilateral, two of whose vertices will be 
real and the foci of the curve, the other two may be considered 
as imaginary foci of the curve." 

Ex. To find the foci of the conic given by the general equation. We hare 
only to express the condition that « — a/ + (y — yO J(— 1) should touch the curve. 
Substituting then in the formula of Art. 151, for X, /*, v respectively, 1, \{— 1), 
— {oj' + y' 4(— 1)} J and equating separately the real and imaginary parts to cypher, 
we find that the foci are determined as the intersection of the two loci 

C(aj*-y«) + 2/V-2G'a:4--4-J5 = 0, Cxy - Fx- Gy + H =% 

which denote two equilateral hyperbolas concentric with the given conic. Wilting 
the equations 

V {Cx-CriiCyri-FG-CH^ikh', 
the coordinates of the foci are immediately given by the equations 

{Cx - (7)2 = iA (i2 + o - 6) J {Cy - F)" = JA (R + ft - a), 

where A has the same meaning as at p. 153, and i? as at p. 158. If the curve is a 
parabola, C = 0, and we have to solve two linear equations which give 

{F^+G^)x = FH+\{A-B)G', {F^ + G^ y= GH + ^ {B ^ A) F. 

259. We proceed to notice some inferences which follow on 
interpreting, by the help of Art. 34, the equations we have 
already used. Thus (see Arts. 122, 123) the equation a7 = A;/3' 
implies that the product of the perpendiculars from any point of 
a conic on two fixed tangents is in a constant ratio to the square 
of the perpendicular on their chord of contact. 

The equation 9Ly = k^Sy similarly interpreted, leads to the 
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important theorem : The product of the perpendiculars let fatt 
from any point of a conic on ttoo opposite sides of an inscribed 
quadrilateral is in a constant ratio to the product of the perpen^ 
diculars let fall on the other two sides. 

From this property we at once infer, that the anharmonio 
ratio of a pencil^ whose sides pass through four Jixed points of a 
conicj and whose vertex is any variable point ofit^ is constant. 

For the perpendicular 



OA.OB.^mAOB 
""^ AB ' 



7 = - 



OC. OD.BinCOD 
CD 



&c. 



Now if we substitute these values 
in the equation a7 + kffSy the con- 
tinued product OA.OB.OC.OD 
will appear on both sides of the 
equation, and may therefore be 
suppressed, and there will remain 

amAOB.&mCOD 
BmBOC.RinAOD 




= k 



AB.CD 
BC.AD' 



but the right-hand member of this equation is constant, while 
Khe left-hand member is the anharmonic ratio of the pencil OAj 
OB, OCy OD. 

The consequences of this theorem are so numerous and im- 
portant that we shall devote a section of another chapter to 
develope them more fully. 

260. If /8=0 be the equation to a circle, then (Art. 90) 8 is 
the square of the tangent from any point xy to the circle ; hence 
8- koL0 = (the equation of a conic whose chords of intersection . 
with the circle are a and ^8) expresses that the locus of a point, 
such that the square of the tangent from it to a fixed circle is in a 
constant ratio to the product of its distances from two fixed lines, 
is a conic passing through the four points in which the fixed lines 
intersect the circle. 

This theorem is equally tnne whatever be the magnitude of 
the circle, and whether the right lines meet the circle in real or 
imaginary points; thus, for example, if the circle be infinitely 
small, the locus of a point, the square of whose distance from a 
•RjT^d innmt is in a constant ratio to the product of its distances from 
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too fixed Uneij ts a contn s&ction ; and the fixed lines may be 
considered as chords of imaginary intersection of the conic ^ith 
an infinitely small circle whose centre is the fixed point. 

261. Similar inferences cah be drawn from the equation 
/&- ia*= 0, whei-e jB is a circle. We learn that the locus of a 
point J siLch that the tangent from it to a fixed circle is in a constant 
ratio to its distance from afi^ed line^ is a conic touching the circle 
at the two points where the fixed line meets it ; or, conversely, that 
if a circle have double contact with a coniCj the tangent drawn to 
the circU from any point on ike conic is in a constant ratio to the 
perpendicular from the point on the chord of contact. 

In the particular case where the circle is infinitely small, we 
obtain the fundamental property of the focus and directrix, and 
we infer that the focus of any conic may be considered as an in^ 
finitely small circle^ touching the conic in two imaginary points 
situated on the directrix. 

262. In general, if in the equation of any conic the coordi* 
nates of any point be substituted^ the result will be proportional to 
the rectangle under the segments of a chord dravm through the 
point parallel to a given line,* 

For (Art. 148) this rectangle 

^ c' 

^ a cos*^ 4- 2h cos sin 0-\-b sin"^ * 

Ivhere, by Art. 134, c' is the result of substituting m the equa- 
tion the coordinates of the point ; if, therefore, the angle 6 be 
constant, this rectangle will be propoi*tional to c'. 

Ex. 1. If two conies have doiit)le contact, the square Of the perpendicular froni 
any point of one upon the chord of contact is in a constant ratio to the rectangle 
under the segments of that perpendicular made by the other. 

Ex. 2. If a line parallel to a given one meets two conies in the points P, Q, />, q^ 
and we take on it a point Oy such that the rectangle OP, OQ may be to 0^. 61^ in 
a constant ratio, the locus, of 6^ is a conic through the points of itxtersection of vtho 
given conies. 

Ex. 8. The diameter of the circle cijxjulnscribing the triangle fbrmed by two 

Ulft 

tangents to a central conic and their chord of contact is -r- ; where b', b" are the 

semi-diameters parallel to the tangents, and p is the perpendicular from the centre 
«n the chord of contact. [Mr. Bumside]. 

♦ This is equally trcre for curves of any degree. 
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249. If /S=0, 8'-0 be the equations of two comes, then 
the equation of any conic passing through their four, real 
or imaginary, points of intersection can be expressed in the 
form S=k8\ For the form of this equation shows (Art. 40) 
that it denotes a conic passing through the four points common 
to 8 and 8' ; and we can evidently determine k so that 8= k8. 
shall be satisfied by the coordinates of any fifth point. It must 
then denote the conic determined by the five points.* ^ 

This will, of course, still be true if either or both the quan- 
tities 8 J 8' be resolvable into factors. Thus 8=koil3j being 
evidently satisfied by the coordinates of the points where the 
right lines a, fi meet ;8, represents a conic passing through the 
four points where 8 is met by this pair of lines; or, in other 
words, represents a conic having a and 13 for a pair of chords of 
intersection with 8. If either a or )3 do not meet 8 in real 
points, it must still be considered as a chord of imaginary inter* 
section, and will preserve many important properties in relation 
to the two curves, as we have already seen in the case of the 
circle (Art. 106). So, again, a7 = kfiS denotes a conic circum* 
scribing the quadrilateral a^yS^ as we have already seen (Art. 
122) .t It is obvious that in what is here stated, a need not 

* Since five conditions determine a conic, it is evident that the most general 
equation of a conic satisfying four conditions must contain one independent constant, 
whose value remains undetermined until a fifth condition is given. In like manner, 
the most general equation of a conic satisfying three conditions oontaLus two in- 
dependent constants, and so on. Compare the equations of a conic passing through 
three points or touching three lines (Arts. 124, 129). 

If we are given any four conditions, in the expression of each of which the co* 
efficients enter only in the first degree, the conic passes through four fixed points ; 
for by eliminating all the coefficients but one, the equation of the conic is reduced 
to the form S = kS\ 

t If o^ be one pair of chords joining four points on a conic S, and yS another 
pair of chords, it is immaterial whether the general equation of a conic passing 
through the four points be expressed in any of the forms 8 - Aa/3, S — kyd^ a/3 — kyd, 
where k is indeterminate ; because, in virtue of the general principle, 8 is itself of the 
form afi — kyd» 
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be redlricted, as at p. 53, to denote a line \7b0se equation has 
been reduced to the form xcoBd + y sma=p] but that the 
argument holds if a denote a line expressed by the general 
equation. 

250. There are three values of ky for which 8^k8^ re- 
presents a pair of right lines. For the condition that this shall 
be the case, is found by substituting a-Aa, J-iJ', &c, for 
a, bj &c. in 

aJc4 2/^A-a/'- J/- cA'«=Oj 

and the result evidently is of the third degree in i, and is 
therefore satisfied by three values of k. If the roots of this 
cubic be k\ r, k"\ then 8^k'S\ 8^k"S\ 8^k'"8', denote 
the three pairs of chords joining the four points of intersection 
of 8 and 8' (Art. 238). 

Ex. 1. What is the equation of a conic passing through the points where a givea 
conic S meets the axes ? 

Here the axes a; = 0, ^ = 0, are chords of intersection, and the equation must be 
of the form 3 =r Jcxy^ \(rhere k is indeterminate. 6ee £x. 1, Art. 151. 

Ex. 2. Form the equation of the conic passing through five given points ; for 
example (1, 2), (3, 5), (- 1, 4), (- 8, - 1) (- 4, 3). Forming the equations df the sides 
of the quadrilateral formed by the first four points, we see that the equation of the 
required conic must be of the form 

(3ar-2y + l)(6»-^2y + 13) = Ar(«-4y+17)(3aj-4y + 6). 

Substituting in this, the coordinates of the fifth point (—4, 3), we obtain >( x — ^. 
Substituting this value and reducing the equation, it becomes 

79»a - 320a:y + 80 V + 1101* - 1665y + 1586 = 0. 

251. The conies /S, 8-'kaP will touch; or, in other words, 
two of their points of intersection will coincide ; if either a or /8 
touch 8^ or again, if a and fi intersect in a point on 8. Thus if 
r= be the equation of the tangent to iS at a given point on it 
a?y, then 8^T{Jx'\-my-\- w), is the most general equation of a 
conic touching 8 at the point xy' ; and if three additional con- 
ditions are given, we can complete the determination of the 
conic by finding Z, w, «. 

Three of the points of intersection will coincide \{ Ix -\- my ■{■ n 
pass through the point x'y' ; and the most general equation of a 
conic osculating fi'at the point xy is 8— T{lx+my-lx'—my'). 
If it be required to find the equation of the osculating circlcy 
we have only to express that the coefficient xy vanishes in this 

HH. 
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exteosion of Art 116. Or, agaiD, tangents at the extremities ef 
either of these right lines will meet on one of the common chords^ 

265. K/8f+Z", iS-hif", 8+N^y ell break up into pairs of 
right lines, they M'ill form a hexagon circumscribing 8^ the 
chords of intersectioQ will be diagonals of that hexagon, and 
we get Brianchon's theorem : " The three opposite diagonals of 
every hexagon circumscribing a conic intersect in a point" 'By 
the opposite diagonals we mean (if the sides of the hexagon be 
numbered 1, 2, 3, 4, 5, 6) the lines joinipg (X, 2) to (4, 5), (2, 3) 
to ($, 6), and (3, 4) to (6, 1) ; and by changing the order in 
which we take the sides we may consider the same lines as 
forming a number (si3;ty) of different hexagons, for each of 
which the present theorem is true. The proof may also be stated 
«s in Ex. 2, Art. 263. If 

be equivalent forms: of the equation of 8j then c^=ic^ = c, re^ 
presents three intersecting diagonals^* 

266. If three conic sections have one chord common to ally their 
three other chords mil pass through the same point. 

Let the equation of one be /S = 0, and of the common chord 
Jj^^Oy then the equations of the other two are of the foriA 

/S + Zilf=0, /S+iiiV=0, 

which must have, for their intersection with each other^ 

but JIf - JVis a line passing through the point {M2f). 

According to the remark in Art. 257, this is only an extension 
of the theorem (Art. 108), that the radical axes of three circles 
meet in a point. For three circles have one chord (the line at 
infinity) common to all,^ and the radical axes are their other 
common chords. 



♦ Mr. Todhtmter has with justice objected to this proof, that since no rule is givea 
which of the diagonals of tjttt^i is Cj ^ + <?a, all that is in strictness proved is that the 
lines joining (1, 2) to (4, 6) and (2, 3) to (5, 6) intersect either on the line joining 
(3, 4) to (6, 1), or on that joining (1, 3) to (4, 6). But if the latter were the case the 
triangles 123, 456 would be homologous (see Ex. 3, p. 59), and therefore the inter- 
flections 14, 25, 86 on a right line ; and if we suppose five of these tangents fixed, the 
sixth instead of touching a conic would pass through a fixed point. 
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The theorem of Art. 264 may be considered as a still further 
extension of the same theorem, and three conies which have 
each double contact with a fouiih may be considered as having 
four radical centres, through each of which pass three of their 
common chords. 

The theorem of this Article may, as in Art.. 108, be other- 
wise enunciated : Oiven four points on a conic section^ its chord of 
intersection with a fixed conic passiy^g through two of these points 
will pass through a fixed point. 

Ex. 1. If through one of the points of inteisection of two conies we draw any line 
meeting the conies in the points P, p, and through any 
other point of intersection B a line meeting the oonics in 
the points Q, g', then the lines PQ, pq "veill meet on CD, 
the other chord of intersection. This is got by supposing 
one of the conies to reduce to the pair of lines OAy OB, 

Ex. 2. If two right lines, drawn through the point of 
contact of two conies, meet the curves in points P, p, Q, y, 
then the chords PQ, pq will meet on the chord of inter- 
section of the conies. 

This is also a particular case of a theorem given in Art. 264, tinoe one intersection 
of common tangents to two conies which touch reduces to the point of contact 
(Cor., Art. 117). 

267. The equation of a conic circumscribing a quadrilateral 
(a7 = ^^S) furnishes us with a proof of "Pascal's theorem," 
that the three intersections of the opposite sides of any hexagon 
inscribed in a conic section are in one right line. 

Let the vertices be abcdef and let at = denote the equation 
of the line joining the points a, h ; then, since the conic circum- 
scribes the quadrilateral ahcd^ its equation must be capable of 
being put into the form 

ab.cd—hcad^O, 
But since It also circumscribes the quadrilateral defa^ the same 
equation must be capable of being expressed in the form 

de.fa-ef.ad^O. 
From the identity of these expressions, we have 

ab.cd - de.fa = (Jc ^ ef) ad. 
Hence, we learn that the left-hand side of this equation (which 
from its form represents a figure circumscribing the quadrilateral 
formed by the lines ai, &, erf, af) is resolvable into two factors, 
which must therefore represent the diagonals of that quadri- 
lateral. But ad is evidently the diagonal which joins the vertices 
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a and dj therefore bo-ef must be the other, and must join the 
points {abj de\ {cdj of) ; and since from its form it denotes a line 
through the point (6c, e/)^ it follows that these three points are 
in one right line, 

268. We may, as In the case of Brianchon's theorem, obtain 
a number of different theorems concerning the same six points, 
according to the different orders in which we take them. Thus, 
since the conic circumscribes the quadrilateral bcefj its equation 
can be expressed in the form 

be.cf—be.ef^^ik 
Now, from identifying this with the first form given in the last 
Article, we have 

ab.ed-- be.cf=^ [ad-- ef) Je; 

whence, as before, we learn that the three points (aJ, c/*), (erf, be)y 
(arf, ef) lie in one right line, viz. ad — ef=^ 0. 

In like manner, from identifying the second and third forma 
of the equation of the conic, we learn that the three points 
(rfe, cf\ {fa^ be)y (ady be) lie in one right line, viz. bc-(id=(K 
But the three right lines 

bc-e/^Oj ef^ad^Oy arf-5c = 0, 
meet in a point (Art. 41). Hence we have Steiner's theorem^ 
that " the three Pascal's lines which are obtained by taking the 
vertices in the orders respectively, ahodefj adcfebj afcbed^ meet 
in a point." For some further developments on this subject we^ 
refer the reader to the note at the end of the volume. 

Ex. 1. ItOfbfC be tliree points on a right line ; a', b% ^ throe points on another 
line, then the intersections (^'^ 6V), {fia\ t^a\ {ab\ a'b) lie in a right line. This ia 
a particular case of Pascal's theorem. It romains true if the second line be at infinity 
and the lines ba\ ec^ be parallel to a given line, and similarly for eb\ ab' ; oc', bc\ 

Ex. 2. From four lines can be made four triangles, by leaving out in turn one 
line : the four intersections of perpendiculars of these triangles lie in a right line. 
Let o, b^c,d\M the right lines ; a\ b% c% cT lines perpendicular to them j then th^ 
theorem follows by applying the last example to the three points of intersection o{ 
a, by e with d, and the three points at infinity on a% b\ c'.* 

♦ This proof was given me independently by Prof. De Morgan and by Mr. Bumside. 
The theorem itself, of which another proof has been given p. 217, may also be deduced 
from Steiner's theorem, Ex. 8, p. 212. For the four intersections of perpendiculars 
must lie on the directrix ef the parabola, which has the four lines for tangents. The 
line joining the middle points of diagonals is parallel to the axis (see Ex. 1, p. 212). 
It follows in the same way from Cor. 4, p. 207, that the circles circumscribing the four 
ti'iangles pass through the same point, viz. the focus of the same parabola. If we are 
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Ex, 3. Steiner*s theorem, that the perpendiculai^ of the triangle fortned by three 
tangents to a parabola intersect on the directrix is a particular case of Brianchon's 
theorem. For let the three tangents be a^ bjC; let three tangents perpendicular to 
them be a', h', c', and let the line at infinity, which is also a tangent (Art. 254) be oo . 
Then consider the six tangents a, by Cj c'^ <x> , a' ; and the lines joining ab, <f^ ; 
hCy a'(x> J cc\ aa' meet in a point. The first two are perpendiculars of the triangle, 
and the last is the directrix on which intersect every pair of rectangular tangents 
(Art. 221). This proof is by Mr. John 0. Moore. 

Ex. 4. Given five tangents to a conic, to find the point of contact of any. Let 
ABODE be the pentagon formed by the tangents; then, it AC and BE intersect in 
Of DO passes through the point of contact of AB, This is derived from Brianchon's 
theorem by supposing two sides of the hexagon to be indefinitely near, since any 
tangent is intersected by a consecutive tangent at its point of contact (Art. 147). 

269. Pascal's theorem enables us, given five points -4, 5, C, 
i>, -©, to construct a conic; for if we draw any line -4 P through 




C JD If JP 

one of the given points, we can find the point F in which that 
line meets the conic again, and can so determine as many points 
on the conic as we please. For, by Pascal's theorem, the points 
of intersection [AB, DE\ [EG, EF)^ {CD^ AF) are in one right 
line. But the points {AB^ DE)^ {CDj AF) are by hypothesis 
known. If then we join these points 0, P, and join to ^ the 
point Q in which OP meets J?C, the intersection of ^-fi'with AP 
determines F, In other words, F is the vertex of a triangle 
FPQ whose sides pass through the fixed .points A^E^ 0, and whose 
base angles P, Q move along the fixed lines CD^ CB (see Ex. 3, 
p. 42). The theorem was stated in this form by MacLaurin. 

Ex. 1. Given five points on a conic, to find its centre. Draw AP parallel to J5C 
and determine the point F, Then AF and BC are two parallel chords and the line 
joining their middle points is a diameter. In like manner, by drawing QJE parallel 
to CD we can find another diameter, and thus the centre. 

« 
given five lines, M. Auguste Miquel has proved (see Catalan's Theoremes et Probleme$ 
de Geometrie Elementaire, p. 93) that the foci of the five parabolas which have four 
of the given lines for tangents lie on a circle (see Higher Plane Curves, Art. 146), 
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Ex. 2. Giyen five points on a conic, to draw the tangent at any one of them. 
The point F mnst then coincide with A^ and the line QF drawn through E mniA 
therefore take the position qA. The tangent therefore mtist }aepA, 

Ex. 3. Inrestigate by trilinear coordinates (Art. 62) MacLanrin's method of 
generating conies. In other words, find the locus of the vertex of a triangle whose 
sides pass through fixed points and base angles move on fixed lines. Let a, /3, y 
be the sides of the triangle formed by the fixed points, and let the fixed lines be 
Za + m/3 + ny = 0, Va + m'/3 + n'y = 0. Let the base be a = fi/3. Then the lin6 
joining to /Sy, the intersection of the base with the first fixed line, is 

{III + m) /3 + ny = 0. 
And the line joining to ay, the intersection of the base with the second line, is 

{I'll + !»')« + n>y = 0. 
Eliminating /u from the last two equations, the equation of the locus is found to be 

/m'o/3 ■=. (i»/3 + ny) {Va + n'y), 
a oonic passing through the points 

/3y, yo, (c, /a + f»/3 + ny), (/3, fa + 1»'/3 + n'y)- 

EQUATION REFERRED TO TWO TANOENTS AND THEIR CHORD* 

\ 

270. It much facilitates computatioti (Art. 229] when tbd 
position of a point on a curve can be expressed by a single 
variable ; and this we are able to do in the case of two of the 
principal forms of equations of conies already given. First, let 
£, M be any two tangents and R their chord of contact. Then 
the equation of the conic (Art. 252) is iif = -fi" ; and if fiL =^R 
be the equation of the line joining LB to any point on the 
curve (which we shall call the point fi)^ then substituting in the 
equation of the curve, we get M^fiB and y^L^M for the 
equations of the lines joining the same point to MR and to LM*, 
Any two of these three equations therefore will determine a 
point on the conic. 

The equation of the chord joining two points on the curve 
/It, /, is 

/it/it'i- (/A + /) JB + i/ = 0. 

For it is satisfied by either of the suppositions 

(/iL = iZ, fiR^M), {fi'L^it, fi'R^M). 
If /* and /*' coincide we get the equation of the tangent, viss. 
/Lt»L-2/ijB+il!f=0. 
Conversely, if the equation of a right line (Ai*Z'-r2/Lt-R+Jlf=0) 
involve an indeterminate /t in the second degree^ the line will 
always touch the conic LM=^ R*. 
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271. To find the equation of the polar of any point. 
The coordinates L\ M\ K of the point substituted in the 
equation of either tangent through it give the result 

M It 

Now at the point of contact /A* = -r ) w^^ ^~T ^^^' ^^^)' 

Therefore the coordinates of the point of contact satisfy the 
equation 

which is that of the polar required* 

If the point had been given as the intersection of the lines 
aL = R^bR = Jf, it is found by the same method that the equa«> 
tion of the polar is 

aJi-2ajS + Jf=»0. 

272. In applying these equations to examples it id tiseful to 
take notice that) if we eliminate R between the equations of 
two tangents 

At"X-2/in+ jf=0, A*'"i:-2/-Rf ilf=0, 

we get fifJkL = M for the equation of the line joinihg LM to 
the intersection of these tangents. Hence, if we are given the 
product of two /a's, fifi! = a, the intersection of the corresponding 
tangents lies on the fixed line aL = M, In the same case, sub- 
stituting a for fif/ in the equation of the chord joining the points, 
we see that that chord passes through the fixed point {aL + Jlf, R). 

Again, since the equation of the line joining any point /Lt to 
LM is fA^L = Jf, the points •{- [i^-- fi lie on a right line passing 
through LM, 

Lastly, if LM- R% LM— JS^ be the equations of two conies 
having Z, M for common tangents, then since the equation 
y^L = M does not involve R or jB', the line joining the point 
+ /i on one conic to either of the points ± /a on the other, passes 
through LM the intersection of common tangents. We shall 
say that the point + ft on the one conic corresponds directly to 
the point + fx and inversely to the point — /a on the other. And 
we shall say that the chord joining any two points on one conic 
corresponds to the chord joining the corresponding points on 
the other. 

KK. 



250 METHODS OF ABRIDGED NOTATION. 

Ex. 1. Corresponding chords o< two conies intersect on one of the chords of 
intersection of the conies. 

The conies LM-Jfl, LM-S^ have JP-JJ^ for a pair of common chords. 
But the chords 

tifi'L'-{ji + fi')R + M=% fi/i'L-ifii + fi') Ii' + M = Oy 
evidently intersect on R — B^, And if we change the signs of /Xj fi' in the second 
equation, they intersect on i? + E*, 

Ex. 2. A triangle is drcnmscribed to a given conic ; two of its vertices move ou 
fixed right lines ; to find the locus of the third. 

Let us take for lines of reference the two tangents through the intersection of th« 
fixed lines, and their chord of contact. Let the equations of the fixed lines be 

aL-if=0, bL-M=0, 
while that of the conic is LM — -R" = 0. 

Now we proved (Art. 272) that two tangents which meet on aL — -If must have 
tiie product of their /u's = a ; hence, if one side of the triangle touch at the point iiy 

the others will touch at the points - , - i and their equations will be 

fi fi 

-'i-2-i24-Jf=0, ^i-2-i2 + Jf=0. 

fi can easily be eliminated from the last two equations, and the locus of the vertex 
is found to be 

the equation of a conic having double contact with the given one along the line JS*. 

Ex. 3. To find the envelope of the base of a triangle, inscribed in a conic, and 
whose two sides pass through fixed points. 

Take the line joining the fixed points for iZ, let the equation of the conic be 
LM = IPf and those of the lines joining the fixed points to LM be 

aL-M=0, bL-M=0, 

Now, it was proved (Art. 272) that the extremities of any chord passing through 
(aL — My R) must have the product of their /u's = a. Hence, if the vertex be ft, the 

base angles must be - and - . and the equation of the base must be 

A* »4 

ahL ^{a + b)fiR + y?M- 0. 
The base must, therefore (Art. 270), always touch the conio 

a conic having double contact with the given one along the line joining the given 
points. 

Ex. 4. To inscribe in a conic section a triangle whose sides pass through three 
given points. 

Two of the points being assumed as in the last Example, we saw that the equa- 
tion of the base must be 

ahL - (o + 5) /nJ? + ik^M = 0. 

♦ This reasoning holds even when the point LM is within the conic, and therefore 
the tangents Z, M imaginary. But it may also be proved by the methods of the 
next section, that when the equation of the conic is X' + i/« = i2«, that of the locus 
is of the form Z,* + Ji/« = k'B?. 



METHODS OF ABBIDQED NOTATION. 251 

Kow, if this lin« ^aaa throogli the point eL — R = Of ef 22 — Jf = 0, we most haTO 

an equation sufficient to determine jau 

Now, at the point fi we have fjJj^Bf fj?L = M\ hence the coordinates of this 
point must satisfy the equation 

€AL - {a ■\- h) cR + edMrzO, 
The question, therefore, admits of two solutions, for either of the points in which thia 
line meets the curve may be taken for the vertex of the required triangle. The geo- 
metric construction of this line is given Art. 297, Ez. 7. 

Ex. 5. The base of a triangle touches a given conic, its extremities move on two 
fixed tangents to the conic, and the other two sides of the triangle pass through fixed 
|X)ints ; find the locus of the vertex. 

Let the fixed tangents be Z, My and the equation of the conic LM= R^, Then 
the point of intersection of the line L with any tangent (ji^L — 2/u/2 + M) will have 
its coordinates L, R, M respectively proportional to 0, 1, 2/a. And (by Art. 65) the 
equation of the hue joining this point to any fixed point IJR'M* will be 

LW - VM = 2/« {J.R - VR). 

Similarly, the equation of the line Joining the fixed point L"R"M'* to the point 
(2, /u, 0), which is the intersection of the line M with the same tangent, is 

2 {RM" - R"M) = /n (ZJf " - Z^Jf ). 

Eliminating /ti, the locus of the vertex is found to be 

{LM' - L'M) {LM" - U'M) = 4 {LR - VR) {RM*' - STM), 

(he equation of a conic through the two given points. 

273, The chord joining the points fi tan^, /a cot^ (where 
4> is any constant angle) will always touch a conic having double 
contact with the given one. For (Art. 270) the equation of the 
chord is 

fi^L - fiR (tan<^ + cot ^) + JIf = 0, 

which, since tan 0-1- cot<^ = 2 cosec20, is the equation of a tan- 
gent to LM sin*20 = jR* at the point fi on that conic. It can be 
proved, in like manner, that the locus of the intersection of tan- 
gents at the points /* tan^, /* cot^ is the conic LM^E* sin'20. 

£k. If in Ex. 5, Art. 272, the extremities of the base lie on any conic having 
double contact with the given conic, and passing through the given points, find the 
locus of the vertex. 

Let the conies be 

LM-R^=Of ZJfBin»2<>-ie«=0, 

then, if any line touch the latter at the point ft, it will meet the former in the points 
fi tan<^ and ficottp; and if the fixed points are /i', fi", the equations of the sldea an 

Hfi' tajiipL -(ja' +fit&n<t>)R + M= 0, 

fifi" oot4>L - 0*" + f* cot<t>) R + If = 0, 
Eliminating ft, the locus is found to be 

{M^fi'R) {^"L - i2) = tan«<^ {M - fi"R) {/I'L - /2). 
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274. Given four points of a conic j the anharmontc ratio of th0 
pencil joining them to any fifth point is constant (Art. 259). 

The lines joining four points fi\ /*", /a'", /i*"" to any fifth 
point fij are 

and their aaharmonic ratio is (Art. 58) 

and is, therefore, independent of the position of the point /ea. 

We shall, for brevity, use tlie expression, ^' the anharmonio 
ratio of four points of a conic," when we mean the anharmonio 
ratio of a pencil joining those poiuts ta any fifth point on thQ 
Qurve. 

275. Four fixed tangents cut any j\fth in points whose anhar-* 
Tnonic ratio is constant. 

Let the fixed tangents be those at the points /a', f/\ /it'", /x'% 
and the variable tangent that at the point fJk ; then the anhar- 
monic ratio in question is the same as that of the pencil joining 
the four points of intersection to the point LM^ Bat (Art. 272) 
the equations of the joining lines are 

|t>i-if=0, />i-Jf=0, /'>Z--2f=0, /'>Z-Jlf=0, 
It system (Art. 59) homographic with that found in the last 
Article, and whose anharmonic ratio Is therefore the same« 
Thus, then, the anharmonie ratio of four tangents is the sam^ 
us that of their points of contact. 

276. The expression given (Art. 274) for the anharmonio 
ratio of four points on a conic /*', /la", /*'", yt*"" remains unchanged 
if we alter the sign of each of these quantities ; hence (Art. 21^) 
if we draw four lines through any point LMj the anharmonie 
ratio of four of the points (/*', f/\ /i'", /it"'') where these lines meet 
the conic^ is equal to the anharmonic ratio of the other four points 
(— /[*', — f/\ — f/'^j — /i^"") where these lines meet the conic. 

For the same reason, the anharmonic ratio of four points on on4 
conic is equal to that of the four corresponding points on anx>ther ; 
since corresponding points have the. same /it (Art. 272). Again, 
the expression (Art. 274) remains unaltered, if we multiply each 
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/ti either by tan ^ or cot^; hence, we obtain a theorem of Mr. 
Townsend's, ** If two conies have double contact, the anharmonic 
ratio of four of the points in which any four tangents to the one 
meet the other is the same as that of the other four points in which 
the four tangents meet the curve^ and also the same as that of the 
four points of contacts 

277. Conversely, given three fixed chords of a conic aa% 
hb\ cd ; a fourth chord di, such that the anharmonic ratio of 
abed is equal to that of a'b'dd, will always touch a certain conic 
having double contact with the given one. For let a, J, c, a', b\ d 
denote the values of yk for the six given fixed points, and /i, \i! 
those for the extremity of the variable chord, then the equation 

[a-b){c^l, ) {ci^V)[c'^iu') 
[a^c)(b-fi)'^{a'^c'){b'-fA^)' 

when cleared of fractions, may, for brevity, be written 

^/i4/ + -B>A + (7/ + Z>^0, 
where -4, J5, C, D are known constants. Solving for f/ from this 
equation, and substituting in the equation of the chord 

it becomes 

M(P/i + 2>)i + i2{/[i(^/i4+(7)-(B/i + 2>)}-2f (-4^4+0) =0, 
or fji^BL+AB)+fi{DL-^[G^B)B^AM]''{DB^CM)^0, 
which (Art. 270) always touches 

{DL-^{C-B)B^AMY^4.{BL-\-AB){CM-\-DB):^(^ 
an equation which may be written in the form 

4 {BC^ AD) [LM'-B') + {DL+{B+ C) B^-AMY^O, 
'showing that it has double contact with the given conic. 

In the particular case when B^C^ the relation connecting 
/i, ft! becomes 

^/[iM' + 5(A* + /) + Z> = 0, 

which (Art. 51) expresses that the chord ii^JifL - (/ia + ft') 5 + Jf 
passes through a fixed point. 

EQUATION BEFERBED TO THE SIDES OF A SELF-CONJUGATE 
TRIANGLE. 

278. The equation referred to the sides of a self-conjugate 
triangle Pa' + m*^ « nV (Art. 258) also allows the position of 
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any point to be expressed by a single indeterminate. For if 
■we write la = ny cos0, mfi ^ny sin^, then, aa at pp, 94, 219, 
the chord joining any two points is 

h cos J {<f> + ^') + ml3 sin J (^ + ^') ?= ny cos^ (^ — ^'), 

and the tangent at any point is 

Iql cos^ + mfi sin (f) = ny. 

If for symmetry we write the equation of the coniQ 

then it may be derived from the last equation, that the equation 
of the tangent at any point a'/S''/ ia 

and the equation of the polar of any point a'/8'7' is necessarily 
of the same form (Art. 89). Comparing the equation last 
written with \a -\- fi^ + vy ^ 0^ we see that the coordinates of 

the pole of the last line are - , ^ , - ; and, since the pole of 

any tangent is on the curve, the condition that Xa -{• ^aJS + vy 

may touch the conic is j- 4- -f — = 0, When this conditioix 

'^ a b c 

is fulfilled the conic is evidently ^touched by all the four linea 

Xa ± /x)8 ± 1/7, and the lines of reference are the diagonals of the 

quadrilateral formed by these lines (see Ex. 3, Art. 146). In like 

manner, if the condition be fulfilled aa'* + JyS'^ + c/' = 0, tho 

conic passes through the four points a', ± ^, ± 7'. 

Ex. 1. Find the locus of the pole of a given line \a + fifi + vy with regard ta 
A conic which passes through four fixed points a', + /3', ± y\ 

An,. ^%f + f = 0, 

Ex. 2. Find the locus of the pole of a given line Xa + /uj3 + vy, with regard to a 
conic which touches four fixed lines la ± m/3 ± ny, . ^4. ^^ 4. ?!3^ — rk 

* X /* » "~ 

These examples also give the locus of centre ; since the centre is the pole of th^ 
line at infinity a sin^ + /3 sin 5 + y sin (7. - 

Ex. 3. What is the equation of the circle having the triangle of reference for a 
self -conjugate triangle ? Am. (See Ex. 2, Art. 128) d? sin 2-4 + /S* sin 25 + y« sin2C = 0. 

It is easy to see (see Art. 258) that the centre of the circle is the intersection of 
perpendiculars of the triangle, the square of the radius being the rectangle under the 
49egmen^ of any of the perpendiculars (taken with a positive sign when the triangle 
is obtuse angled, and with a negative sign when it is acute angled). In the latter 
case, therefore, the circle is imaginaxy. 
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280* The equation (Art. 258 (a)) aj^^ + ^'^r^V (where the 
origin is a focus and 7 the corresponding directrix) is a parti- 
cular case of that just considered. The tangents through (7, x) 
to the curve are evidently ey-\-x and ey — x. If, therefore, the 
curve be a parabola, e = 1 ; and the tangents are the internal 
and external bisectors of the angle (7a;). Hence, " tangents to 
a parabola from any point on the directrix are at right angles 
to each other." 

In general, since-aj = e7 cos^, y = ey sin0, we have 

^=tan0: 
X ; ' 

or ^ expresses the angle which any radius vector makes with a?. 
Hence we can find the envelope of a chord which subtends 
a constant angle at the focus, for the chord 

X cosi (0 + ^') + y sini (^ + ^') = ey cos^ (^ - ^'), 

if ^ - ^' be constant, must, by the present section, always touch 

aj« + y« = eVcos«i(^-f), 

a conic having the same focus and directrix as the given one. 

281. The line joining the focus to the intersection of two 
tangents is found by subtracting 

X cos -f y sin ^ — 67 = 0, 

X cos ^' + y sin <^' — 67 = 0, 
to be X sin ^ (<f> + <f>') - y cos ^ (0 + <})') = 0, 

the equation of a line making an angle i (^ 4 (f>') with the axis 
of aj, and therefore bisecting the angle between the focal radii. 

The line joining to the focus the point where the chord of 
contact meets the directrix is 

X cos^ (^ + <^') +y sin i (^ + ^') =0, 
a line evidently at right angles to the last. 

To find the locus of the intersection of tangents at points which 
subtend a given angle 2S at the focus. 

By an elimination precisely the same as that in Ex. 2, Art. 102, 
the equation of the locus is found to be [x^ + y") cos'' S = 6^7*, 

* Art. 279 of the older editions is now numbered Art. 258 (a). 
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which represents a conic having the same focus and directrix ad 

the given one, and whose eccentricity = ^ . 

If the curve be a parabola, the angle between the tangents is 
in this case given. For the tangent (a; cos0 + y sin^ - 7) bisecta 
the angle between x cos (f> ■\-y sin 4> and 7, The angle between the 
tangents is, therefore, half the angle between a;cos^+ysin<^ and 
X cos <^' + y sin ^', or = J (^ — 4>). Hence, the angle between two 
tangents to a parabola is half the angle which the points of contact 
subtend at the focus ; and again, the locus of the intersection of 
tangents to a parabola^ which contain a given anglcy is a hyperbola 
with the same focus and directrix^ and whose eccentricity is the 
secant of the given anglcy or whose asymptotes contain double 
the given angle (Art. 167), 

282. Any two conies have a common self-conjugate triangle* 
For (see Ex. 1, p. 148) if the conies intersect in the points 
-4, By 0, 2>, the triangle formed by the points E^ F^ 0, in which 
each pair of common chords intersect, is self-conjugate with 
regard to either conic. And if the sides of this triangle be 
a, i8, 7, the equations of the conies can be expressed in the form 

aa* + jy3« + C7' = 0, a V + yy3» + c V = 0. 
We shall afterwards discuss the analytical problem of reducing 
the equations of the conies to this form. If the conies intersect 
in four imaginary points, the lines a, /S, 7 are still real. For it 
is obvious that any equation with real coefficients which ia 
satisfied by the coordinates a^ -\- x'^ »J {— 1\ y' + y" V(-l)) will 
also be satisfied by a?' — a/'V(- 1)? y'-y'W(-l)j and that the 
line joining these points is real. Hence the four imaginary 
points common to two conies consist of two pairs x' ±x'' sl^- 1), 
/iy'VC-l); a!"'±a;""V(- 1), y'"±y'"y(- 1). Two of the 
common chords are real and four imaginary. But the equa- 
tions of these imaginary chords are of the form i±JlfV(— l)i 
2i'±lf' V(— l)j intersecting in two real points LM^ LM\ 
Consequently the three points E^ F^ are all real. 

If the conies intersect in two real and two imaginary points, 
two of the common chords are real, viz. those joining the two 
real and two imaginary points; and the other four common 
chords are imaginary. And since each of the imaginary chords 
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passes tbrough one of the two real points, it can have no other 
real point on it. Therefore, in this case, one of the three points 
JEj Fj is real and the other two imaginary ; and one of the 
sides of the self-conjugate triangle is real and the other two 
imaginary. 

Ex. 1. Find the locus of vertex of a triangle whose base angles move along one 
conic, and whose aides touch another. [The following solution is Mr. Bumside's.] 
Ijet the conic touched by the sides be a:* 4- y* — a*, and the other aa» + 6y* - ez** 
Then, as at Ex. 1, p. 94, the coordinates of the intersection of tangents at points a, y 
are cos i (a + y), sin J (a + y), cos | (a — y) ; and the conditions of the problem give 

a cos* Ha + y) + * sin* J (a + y) = c cos^J (« - y) 5 
or (a + ^ - 0) + (a — 6 - «) 008 a cos y + (6 * c — a) sin a sin y = 0. 

In 1 ke manner 

(a + * - c) + (a - i - c) coe/3 cosy + (i-c-a)sin/3siny=:0, 
whence (a + 3 - c) cos H* + /3) = (4 + c - a) cos^ (a - /3) cos y, 

(a + *-c) sini (o + /3) = (a +c-*) cos Ha-/*) «^y; 
and, since the coordinates of the point whose locus we seek are cos | (a + /9), 
tin i (a + fi), cos Ha - fi)f the equation of the locus is 

a^' , y' _ «« 

(6 + c - a)« "^ (tf 4- a - 4)2 " (a + 4 - c)« • 

Ex. 2. A. triangle is inscribed in the conic a;< + ^ = c*, and two sides touch the 
QOnlo aae' + ^^ -. ^s . g^d the envelope of the third side. 

Ant. ipa-k-ab^ bc)^ix^ -^{ab + bc- cafy^ = (*o + <?o - a*)«««, 

ENVELOPES. 

283. If the equation of a right line involve an indeterminate 
quantity in any degree, and if we give to that indeterminate a 
series of different values, the equation represents a series of 
different lines, all of which touch a certain curve, which is called 
the envelope of the system of lines. We shall illustrate the 
general method of finding the equation of an envelope by 
proving, independently of Art. 270, that the line fj,^L'-2^B+Mj 
where fi is indeterminate, always touches the curve LM—R*^ 
The point of intersection of the lines answering to the values 
/ft and /ir + & is determined by the two equations 

the second equation being derived from the first by substituting 
/A + ft for /Lt, erasing the terms which vauish in virtue of the first 
equation, and then dividing by h. The smaller h is, the more 
nearly does the second line approach to coincidence with the 
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first ; and if we make i = 0, we find that the point of meeting 
of the first line with a consecutive line of the system is de- 
termined bj the equations 

or, what comes to the same thing, by the equations 

fiL-B^O, fiB-M^O. 

Now since any point on a curve may be considered as the inter- 
section of two of its consecutive tangents (Art. 147), the point 
where any line meets its envelope is the same as that where 
it meets a consecutive tangent to the envelope; and therefore 
the two equations last written determine the point on the 
envelope which has the line fi^L — 2fiB + M for its tangent. 
And by eliminating /i between the equations we get the equa* 
tion of the locus of all the points on the envelope, namely 

A similar argument will prove, even If i, ifef, B do not re- 
present right lines, that the curve represented by /i'Zr— 2/i-B+ M 
always touches the curve LM^ if*. 

The envelope of L cos ^4 if sin<^ — JS, where ^ is indeter- 
minate, may be either investigated directly in like manner, or 
may be reduced to the preceding by assuming tan^<^ = /i, when 
on substituting 

. l-/it* . . 2fi 
cos© = ; J , sm 6 = - — ~ , 

and clearing of fractions, we get an equation in which /a only 
enters in the second degree. 

284, We might also proceed as follows : The lino 

is obviously a tangent to a curve of the second class (see note, 
p. 147) ; for only two lines of the system can be drawn through 
a given point: namely, those answering to the values of /* 
determined by the equation 

/A»i'-2/iJS' + ilf' = 0, 

where i', -B', M' are the results of substituting the coordinates 
of the given point in 2/, jB, M. Now these values of fi will 
evidently coincide, or the point will be the intersection of two 
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consecutive tangents, if its coordinates satisfy tbe equation 
LM — -B*. And, generally, if the indeterminate fi enter alge- 
braically and in the n^ degree, into the equation of a line, the 
line will touch a curve of the n* class, whose equation is found 
by expressing the condition that the equation in /a shall have 
equal roots. 

Ex. 1. The Tertices of a triangle more along the three fixed lines o, ^, y, and two 
of the sides pass through two fixed points a'/3'y', a"(i"y'\ find the envelope of the 
third side. Let a + fi/3 be the line joining to a/3 the vertex which moves along 7, 
then the eqaations of the sides through the fixed points are 

y(a + /tt/3)-(a' + /i/3')y = 0, y" {a + fjifi) - {a" + 41^ y := 0. 

And the equation of the base is 

(«' + /#) y^u+Ca^ + M/T) ^y'/3- (a' + /u/r) (a" + /t^^ y = 0, 

for it can be easily verified that this passes through the intei-section of the first line 
with a, and of the second line with fi. Arranging according to the powers of /t, we 
6nd for the envelope 

(a/^y" + ^y'a" - yo'^ - yo"^* = 4a'/3'' (ay" - a^y) {fiy* - ^y). 

This example may also be solved by arranging according to the powers of a, the 
equation in Ex. 8, p. 49. 

Ex. 2. Find the envelope of a line saoh that the product of the perpendiculars 
on it from two fixed points may be constant. 

Take for axes the line joining the fixed points and a perpendicular through its 
middle point, so that the coordinates of the fixed points may bey = 0, x = ±Ci then 
if the variable line bey — ma; + » = 0, we have by the condition of the question 

<» + inc) (» - flw) = 6» <l + HI*), 

or •« = *• + ^W + t^*f 

but n* = y« - 2mxy + mV, 

therefore «« (a:*- 6«- c*) - 2wa?y + ^-6»=:0; 

and the envelope is a^y = (»* - ft' — c') (y* — &^ 






Ex. 8. Find the envelope of a line suoh that the sum of the squares of the perpen- 
diculars on it from two fixed points may be constant, . 2:^ . 2y^ . 

Ex. 4. Find the envelope if the difference of squares of perpendiculars be g^ven. 

Aru. A parabola. 

Ex. 6. Through a fixed point any line OP is drawn to meet a fixed line j to find 
the envelope of PQ drawn so as to make the angle OPQ constant. 

Let OP make the angle with the perpendicular on the fixed line, and its length 
is j7 sec 6 ; but the perpendicular from on PQ makes a fixed angle fi with OP, 
therefore its length is =p secO cob/3 ; and since this perpendicular makes an angle 
r=d + fi with the perpendicular on the fixed line, if we assume the latter for the axis 
of Xf the equation of PQ is 

a; cos (e + /3) + y sin (6 + /3} = p see cos /3, 
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OT « COS (20 + /3) + y sin (2& + /3) = 2/) COS /3 - a COS/5 - y sinft 

an equation of the form Xoos^ + Afsin^rrJ?, 

whose enrelope, therefore, is 

aj« + y« = (a? cos/9 + y sin/J - 2p cos j3)*, 

the equation of a parabola having the point for its focus. 

A B 
Ex. 6. Find the enrelope of the line - +->=!, where the indeterminates am 

connected by the relation /u + /i' = C* 

We may substitnte for /i', C— fi^ and clear of fractions; the enrelope is thus 
found to be ^« + J5a + c« - 2AB - 2^C- 2J5C= 0, 

an equation to which the following form will be found to be equivalent, 

±U±'iB±4C:=o. 

Thus, for ezample,»Giyen vertical angle and sum of sides of a triangle to find th^ 
envelope of base. 

The equation of the base is a "^ 6 ^* 

where a + * = o. 

The envelope is, therefore^ 

»* + y* - 2a!y - 2»« ~ 2cy + c» = 0, 

a parabola touching the sides x and y. 

In like manner, — Given in position two conjugate diameters of an ellipse, and tho 
lum of their squares, to find its envelope. 

If in the equation -« + fe = !» 

<* * o* 

we have a'« + i** s ^, the envelope ia 

» ± y ± * = 0« 

The dlipae, therefore, must always touch four fixed right lines. 

285. If the coefficients in the eqvtatwn of any right line 
Ka+fi0-\-vy be connected by any relation of the second order 
in \ /*, V, 

^\» + 5/i» + (7/ + 2F/AF + 2 (?v\ + 2£r\/i = 0, 

the envelope of the line is a conic section. Eliminating v between 
the equation of the right line and the given relation, we have 

(47'-2(?7a + (7a')\* + 2(fi7«-i^7a- Gyfi -{- Cad) Xfi 

+ (jBy' -.22^7/3+ C7^''}A4« = 0, 
and the envelope is 

Expanding this equation, and dividing hj 7', we get 

U+{GH^AF)l3y-]'2{HF--BG)y(x + 2[Fa^CH)al3»0. 
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The result of this article may be stated thus : Any tangential 
equation of the second order in \, ^i, v represents a conicj whose 
trilinear equation is found from the tangential by exactly the 
same process that the tangential is found from the trilinear. 

For it is proved (as iu Art. 151) that the condition that 
Xa + /lAjS + vy shall touch 

aa* + bfi* + cy' + 2f0y + 2gya + 2Aaj8 = 0, 
or, in other words, the tangential equation of that conic is 
(Sc-/')\« + (ca«(7«);i«+ (aft-A*) v« 

+ 2(^A-a/)/!4V + 2(A/-J^)v\ + 2 0^-cA)\/i = 0. 

Conversely, the envelope of a line whose coefficients \, /a, v 
fulfil the condition last written, is the conic aa* + &c. = ; and 
this may be verified by the equation of this article. For, 
if we write for -4, 5, &c., be — /", ca - ^*, &c., the equation 
[BG- F") a" + &c. =i becomes 

{aJc+2^A«a/*-i/-cA')(aa''+&/3*+C7'+2/^7+25r7a+2Aai8)=0. 

Ex. 1. We may deduce, as particular cases of the above, the results of Arts. 127, 

130, namely, that the envelope of a line which fulfils the condition --■\ f- — =0 

\ fi y 
JB ^{Fa) + 4(Gp) + 4{ffy) = J and of one which fulfils the condition 

J(FX)+J((?/i) + J(J5rv)z=0 is ^+1 + ^=0. 

Ex. 2. What ia the condition that \a + fifi + vy should meet the conic given by 
the general equation in real points ? 

Ans, The line meets in real points when the quantity {be —f) X' + Ac. is 
negative ; in imaginary points when this quantity is positive ; and touches when 
it vanishes. 

Ex. 3. What is the condition that the tangents drawn through a point a'fi^y' 
should be real ? 

Ans. The tangents are real when the quantity {BC — F^) a'* + Ac. is negative ; 
or, in other words, when the quantities abc + 2fgh + Ac. and ao'* + b^'^ + Ac. have 
opposite signs. The point will be inside the conic and the tangents imaginary when 
these quantities have like signs. 

286. It is proved, as at Art. 76, that if the condition be 
fulfilled, ABG+ 2FaH^ AF^ -£(?-- C7^ = 0, 
then the equation 

.4X' + 5/i' -I- Of' + 2^/AV + 2 (7v\ + 2F\;[A = 
may be resolved into two factors, and is equivalent to one of the 
^"^^ {a'\ + /3> + yv) (a"\ + i8'> + 7'V) = 0. 
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And since the equation is satisfied if either factor vanish, it 
denotes (Art. 51) that the line Xa + /i)3 + vy passes through one 
or other of two fixed points. 

If, as in the last article, we write for -4, he — /*, &c., it will 
be found that the quantity ABC + 2F0H-\^&c. is the square 
of aJc + 2;^A + &c. 

Ex. If a conic pass throngh two giren points and have double contact with a fixed 
conic, the chord of contact passes through one or other of two fixed points. For let 
S be the fixed conic, and let the equation of the other he 8= (\a + fi/3 + vy)\ Then 
substituting the coordinates of the two given points, we hare 

3' = (\o' + /'/y + vyO* ; S" = ( W + fi/S" + vy")» j 

whence (Xa' + ,*/3' + v/) 4(S") = ± (W + /*r + py") 4(n 

showing that Xa + /t/3 + vy paesM through one or other of two fixed pohits, sinoe 
8'f S" axe known oonstants. 

287. To find the equation of a conic having double contact 
with two given conies, 8 and 8\ Let E and ^ be a pair of 
their chords of intersection, so that 8- 8' ^EF\ then 

^"^-2/A (S+ 8') + 2^ = 

represents a conic having double contact with 8 and ^8^ ; for it 
may be written 

{fiE-\-Fy^Afjk8j or {fiE-'F)^^4.fjL8\ 

Since fi is of the second degree, we see that through any 
point can be drawn two conies of this system; and there are 
three such systems, since there are three pairs of chords J?, F. 
If 8' break up into right lines, there are only two pairs of 
chords distinct from 8'j and but two systems of touching conies. 
And when both 8 and 8' break up into right lines there is but 
one such system. 

Ex. Find the equation of a conic touching four given lines. 

where -4, B, CfDaie the sides ; £, F the diagonals, and AC- BD = EF, Or more 
symmetrically if Zr, Jf, iV be the diagonals, L±M±N\,\ie sides, 

For this always touches 4L«Jf « - (Z« + i/« - N^^ 

= (/. + Jf+JV) {M+N-L) {L-^N-M) {M+L-N), 
Or, again, the equation may be written N^ = — ^ + --,— (see Art. 278). 
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288. The equation of a conic having double contact with 
two circles assumes a simpler form, viz. 

The chords of contact of the conic with the circles are found 
to be (7-C' + ;i = 0, and C-O'-a* = 0, 

which are therefore parallel to each other, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form V C^ ± V C' = V/^. 

Hence, the locus of a pointy the sum or difference of whose tangents 
to two given circles is constant^ is a conic having double contact 
with the two circles. If we suppose both circles infinitely small, 
we obtain the fundamental property of the foci of the conic. 

If fi be taken equal to the square of the intercept between 
the circles on one of their common tangents, the equation de- 
notes a pair of common tangents to the circles. 

Ex. 1. Solve by this method the Examples (Arts. 113, 114) of finding common 
tangents to circles. 

Ans. Ex. 1. 4C+^C' = 4 or = 2. Ans. Ex. 2. 4(7+ JC" = 1 or = J - 79. 

Ex. 2. Given three circles ; let Lj L' he & pair of common tangents to C", C" ; 
M, M' to C", C; JV, N' to C, C" j then if L, M, N meet in a point, so wiU L\ M\ N'* 
Let the equations of the pairs of common tangents be 

4C' + 4C" = t, 4C" + 40=f, 4C+4C' = r. 

Then the condition that Z, Jf, N should meet in a point is f ±t = f* ; and it is 
obvious that when this condition is fulfilled, X', M\ N' also meet in a point. 

Ex. 8. Three conies having double contact with a given one are met by three 
common chords, which do not pass all through the same point, in six points which 
lie on a conic. Consequently, if three of these points lie in a right line, so do the 
other three. Let the three conies bOiSf — Z«*, S — M^^ S — N^; and the common 
chords L + Mf M+ N^ N-^-Lf then the truth of the theorem appears from inspec- 
tion of the equation 

S'\-MN+ NL+LM= {S-L*) + (Z, + if) (^ + N). 



♦ This principle is employed by Steiner in his solution of Malfatti's problem, viz. 
** To inscribe in a triangle three circles which touch each other and each of which 
touches two sides of the triangle." Steiner's construction is, " Inscribe circles in the 
triangles formed by each side of the given triangle and the two adjacent bisectors 
of angles ; these circles having three common tangents meeting in a point will have 
three other common tangents meeting in a point, and these are common tangents to 
the circles required. For a geometrical proof of this by Dr. Hart, see Quartei'ly 
Journal of Mathematics, vol. I., p. 219. We may extend the problem by substituting 
for the word "circles," "conies having double contact with a given one." In this 
extension, the theorem of Ex. 3, or its reciprocal, takes the place of Ex. 2, 
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GENERAL EQUATION OF THE SECOND DEGREE. 

289. There is no coqIc whose equation maj not be written 
in the form 

aoL + J/S* + C7' + 2/387 + 2^7a 4 2 Aa^ = 0. 
For this equation is obviously of the second degree ; and since 
it contains five independent constants, we can determine these 
constants so that the curve which it represents may pass through 
five given points, and therefore coincide with any given conic. 
The trilinear equation just written includes the ordinary Car- 
tesian equation, if we write x and y for a and ^, and if we 
suppose the line 7 at infinity^ and therefore write 7 = 1 (see 
Art. 69, and note p. 72). 

In like manner the equation of every curve of any degree 
may be expressed as a homogeneous function of a, )8, 7, For 
it can readily be proved that the number of terms in the complete 
equation of the rC^ order between two variables is the same as 
the number of terms in the Ao^nogeneoits equation of the ri^ 
order between three variables. The two equations then, con- 
taining the same number of constants, are equally capable of 
representing any particular curve. 

290. Since the coordinates of any point on the line joining 
two points a'/3'7', a"/8'V' are (Art, 66) of the form Za' + Two", 
l/y 4 w^'t V + ^y'l w® ^^^ fij^d the points where this joining 
line meets any curve by substituting these values for a, /8, 7, 
and then determining the ratio Z : m by means of the resulting 
equation.* Thus (see Art. 92) the points where the line meets 
a conic are determined by the quadratic 

P (aa'* 4 b^' 4 cy'' 4 2/^ Y 4 2^7V 4 2Aa'^) 

4 2?m{aaV'4i/3'^'4c7V' 

4/(/S'7"4yS'Y)+.^(7'a" + 7V)4A(a'/5"4a"y?')} 
4 m« (aa'^» 4 J/S''* 4 cy''' 4 2//3' V + 2.77 V 4 2Aa"/3'0 = ; 
or, as we may write it for brevity, P/S' 4 2?7wP4 wi'/S" = 0, 
When the point a'/3^7' is on the curve, 8^ vanishes, and the 
quadratic reduces to a simple equation. Solving it for I : m^ 

* This method was introduced by Joachimsthal. 



METHODS OF ABRIDGED NOTATION; 265 

^ Wfe see that the coordinates of the point where the conic is ndet 
again hy the line joining a''/8'V' to a point on the conic a'/3^y\ 
are flTV - 2Pa", ST'yy ^ 2P0'\ 8W - 2iV'. These coordinates 
reduce to 0,^/3^ Y if the condition P= be fulfilled* Writing this 
at full length, we see that if a''^^'^ satisfy the equation 

aa(x'+ bl3^-{- cr/+/(i87'+ /S'y) + g (7a' + 7'a) + h [ol^ + a'P) = 0, 

then the line joining a^'/S"/' *o a'i^''/ meets the curve in two 
points coincident with ol^^'j in other words, a"i8'V' lies on 
the tangent at a'/8'7'. The equation just written is therefore 
the equation of the tangent* 

291. Arguing, as at Art. 89, from the symmetry between 
ai87, a'^7' of the equation just found, we infer that when a'/S^y 
IS not supposed to be on the curve, the equation represents the 
polar of that point* The same conclusion may be drawn from 
observing, as at Art. 91, that P=:0 expresses the condition that 
the line joining Oiffy^ a^'/S^V' shall be cut harmonically by the 
curve. The equation of the polar may be written 

a' (oa + A/S + ^7) + /3' (Aa + J/3 4-/7) + 7' G^a +//3 + ^) =^ 0. 

But the quantities which multiply a', ^, 7' respectively, are lialf 
the differential coefficients of the equation of the coiiic with re* 
spect to a, /S, 7. We shall for shortness Write /S^, 8^^ /S^, instead 

of ^ , -^ , -^-; and We see that the equation of the polar is 

In particular, if ^8', 7' both vanish, the polar of the point /8y 
Is 5j, or the eqiuztion of the polar of the intersection of two of the 
lines of reference is the differential coefficient of the equation of 
the conic considered as a function of the third. The equation of 
the polar being unaltered by interchanging otjSyj tt^i^Vi may also 
be written afi^/ + /3/S,' + 7iS,' = 0. 

292. When a conic breaks up into two right linc«j, tlve polar 
of any point whatever passes through the intersection of the 
right lines. Geometrically, it is evident that the locus of har* 
monic means of radii drawn through the point is the fourth 
harmonic to the pair of lines and the line joining their inter- 
section to the given point. And we might also infer, from the 

MM. 
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formula of the last article, that the polar of any point with 
respect to the pair of lines a^ is ^a + a'/8, the harmonic con- 
jugate with respect to a, fi of ^a - a'/8, the line joining a)3 to 
the given point. If then the general equation represent a pair 
of lines, the polars of the three points ^87, 7a, a^, 

aa + A^S 4-^7 = 0, Aa 4- 1^ 4-/7 = 0, ^S'a +//3 + C7 = 0, 

are three lines meeting in a point: Expressing, as in Art. 38, 
the condition that this should be the case, by eliminating a, /3, 7 
between these equations, we get the condition, already found by 
other methods, that the equation should represent right lines, 
which we now see may be written in the form of a determinant^ 

a' A, g 

or, expanded, abc + %fgJi - «/"* — hg* - cA" = 0, 

The left-hand side of this equation is called th^ dtserimvnant^ 
of the equation of the conic We shall denote it in what follows 
by the letter ^, 

293. To find the coordinates of the pole of any line 
\a + /Lfc/8 + V7. Let a'/3'7' be the sought coordinates, then we 
must have 

aa'-f A/3'-fjgr7' = \, ha' -^ bjS' +fy' ^ pL, go[ '\ -^ (t{ ^ it. 
Solving these equations for a', yS', 7', we get 

Aa' = X (ic -/«) + /. (/^ - ch) + V {hf- lg\ 
A/S' = X (Z^^- cA) -Ht (ca - /) 4- V C^A- a/), 
A7' = X(A/-i(7) + /i(;^4-a/) + v(a&-.A»); 

or, if we use A^ J?, (7,t &c. in the same sense as in Art. 151^ 
we find the coordinates of the pole respectively proportional to 

Since the pole of any tangent to a conic is a point on that 
tangent, we can get the condition that Xa + /a/8 + V7 may touch 
the conic, by expressing the condition that the coordinates just 
found satisfy \a + /a/S + V7 = 0. We find thus, as in Art. 285, 
u4\^+5/a"+ (7v» + 2i^/iv+2(?vX + 2JTA/A = 0. 

* See Lessons on Modern Higher Algebra, Lesson xr. 

f Af Bj Cf &,c. ai-e the minors of the determinant of the last article. 
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If we write this equation 2 = 0, it will be observed that the 
coordinates of the pole are S^, 2^, S„ that is to say, the diflFe- 
rential coefficients of S with respect to \ fi^ ¥. Just, then, as the 
equation of the polar of any point is afi^/ + ySS/ + 7S/ = 0, so 
the condition that Xa + /l^^ + V7 may pass through the pole of 
TCa + fjL^-^v'y (or, in other words, the tangential equation of 
this pole) is \2/ + /aS/ + v2/ = 0. And again, the condition 
that two lines Xa + /6t^ + vy, X'a -f f//3 -f vy may be conjugate 
with respect to the conic, that is to say, may be such that the 
pole of either lies on the other, may obviously be written in 
either of the equivalent forms 

X'2, -f fA% + 1''2, = 0, X2; + /la2/ + vS/ = 0. 
From the manner in which 2 was here formed, it appears that 
2 is the result of eliminating a\ ff^ 7', p between the equations 

aa +A/S' + ;^7' + pX = 0, ia' + J/S' 4/7' + p/* = 0, 
ga +//8' + cr/ + /}v = 0, Xa' + /tt/3'+ 1^7' = 0; 
in other word^ that 2 may be written as the determinant 



:=^A\^ -\' BiJi^ i- Gv" -^2Fiiv^2Gv\-^2nXii. 



X, ;t, V, 

«, A, jjr, X 

*j h A H* 

:g^ A<^ ^ 

Ex. 1. To find the coordinates of the pole of Xa + /ail + ry with respect to 
4(?a) + 4(»*^) + -y/(«y). The tangential equation in this ca^e (Art. 130) bein^ 

i^i; + mv\ + » V = Of 
the coordinates of the pole are 

Ex. 2. To find the locus of the pole of \a + fifi + vy with respect to a conic 
being given three tangents, and one other condition.* 

Solving the preceding equations for Z, », n, we find /,«»,» proportional to 

Now :\{la) + J(m)8) + ^ny) denotes a conic touching the three lines «, /8, y ; and 
any fourth condition establishes a relation between ^ j», n, in whi^, if we substitute 
the values just found, we shall have the locus of the pole of \a + /*/3 + vy. If we 
write for X, yt*, 9 the sides of the triangle of reference o, *, c, we shall have the locus 
of the pole of the line at infinity aa + bfi + cyj that is, the locus of centre. Thua 

the condition that the conic should touch Aa + BI3+ Cy being — + — + " =0 
♦ The method here used is taken from Heam's Researches on Conic Sections, 
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(Ai*. 180), we tnfer that the lociifl of the pole of Xa-k-fxfi + py with respect to A 
oonlp touching the four lines a, /3, y, Aa-\-£fi-\- Cy, is the right line 

\ Oa/3 4- vy ~ Xa) a* ("T + ^g ~ /*/3) v (\a + ^/3 ~ i/y) _ 

Or, Again, since the condition that the conic should i>a88 through a*^Y la 
4{ki') -t- 4{m^ 4- JCnyO = 0, the locus of the pole of \a + fifi + vy with respect to « 
eonic which touches the three lines a, j3, y, aqd passes through a point a'/3'yS ^ 

4{Xa* Gu/8 + lo' - 5^a)} + JW (l^ + Xa - /u/9)} + ^{vy' (>^« -^ M/3 - O')} = <>» 
which denotes a conic totiching fi^-\-viy — Xo, vy + Xa — /u/S, Xa + /x/3 — vy. In the 
ease whore the locus of centre is sought, these three lines are the lines joining the 
middle points of the sides of th9 triangle formed by a, j3, y. 

ik. 8. To find the coordinates of the pole of Xa + fi^ + wy with respect to 
^y + ffiya + na/9. The tangential equation in this case being, Art. 127, 

PX« + mV + «V - tmn^Lv - 2n/i?X - 2lmXfi = 0, 

the coordinates of the pole are 

a' = / (IX — mfi — nv), /J* = m (f»fi — nv — ?X), y" = n (n» — ?X — itt/i), 

whence my' + n^ = - 2/m«X, na' + ly :=i - 2lmnfAf //3* + wa' = - 2ZOTni»; 

ind, as in the last example, we find /, m, n respectively proportional to 

«' 0*/3' + ''r' - ^^'), /3' ("r' + xa' - fifi^> y (X«' + /"^ - »"/')• 

Thus, then, since the condition that a conic circumscribing a^y should pass through 
a fourth point a'/^y' is -7 4- 3; + ^ = 0, the locus of thl^ pole of Xa + ^p + i/y, with 
i^ard to a conic passing through the four points, is 

jW + »»y-Xa)+|, (py + Xa-M/3)+;>; (Xa + /*^-.vy) = 0, 

which, when the locus of centre is sought, denotes a conic passing through th^ 
middle points of the sides of the triangle. The condition that the conic should 
touch Aa + B^+Cy being ^{Al) + 4{Bm) + ^{Cn) = 0, the locus of the pole of 
Xa + /ujS 4- vy, with regard to ft conic passing through three points and touching 
a fixed line, is 

4{^a Oii/3 4- vy - Xa)} + 4{S/3 (vy + Xa - fifi)} + ^Cy (\a + fifi - vy) = 0, 
whic)^ in general, represents a curve of the fourth degree. 



294. If a''/8'V l>c any point on any of the tangents drawn 
to a curve from a fixed point 0^/3"^} the line joining a'ySV? a'^yS'V' 
meets the curve in two coincident points, and the equation in 
Jt ; m (Art. 290), which determines the points where the joining 
line meets the curve, will have equal roots. 

To find, then, the equation of all the tangents which can be 
draFwn through tJiff^^ we must substitute ?a + moL^ l^ + w^, 
Vi-\^m^m the equation of the curve, and form the condition 
that the resulting equation in lim fiihall have e<][ual roots. 
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Thus (see Art. 92) the equation of the pair of tangents to a 
conic is Sff = P*, where 

flf = aa* + &c., 8' = aaf* 4 &c., P= aaoL + &c. 

This equation may also be written in another form ; for since 
any point on either tangent through a'^7' evidently possesses 
the property that the line joining it to a^ff^y' touches the curve, 
we have only to express the condition that the line joining two 
points (Art. 65) 

a (iS-y' - iS-V) + 13 (7V' - 7V) + 7 (a'/S'' - a'W = 
should touch the curve, and then consider a'^yS'V' variable, when 
we shall have the equation of the pair of tangents. In other 
words, we are to substitute fiy - /3'7j 7a' — 7'^) a^ — a'iS for 
X, /Lt, V in the condition of Art. 285, 

AX" + J5/i« + Cv" + 2FfjLv + 2 Gy\ + 2H\fi = 0. 

Attending to the values given (Art. 285) for -4, 5, &c., it may 
easily be verified that 

(aa» + &c.) (aa'» + &c.) - (aaa' -f &c.)» = A (/S7' - ^'yY + &c. 

Sz. To find the locus of inteiBection of tangents which cut at right angles to a 
conic gi^n by the general equation (see Ex. 4, p. 169). 

We see now that the equation of the pair of tangents through any point (Art. 147) 
may also be written 

- 2F (x - ajO (ay - yo;') + 2(? (y - jO {^' - x'y) - 2H {x - x^ {y - tf^ = 0, 
This will represent two right lines at right angles when the sum of the coefficients 
of a^ and y' vanishes, which gives for the equation of the locus 

C (oja + y«) -2Gx'-2Fy + A + B = 0. 

This circle has been called the director circle of the conic. When the curve is a 
parabola, C = 0, and we see that the equation of the directrix is Gx + Fi/=^ {A + B), 

295. It follows, as a particular case of the last, that the 
pairs of tangents from ^7, 7a, aB are 

By^^Cl3'^2F^y, Ca' + Ay'^2Gya, ^/3*' + 5a« ~ 2^ay9, 

as indeed might be seen, directly by throwing the equation of 
the curve into the form 

{aa + h/3 +gyY + ( 0/3* + By' - 2F0y) = 0. 
Now if the pair of tangents through ySy be yS - A7, /8 - k^y, it 

appears from these expressions that hk' = -j^y and that the corre- 
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C A 
sponding quantities for the other pairs of tangents are -j , -^ , 

and these three multiplied together are = 1. Hence, recollecting 
the meaning of k (Art. 54), we learn that if A^ F^ J?, 2?, (7, E 
be the angles of a circumscribing hexagon, 
sin jgud^.sin FAB.^m FBCam DBC.^m DCA,8\n EGA _ 
sin EAO.am FAG. sin i^'i^^.sin DBA .&mJ)GB.»in EGB " 
Hence also three pairs of lines will touch the same conic if 
their equations can be thrown into the form 
jr+ N''-\- 2fMN^ 0, iSTV U-\- 2g'NL = 0, L» + JIT + 2A'iJf = 0, 
for the equations of the three pairs of tangents, already found 
can be thrown into this form by writing L\/[A) for a, &c, 

296. If we wish to form the equations of the lines joining 
to a'^7' all the points of intersection of two curves, we have 
only to substitute la. 4 ma\ ?/3 + mP\ ly + my' in both equations, 
and eliminate I : m from the resulting equations. For any 
point on any of the lines in question evidently possesses the 
property that the line joining it to a'^SV meets both curves in 
the same point ; therefore the equations in I: wi, which determine 
the points where one of these lines meets both curves, must 
have a common root ; and therefore the result of elimination 
between them is satisfied. Thus, the equation of the pair of 
lines joining to a'^y' the points where any right line L meets 5, 
13 L'^'S- 2LUP-^ US = 0. If the point a'/S^y be on the curve 
the equation reduces to L'8- 2iP=0, 

Ex. A chord which subtends a right angle at a giren point on the curre passed 
through a fixed point (Ex. 2, Art. 18] ). We use the general equation, and by the formula 
last given, form the equation of the lines joining the given point to the intersection 
of the conic with Kx+uy-i- m. The coordinates being supposed rectangular, these lines 
will be at right angles if the sum of the coefficients of x^ and y' vanish, which gives the 
condition 

{\x' + fit^ + p){a + b) = 2 {aXaf + hfiy') . 

And since X, /tt, y enter in the first degree, the chord passes through a fixed point, 

viz. = x\ Ttt'. K the point on the curve vary, this other point will describe 

+ a a + 

a conic. If the angle subtended at the given point be not a right angle, or if the 

angle be a right angle, but the given point not on the curve, the condition found in 

like manner will contain \, /u, 1/ in the second degree^, and the chord will envelope 

« conic. 

297. Since the equation of the polar of a point involves the 
coefficients of the equation in the first degree, if an indeterminate 
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enter In the first degree into the equation of a conic it will 
enter in the first degree into the equation of the polar. Thus, 
if P and P' be the polars of a point with regard to two conies 
8^ fi^, then the polar of the same point with regard to 8+k8^ 
willbeP+ArP'. For 

{a + ka) wi + &c. = aaoL + &c. + Tc {a'aa' + &c.}. 
Hence, given four points on a conic^ the polar of any given point 
passes through a fixed point (Ex. 2, Art. 151). 

If Q and Q; be the polars of another point with regard to 8 
and 8^ then the polar of this second point with regard to 8+k& 
is Q-\-kQ\ Thus, then (see Art. 59), the polars of two points 
with regard to a system of conies through four points form two 
horaographic pencils of lines. 

Given two horaographic pencils of lineSj the locus of the inter-^ 
section of the corresponding lines of the pencils is a conic through 
the vertices of the pencils. For, if we eliminate k between 
P^kF^ Q-^kQf^ we get PQf^FQ. In the particular case 
under consideration, the intersection of P-^kF^ Q-^-kQ" is the 
pole with respect to 8'\- k8^ of the line joining the two given 
points. And we see that, given four points on a conic^ the locus 
of the pole of a given line is a conic (Ex. 1, Art. 278). 

If an indeterminate enter in the second degree into the 
equation of a conic, it must also enter in the second degree 
into the equation of the polar of a given point, which will then 
envelope a conic. Thus, if a conic have double contact with 
two fixed conies, the polar of a fixed point will envelope one 
of three fixed conies ; for the equation of each system of conies 
in Art. 287 contains fi in the second degree. 

We shall in another chapter enter into fuller details re- 
specting the general equation, and here add a few examples 
illustrative of the principles already explained. 

Ex. 1. A point mores along a fixed line ; find the locus of the intersection of ita 
polars with regard to two fixed conies. If the polars of any two points a'/3'y'> a"/3"y" 
on the given line with respect to the two conies be P', P^ ; Q', Q" j then any other 
point on the line is Xa' + zxa", X/Q' + fi/Q", Xy' + /xy"^j and its polars KP" + fiP*' 
XQ' + /iQ", which intersect on the conic P'Q" = P"Q', 

Ex. 2. The anharmonic ratio of four points on a right line is the same as that 
of their four polars. 

For the anharmonic ratio of the four points 

la' + ma", I' a' + m'a", V'a' + m"a'\ V"a* + w'^a", 
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is evideotly the same as that of the four lines 

If + mP", rP' + m'P", rP' + i»"P", rP' + m'"P''. 

Ex. 3. To find the equation of the pair of tangents at the points where a conic 3 
is met by the line y. 

The equation of the polar of any point on y is (Art. 291) a'8i + ^S^ = 0. Bnt 
the points where y meets the curve are found by making y = in the genend 
equation, whence 

aa'« + 2Aa'/5' + ft/3^ = 0. 

Eliminating a', ^ between these eqoationSi we get for the equation of the pair 
of tangents 

aS^ - 2h8^8^ + d5,« = 0. 

Thus the equation of the asymptotes of a conic (giren by the Cartesian equation) \a 



•©•-»©©*'©■-* 



for the asymptotes are the tangents at the points where the curve is met by the liM 
at infinity z, 

Ex. 4. Given three points on a conic : if one asymptote pass through a fixed 

poiat, the other will envelope a conic touching the sides of the given triangle. If 

t^ t^ be the asymptotes, and aa + bft + ey the line at infinity, the equation of the 

conic is t^t^ — (aa + ^/9 + cyY, But siace it passes through /3y, ya, a/3, the equS' 

tion must not contain the terms a*, /3^, y^. If therefore ^| be Xa + Mi^ + vy, i% must 

a* }fl t^ 
be-r^a+-/3+-y;andif^ pass through a!^y\ then (Ex. I, Art. 285) ^^ touches 

a J(ao') + h 4(fi^ + c ^(yyO = 0. The same argument proves that if a conic pas* 

through three fixed points, and if one of its chords of intersection with a conic given 

a b ^ c 
by the general equation aa'+ Jkc. = be Xa + A*/3+ry, the other will be7a + -/3 + -y* 

Ex. 5. Given a self conjugate triangle with regard to a conic : if one chord of 
interBection with a fixed conic (given by the general equation) pass through a fixed 
point, the other will envelope a conic [Mr. Bumside]. The terms afi, /3y, ya axb 
now to dis^pear from the equation, whence if one ehord be Xa + /«/3 + ry, the other 
is found to Be 

Xaiftg + vh- \f) 4- iu/3 (yA + X/- uff) + vy (X/+ /^ - vk\ 

Ex. 6. A and A' (a|/3iyi, a^^y^ are the points of contact of a common taftgent 
to two conies Vy V; P and P* are variable points, one on each eonic ; find the locus 
of C, the intersection of AP, A*P\ if PP' pass through affixed point on the commoa 
tangent [Mr. Williamson}. 

Let P and Q denote the polais of «i/3iyiy (tS%y^i with respect to CTand F respect 
tively J then (Art. 290) if o)3y be the coordinates of (7, those of the point P where 
AC meets the conic again, are Ua^ — 2Pa, U^x — 2P/3, Uy^ — 2Py j and those of the 
point P' are, in like manner, Fag — 2 Qa, dec. If the line joining these points pass 
through 0, which we choose as the intersection of a, /3, we must have 

U a^ - 2Pa _ Va^ -^^Qa 
Z7^,-2Pfl"" F^'-2Q/3' 

and when Aj A', are unrestricted in position, the locus fs a curve of the fourth 
order. If, however, these points be in a right line, we may choose this for the line <t, 
and making a, and o^ = 0, the preceding equation becomes divisible by a, and re- 
duces to the curve of the third order PVP2 = QUPi. Further, if the given points 
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AM points of contact of a common tangent, P and Q represent the same line ; and 
another factor diyides out of the equation which reduces to one of the form U = kV^ 
tepresenting a conic through the intersection of the given conies. 

Ex. 7. To inscribe in a conic, given by the general equation, a triangle whose 
sides pass through the three points /3y, ya, aj3. We shall, as before, write 5i, 8„ 5, 
for the three quantities, tta + hfi-k- gy^ ha + b^ 4-/y, ga +fp + cy. Now we have 
seen, in general, that the line joining any point on the curve a/3y to another 
point a'^y' meets the curve again in a point, whose coordinates are S^a — IP'a'j 
S'fi - 2P'/3', S'y - 2P'y Now if the point a'^y' be the intersection of Hnes /3, y, 
we may take a' = 1, /S* = 0, y' = 0, which gives -S* = a, P' = 8i, and the coordinates 
of the point where the line joining afiy to /3y meets the curve, are aa — 2Sit a/3, ay. 
In like manner, the line joining afiy to yo, meets the curve again in ba, bfi — 2/9,, by» 
The line joining these two points will pass through afi, if 
<ia — 25^. ba 



-i=- 



a/3 A/3- 2^,' 

or, reducing 25|/9, ^ aaSf + bfiSif 

which is the condition to be fulfilled by the coordinates of the vertex. Writing ia 
this equation aa^Si — hfi^ gy^ bp=z3^ — ha — /y, it becomes 

h (aSi + ^8^) + y (/5, +y5,) = 0. 

But since afiy is on the curve, aSi + fiS^ + yi9| = 0, and the equation last written 
reduces to 

Now the factor y may be set aside as irrelevant to the geometric solution of the 
problem ; for although either of the points where y meets the curve fulfils the con- 
dition which we have expressed analytically, namely, that if it be joined to /3y and 
to ya, the joining lines meet the curve again in points which lie on a Hne with a/3 { 
yet, since these joining lines coincide, they cannot be sides of a triangle. The vertex 
■of the sought triangle is therefore either of the points where the curve is met by 
/'Si + g8^ — h8^. It can be verified immediately that f8i = g8^ = h8^ denote the 
lines joining the corresponding vertices of the triangles a/3y, Si8f8^, Consequently 
(see Ex. 2, Art. 60), the line fSi + gS^ - hS^ is constructed as follows : " Form the tri* 
angle D£F whose sides ^ 

are the polars of the .x'^fK 

given points A^ B, C; y^ / \ 

let the lines jouiing the v'^^'L-^-t^"-**^^ 

corresponding vertices ^(^^""^^^^"^ ... ^^^^V ^ 

of the two triangles >^ /Tp^^" /J!!^--^^^?^ 

meet the opposite sides y^ f \\^^^^^*^^^^Zyy J \ 

of the polar triangle in y^' Jk-^xtX / .-'^^yC^ \ 

X,Jf;itf; then the lines ^^^^O^^^'^X^ V 3^^'>0^^'''^'^^""'"^>^ \ 

LM, MNy NL pass ^^ — ^-OL^i^^-^ ^^"^^ 

through the vertices of ^^ ■ . ...i ■- — Ar^ ■ ■. ■. — !^:^ 

the required triangles," 'Ml 
The truth of this construction is easily shown geometrically : for if we suppose that 
we have drawn the two triangles 123, 466 which can be drawn through the points 
A, By C\ then applying Pascal's theorem to the hexagon 123466, we see that the 
line BC passes through the intersection of 16, 34. But this latter point is the pole 
of AL (Ex. 1, Art. 146). Conversely, then, AL passes through the pole of BCj and L 
Is on the polar of A (Ex. 1, Art. 146). 

This construction becomes indeterminate if the triangle is seUoonj agate in which 
case the problem admits of an infinity of solutiona. 

NN. 
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Ex. 8. If two conies baye doTible contact, any tangent to the one is cut bar* 
monically at its point of contact, the points where it meets the other, and where 
it meets the chord of contact. 

If in the equation 5 + iP = 0, we Bnbetitnte Jo* + mo", 7/3* + fn/3", ly' + my", for 
«) A Y> (where the points a!^y\ a"^"y" satisfy the equation B = 0), we get 

Now, if the line joining o'/S'y', a^^'y", touch 8 -^ JP^ this equation must be a 
perfect square ; and it is eyident that the only way this can happen is if P = — iRB", 
when the equation becomes {IE' — mE"y = ; when the truth of the theorem is 
manifest. 

Ex. 9. Find the equation of the conic touching five lines, viz. a, /9, y, ^c + £/9 + Cy^ 
A'a + B'p+Cy, 

Atu, {lay + (m/9)* + (fiy)* where ?, m, » are determined by the eonditiona 

I m n ^ I m f* ^ 

1 + 5+ &=°' 5' + 5>+c-=»- 

Ex. 10. Find the equation of the conic touching the five lines, c, /9, y,. s + /3 + 'y^ 
2o + /3 - y. 

We have / + » + » = 0, ^I + m^n=z&: hence the required equation i» 

2(-a>*4-(3/3)* + (y)* = (k 

Ex. 11. Find the equation of the conic touching a, /3, y, at their middle points; 

Ant, (ao)* + (*^)* + (ry)* = a 

Ex. 12. Find the condition that {la)^ + (m/3)^ -f {<*yr = ^ BhouM represent a para- 
bola. 

Ang. The curve touches the line at infinity when - + t- + - = (K. 

Ex. 13. To find the locus of the focus of a parabola touching o, /3, y. 
Generally, if the coordinates of one focus of a conic inscribed in the triangle a/3«y 
be a'^y\ the lines joining it to the vertices of the triangle will bft 

■ - ^ &-31 y -« 

m!'"^"' ^~y" y'~ oT* 

and since the lines to the other focus make equal angles with the ndes of the triangle 
(Art. 189), these lines wiU be (Art. 55) 

«'o = ^0, ^/3 = /y, yV = «'a; 

and the coordinates of the other focus may be taken — , ^, -> » 

Hence, if we are given the equation of any locus described by one focus, we can 

at once write down the equation of the locus described by the other; and if the 

second focus be at infinity, that is, if a" sin ^ + /3" sin ^B + y " sin C = 0, the first 

.,6inii.8inB.8inC^ ^ ,. ., 

must He on the circle — — H — q,- + — 7- = 0, The coordmates of the focus of 
a IS y 

/ m 91 

a parabola at infinity are ^-j-j > gin*-B ' em^C* "^^^ (remembering the relation iiv 

Ex. 12) these values satisfy both the equations, 

o sin^ + /3 siu 5 + y sin C= 0, J?o + >i/8 + Jny = 0. 

sinM sin^S mn'C 
The coordinates, then, of the finite focus are — j— , ' , . 
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Ex. 14. To find the eqaation of the directrix of this parabola. 
Forming, by Art. 291, the equation of the polar of the point whose coordinates 
have jnst been given, we find 

la {wD?B + flin^C- sinM) + m/3 (8m«C+ wd?A - flin*£) + «y (Bin«-4 + wd?B - Bin*<7) =0, 

or 2aceuiB6in(7ooB^ + m/3fiin(7Bin^oosjB + ny siH^ Bin£co8C = 0. 

Substitoting for n from Ex. 12, the equation beoomeB 

/8inJ5 8inC(aoos^-ycos(7) + msin(7Bin-4 </3coflB- y ooaC) = 0; 

hence the directrix always passes through the intersection of the perpendicnlan of 
the triangle (see Ex. 3, Art. 54). 

Ex. 15. Given four tangents to a conic find the locus of the focL Let the four 
tangents be a, j3, y, ^ ; then, since any line can be expressed in terms of three others, 
these must be connected by an identical relation aa + bfi + ey\- d3 = 0, This rdation 
must be satisfied, not only by the coordinates of one focus a*§fy'6', but also by those 

of the other it ^t —n t^ The locus is therefore the curve of the third degree. 
- + » + 1 + ^ = 0. 
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CHAPTER XV. 

THE PRINCIPLB OP DUALITT; AND THE METHOD Olf 
BECIPEUCAL POLARS. 

298. The methods of abridged notation, explained in the 
last chapter, apply equally to tangential equations. Thus, if 
the constants X, fi^ y in the equation of a line be connected by 
the relation 

the line (Art. 285) touches a conic. Now it is evident that one 
line which satisfies the given relation is that whose X, fi^ v are 
determined by the equations 

That is to say, the line joining the points which these last 
equations represent (Art. 70), touches the conic in question. 
If then a, )3, 7, 8 represent equations of points, (that is to 
say, functions of the first degree in X, /a, v) ay =:kffS id 
the tangential equation of a conic touched by the four lines 
«^, ffyj 78, 8a. More generally, if 8 and 8" in tangential co- 
ordinates represent any two curves, 8- Jeff represents a curve 
touched by every tangent common to 8 and ff. For, whatever 
values of X, /i, v make both 8=0 and iS^ = 0, must also make 
S'-kff — O. Thus, then, if 8 represent a conic, S-^kafi re- 
presents a conic having common with 8 the pairs of tangents 
drawn from the points a, 13, Again, the equation ay = kl3* 
represents a conic such that the two tangents which can be 
drawn from the point a coincide with the line a/8; and those 
which can be drawn from 7 coincide with the line y/3. The 
points a, 7 are therefore on this conic, and /3 is the pole of the 
line joining them. In like manner, fi^— a' represents a conic 
having double contact with 8, and the tangents at the points 
of contact meet in a ; or, in other words, a is the pole of the 
chord of contact. 

So again, the equation ay^k*^ may be treated in the same 
HJanner as at Art. 270, and any point on the curve may be 
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represented by /i*a + 2fik^ + 7, while the tangent at that point 
joins the points fia + A;)3, fik^ 4 7 * 

Ex. 1. To find the locus of the centre of conies touching four given lines. Lei 
X = 0, S' = be the tangential equations of any two conies touching the four lines 
then, by Art. 298, the tangential equation of any other is I + A;Z' = 0. And (see 

Art. 161) the coordinates of the centre are (T^^q' > C-\-hC * *^® ^^'^^ ^* which 
shows (Art 7) that the centre of the variable conic is on the h'ne joining the centres 

G F G' F* 

of the two assumed conies, whose coordinates are ^ , ^ ; ^ , ^ j and that it divides 

the distance between them in the ratio C ikC*, 

Ex. 2. To find the locus of the foci of conies touching four given lines. We have 
only in the equations (Ex. Art. 258a) which determine the foci to substitute A + kA' 
for Af Ac, and then eliminate k between them, when we get the result in the form 
{ C (a:« - y«) + 2/V - 2 (7aj + ^ - B} { C'xy - /^a; - G'y 4- jff '} 

= {C{pi?-f) + 'lFy-1G*x + A'-ff}{Cxy^Fx-Gy + H]. 

This represents a curve of the third degree (see Ex. 15, p. 275), the terms of higher 
order mutually destroying. If, however, 2 and 1' be parabolas, 2 + kl.' denotes 
a system of parabolas having three tangents common. We have then C and C both 
= 0, and the locus of foci reduces to a circle. Again, if the conies be concentric, 
taking the centre as origin, we have F, F', 6?, G' all = 0. In this ease 2 + kZ' re- 
presents a S3rstem of conies touching the four sides of a parallelogram and the locus 
of foci is an equilateral hyperbola.t 

Ex. 3. The director circles of conies touching four fixed lines have a common 
radical axis. This is apparent from what was proved, p. 270, that the equation of 
the director circle is a linear function of the coefficients A^ B, &c,, and that therefore 
when we substitute A + kA' for A, Ac. it will be of the form 8 -{■ kS' = 0. This 
theorem includes as a particular case, " The circles having for diameters the three 
diagonals of a complete quadrilateral have a common radical axis." 

299. Thus we see (as in Art. 70) that each of the equations 
used in the last chapter is capable of a double interpretation, 
according as it is considered as an equation in trilinear or in 
tangential coordinates. And the equations used in the last 
chapter, to establish any theorem, will, if interpreted as equations 

♦ In other words, if in any system a/y'a;', a/y«", be the coordinates of any two 
points on a conic, and jc^"y'"z"' those of the pole of the line joining them, the co- 
ordinates of any point on the curve may be written 

m'V + 2/ufcc'" + «", fiY + 2fjLky"' + y", m V + 2/aib'" + «", 
while the tangent at that point divides the two fixed tangents in the ratios fi : >&, 
fik : 1. When A = 1, the curve is a parabola. Want of space prevents us from giving 
illustrations of the great use of this principle in solving examples. The reader may 
try the question :— To find the locus of the point where a tangent meeting two fixed 
tangents is cut in a given ratio. 

t It is proved in like manner that the locus of fod of conies passing through four 
fixed points, which is in general of the sixth degree, reduces to the fourth when the 
poiats form a parallelogram. 
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in tangential coordinates, yield another theorem, the reciprocal 
of the former. Thus (Art. 266) we proved that if three conies 
[8^ 8-\- LM^ 8-{-LN) have two points {8^ L) common to all, 
the chords in each case joining the remaining common points 
(Jf, N^ M—N)j will meet in a point. Consider these as 
tangential equations, and the pair of tangents drawn from L 
is common to the three conies, while Jf, N^ M— N denote in 
each case the point of intersection of the other two common 
tangents. We thus get the theorem, " If three conies have two 
tangents common to all, the intersections in each case of the 
remaining pair of common tangents, lie in a right line." Every 
theorem of position (that is to say, one not involving the magni- 
tudes of lines or angles) is thus twofold. From each theorem 
another can be derived by suitably interchanging the words 
" point " and " line " ; and the same equations diflferently inter- 
preted will establish either theorem. We shall in this chapter 
give an account of the geometrical method by which the attention 
of mathematicians was first called to this '^ principle of duality."* 

300. Being given a fixed conic section ( U) and any curve 
{8)y we can generate another curve {s) as follows: draw any 
tangent to 8^ and take its pole with regard to U\ the locus of 
this pole will be. a curve 5, which is called the polar curve of 8 
with regard to U. The conic C/", with regard to which the pole 
is taken, is called the auxiliary conic. 

We have already met with a particular example of polar 
curves (Ex. 12, Art. 225), where we proved that the polar curve 
of one conic section with regard to another is always a curve of 
the second degree. 

We shall for brevity say that a point corresponds to a line 
when we mean that the point is the pole of that line with regard 
to K Thus, since it appears from our definition that every point 
of « is the pole with regard to ?7of some tangent to /S, we shall 

♦ The method of reciprocal polars waa introduced by M. Poncelet, whose account 
of it will be found in Orelle's Journal, vol. iv. M. Pliicker, in his "System der 
Analytischen Geometrie," 1836, presented the principle of duality in the purely ana- 
lytical point of view, from which the subject is treated at the beginning of this 
chapter. But it was Mobius who, in his " Baryeentrische Calcul," 1827, had made 
the important step of introducing a system of coordinates in which the position of 
a right line was indicated by coordinates and that of a point by an equation. 
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briefly express this relation by saying that every point of s cor^ 
responds to some tangent of 8. 

301. The point of intersection of two tangents to 8 will corre^ 
spond to the line joining the corresponding points of s. 

This follows from the property of the conic U^ that the point 
of intersection of any two lines is the pole of the line joining 
the poles of these two lines (Art. 146). 

Let us suppose that in this theorem the two tangents to 8 
are indefinitely near, then the two corresponding points of s will 
also be indefinitely near, and the line joining them will be a 
tangent to s] and since any tangent to 8 intersects the con- 
secutive tangent at its point of contact, the last theorem be- 
comes for this case : If any tangent to 8 correspond to a point 
on Sj the point of contact of that tangent to 8 will correspond to 
the tangent through the point on s. 

Hence we see that the relation between the curves is reci- 
procalj that is to say, that the curve 8 might be generated from 
8 in precisely the same manner that a was generated from 8. 
Hence the name " reciprocal polars." 

302. We are now able, being given any theorem of position 
concerning any curve 8^ to deduce another concerning the curve s. 
Thus, for example, if we know that a number of points con- 
nected with the figure 8 lie on one right fine, we learn that the 
corresponding lines connected with the figure a meet in a point 
(Art. 146), and vice versd ; if a number of points connected 
with the figure 8 lie on a conic section, the corresponding lines 
connected with s will touch the polar of that conic with regard 
to Z7; or, in general, if the locus of any point connected with 8 
be any curve fi^, the envelope of the corresponding line connected 
with 8 is s'j the reciprocal polar of 8". 

303. The degree of the polar reciprocal of any curve is equal 
to the class of the curve (see note, Art. 145), that is^ to the number 
of tangents which can be drawn from any point to that curve. 

For the degree of s is the same as the number of points in 
which any line cuts s ; and to a number of points on «, lying on 
a right line, correspond the same number of tangents to 8 passing 
through the point corresponding to that line. Thus, if iS be a 
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conic section, two, and only two, tangents, real or imaginar^r, 
can be drawn to it from any point (Art. 145); therefore, any 
line meets 8 in two, and only two points, real or imaginary ; we 
may thus infer, independently of Ex. 12, Art. 225, that the reci- 
procal of any conic section is a curve of the second degree. 

304. We shall exemplify, in the case where S and s are conic 
sections, the mode of obtaining one theorem from another by 
this method. We know (Art. 267) that " if a hexagon be tw- 
scribed in 8^ whose sides are -4, -B, (7, Z), jE, F, then the points 
of intersection, AD^ BE^ CF^ are in one right line.*^ Hence we 
infer, that " if a hexagon be ctVcwTwscribed about «, whose vertices 
are a, 5, c, rf, c,/, then the lines, ac?, Je, c/*, will meet in a point " 
(Art. 265). Thus we see that Pascal's theorem and Brianchon's 
are reciprocal to each other, and it was thus, in fact, that the 
latter was first obtained. 

In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu- 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal af each theorem 
before looking at the reciprocal we have given. He will soon 
find that the operation of forming the reciprocal theorem will 
reduce itself to a mere mechanical process of interchanging the 
words " point " and " line," " inscribed " and " circumscribed," 
" locus " and " envelope,'* &c. 

If two vertices of a triangle move If two sides of a triangle pass through 

along fixed right hnes, while the sides fixed points, while the vertices move on 

pass each through a fixed point, the locus fixed right lines, the envelope of the thivd 

of the third vertex is a conic section, side is a conic section. 
(Art. 269). 

If, however, the points through which If the lines on which the vertices movw 

the sides pass lie in one right Hne, the meet in a point, the third side will pass 

locus will be a right line. (Ex. 2. p. 41). through a fixed point. 

In what other case will the locus be In what other case will the third side 

a right line? (Ex. 3, p. 42). pass through a fixed point ? (p. 49). 

If two conies touch, their reciprocals will also touch ; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
and its point of contact also common. So likewise if two conies 
have double contact their reciprocals will have double contact. 
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If a triangle be circumscribed to a 
Conic section, two of whose vertices move 
on fixed lines, the locus of the third ver- 
tex is a conic section, having double con- 
tact with the given one, (Ex. 2, p. 250). 



If a tiiangle be inscribed in a conic 
section, two of whose sides pass through 
fixed points, the envelope of the third side 
is a conic section, having double contact 
with the given one. (Ex. 3, p. 250). 



305. We proved (Art. 301, see figure, p. 282) if to two points 
P, P', on 8, correspond the tangents pt, p't\ on 5, that the tan- 
gents at P and P' will correspond to the points of contact /?, ^', 
and therefore Q, the intersection of these tangents, will corre- 
spond to the chord of contact pp^ Hence we learn that to 
any point Q^ and its polar PP'^ with respect to S^ correspond a 
line pp^ and its pole ^ vnth respect to a. 

Given two points on a conic, and two 
Cf its tangents, the line joining the points 
of contact of those tangents passes through 
one or other of two fixed points. (Ex., 
Art. 286, p. 262). 

Given four points on a conic, the polar 
of a fixed point passes through a fixed 
point. - (Ex. 2, p. 153). 

Given four points on a conic, the locus 
of the pole of a fixed right line is a conic 
section. (Ex. 1, p. 254). 

The lines joining the vertices of a tri- 
angle to the opposite vertices of its polar 
triangle with regard to a conic meet in 
a point. (Art. 99). 

Inscribe in a conic a triangle whose 
fiides pass through three given points. 
(Ex. 7, Art. 297, p. 273). 

306. Given two conies, S and ff^ and their two reciprocals, 
8 and s'l to the four points Ay -B, (7, J) common to 8 and fiT 
correspond the four tangents a, J, c, d common to s and /, and 
to the six chords of intersection of 8 and /S^, AB^ CD ; A (7, BD ; 
ADy BC correspond the six intersections of common tangents 
to s and /; a J, cd] aCj bd] ad^ Jc* 

If three conies have two Common tan- If three conies have two points corn- 
gents, or if they have each double contact mon, or if they have each double contact 
with a fourth, their six chords of inter- with a fourth, the six points of inter- 
section will pass three by three through section of common tangents lie three by 
the same points. (Art. 264). three on the same right lines. 

Or, in other words, three conies, having Or three conica, having each double 

each double contact with a fourth, may be contact with a fourth, may be considered 



Given two tangents and two points 
on a conic, the point of intersection of the 
tangents at those points will move along 
one or other of two fixed right lines. 

Given font tangents to a conic, the 
locus of the pole of a fixed right line is 
a right line. (Ex. 2, p. 254). 

Given four tangents to a conic, the 
envelope of the polar of a fixed point is 
a conic section. 

The points of intersection of each side 
of any triangle, with the opposite side of 
the polar triangle, lie in one right line. 

Circumscribe about a conic a triangle 
Vhose vertices rest on three given lines. 



* A system of four points connected by six lines is accurately called a quadrangle^ 
as a system of four lines intersecting in six points is called a quadrilateral. 

0. 
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considered as having four radical centres. 



If throngh the point of contact of two 
conies which touch, any chord be drawn, 
tangents at its extremities will meet on 
the common chord of the two conies. 



If through an intersection of common 
tangents of two conies any two chords be 
drawn, lines joining their extremities will 
intersect on one or other of the common 
chords of the two conies. (Ex. 1, p. 250). 

If A and B be two conies having each 
double contact with /S, the chords of con- 
tact of A and B with 5, and their chords 
of interaection with each other, meet in 
a point, and form a harmonic pencil. 
(Art. 263). 

If <<4, 5, C7 be three conies, having 
each double contact with S^ and if A and 
B both touch C, the tangents at the points 
of contact will intersect on a common 
chord of A and B. 



as having four axes of similitude. (See 
Art. 117, of which this theorem is an ex- 
tension). 

If from any point on the tangent at 
the point of contact of two conies which 
touch, a tangent be drawn to each, the 
Mne joining their points of contact will 
pass through the intersection of common 
tangents to the conies. 

If on a common chord of two conies^ 
any two points be taken, and from these 
tangents be dra^Yn to the conies, the dia- 
gonals of the quadrilateral so formed will 
pass through one or other of the intersec- 
tions of common tangents to the conies. 

If A and 5 be two conies having each 
double contact with 8y the intersections 
of the tangents at their points of contact 
with 5, and the intersections of tangents 
common to A and 5, lie in one right line-, 
which they divide harmonically. 

If Ay Bf C he three conies, having 
each double contact with Sy and if A and 
B both touch C\ the line joining the points 
of contact will pass through an intersec- 
tion of common tangents of A and B, 



307. We have hitherto supposed the auxiliary codic ?7to be 
any conic whatever. It is most common, however, to suppose 
this conic a circle ; and hereafter, when we speak of polar curves, 
we intend the reader to understand polars tvith regard ta a circle^ 
unless we expressly state otherwise. 

We know (Art. 88) that the polar of any point with regard 
to a circle is perpendicular to the line joining this point to the 
centre, and that the distances of the point and its polar are, whea 
multiplied together, equal to the square of the radius; hence the 
relation between polar curves with regard to a circle is often 
stated as follows : Being given . . 
any point 0, if from it we lei fall 
a perpendicular OTon any tan-- 
gent to a curve 8^ and produce 
it until the rectangle OT»Op is 
equal to a constant A;*, then the 
locus of the point p is a curve s, 
which is called the polar recipro- 
<:<il of S, For this is evidently 
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equivalent to saying that p is the pole of PT, with regard to 
a circle whose centre is and radius k. We see, therefore 
(Art. 301), that the tangent pt will correspond to the point of 
contact P, that is to say, that OP will be perpendicular to ^^, 
and that OROt = k\ 

It is easy to show that a change in the magnitude of k will 
affect only the size and not the shape of «, which is all that in 
most cases concerns us. In this manner of considering polars, 
all mention of the circle may be suppressed, and s may be called 
the reciprocal of 8 with regard to the point 0. We shall call 
this point the origin^ 

The advantage of using the circle for our auxiliary conic 
chiefly arises from the two following theorems, which are at once 
deduced from what has been said, and which enable us to trans- 
form, by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles : 

The distance of any point P from the origin is the reciprocal of 
the distance from the origin of the corresponding line pt. 

The angle TQT' between any two lines TQ, T" Q^ is equal to 
the angle p Op subtended at the origin by the corresponding points 
P'^p ; for Op is perpendicular to TQ^ and Op to T'Q. 

We shall give some examples of the application of these 
principles when we have first investigated the following 
problem : 

308. To find the polar reciprocal of one circle with regard i0 
another. That is to say, to find the locus of the pole p with re- 
gard to the circle ( 0) of any tangent PT to the circle ( (?)• Let 
MN be the polar of the point G 
with regard to 0, then having 
the points (7, /?, and their polars 
MN^ PT^ we have, by Art. 101, 

the ratio -777:. = -—,. but the first 
CP pN^ 

ratio is constant, since both 00 

and CP are constant ; hence the 

distance of;? from is to its distance from MN in the constant 

ratio 00: CP; its locus is therefore a conic, of which is a focus, 

MN the corresponding directrix, and whose eccentricity ia 00 
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divided by CP, Hence the eccentricity is greater, less than, or 
= 1, according as is without, within, or on the circle C. 

Hence the polar reciprocal of a circle is a conic section^ of 
which the origin is the focus ^ the line corresponding to the centre 
is the directrix J and which is an ellipse^ hyperbola^ or parabola^ 
according as the origin is within^ without^ or on the circle. 

309. We shall now deduce some properties concerning angles, 
by the help of the last theorem given in Art. 307. 

Any two tangeifts to a circle make The line drawn from the focns to the 
equal anglee with their chord of contact. intersection of two tangents bisects the 

angle subtended at the focus by their 
chord of contact. (Art. 191). 

For the angle between one tangent PQ (see fig., p. 282) and 

the chord of contact PP' is equal to the angle subtended at the 

fo^us by the corresponding points p^ q] and similarly, the angle 

QP^P is equal to the angle subtended by p', g ; therefore, sinco 

QFr^QrP^pOq^p'Oq. 

Any tangent to a circle is perpen- Any point on a eonic, and the point 
dicular to the line joining its point of where its tangent meets the directrix, 
contact to the centre. subtend a right angle at the focus. 

This follows as before, recollecting that the directrix of the 

conic answers to the centre of the circle. 

Any line is perpendicular to the line Any point aad the intersection of its 
joining its pole to the centre of the circle, polar with the directrix subtend a right 

angle at the focus. 
The line joining any point to the If the point where any line meets the 
centre of a circle makes equal angles with directrix be joined to the focns, the join- 
^he tangents through that point. ing line will bisect the angle between the 

focal radii to the points where the giveA 

line meets the curve. 

The locus of the intersection of tan- The envelope of a chord of a conic, 

gents to a circle, which cut at a given which subtends a given angle at the focus, 

angle, fs a concentric circle. is a conic having the same focus and the 

same directrix. 
The envelope of the chord of contact The locus of the intersection of tan- 
of tangents which cut at a given angle gents, whose chord subtends a given angle 
is a poncentrlc circle. at the focus, is a conic having the same 

focus and directrix. 
If from a fi±ed point tangents be If a fixed line intersect a series of 
drawn to a series of concentric circles^ conies having the same focus and same 
the locus of the points of contact will be directrix, the envelope of the tangents to 
a circle passing through the fixed pointy the conies, at the points where this liuQ 
and through the oommon centre. meets them, will be a conic having the 

same focus, and touching both the fixed 
line and the common directrix. 
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In the latter theorem, if the fixed line be at infinity, we find 
the envelope of the asymptotes of a series of hyperbolas, having 
the sam^ focus and same directrix, to be a parabola having the 
same focus and touching the common directrix. 

If two chords at right angles to each The locus of the intersection of tan- 
other be drawn through any point on a gents to a parabola which cut at right 
circle, the line joining their extremities angles is the directrix, 
passes through the centre. 

We say a parabola, for, the point through which the chords 
of the circle are drawn being taken for origin, the polar of the 
circle is a parabola (Art. 308). 

The envelope of a chord of a circle The locus of the intersection of tan- 
which subtends a given angle at a given gents to a pai-abola, which cut at a given 
point on the curve is a concentric circle. angle, is a conic having the same focus 

and the same directrix. 

Given base and vertical angle of a Given in position two sides of a tri- 

triangle, the locus of vertex is a circle angle, and the angle subtended by the 

passing through the extremities of the base at a given point, the envelope of the 

base. base is a conic, of which that point ia a 

focus, and to which the two given sides 

will be tangents. 

The locus of the intersection of tan- The envelope of any chord of a conic 

gents to an ellipse or hyperbola which which subtends a right angle at any fixed 

cut at right angles is a circle. point is a conic, of which that point is 

a focus. 

" If from any point on the circumference of a circle perpen- 
diculars be let fall on the sides of any inscribed triangle, their 
three feet will lie in one right line " (Art. 125). 

If we take the fixed point for origin, to the triangle inscribed 
in a circle will correspond a triangle circumscribed about a para- 
bola ; again, to the foot of the perpendicular on any line corre- 
sponds a line through the corresponding point perpendicular to 
the radius vector from the origin. Hence, " If we join the focus 
to each vertex of a triangle circumscribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, those 
perpendiculars will pass through the same point." If, therefore, 
a circle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of the 
circumscribed triangle. Hence, Given three tangents to a para-- 
bola^ the locus of tlie focus is the circumscribing circle (p. 207). 

The locus of the foot of the perpen- If from any point a radius vector be 

clicular (or of a line making a constant drawn to a circle, the envelope of a per- 
angle with the tangent) from the focus pendicular to it at its extremity (or of a 
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of an ellipse or hyperbola on the tangent line making a constant angle with it) is a 
is a circle conic having the fixed point for its focus. 

310. Having sufficiently exemplified in the last Article the 
method of transforming theorems involving angles, we proceed 
to show that theorems involving the magnitude of lines passing 
through the origin are easily transformed by the help of the first 
theorem in Art. 307. For example, the sum (or, in some cases, 
the difiference, if the origin be without the circle) of the perpen- 
diculars let fall from the origin on any pair of parallel tangents 
to a circle is constant, and equal to the diameter of the circle. 

Now, to two parallel lines correspond two points on a line 
passing through the origin. Hence, " the sum of the reciprocals 
of the segments of any focal chord of an ellipse is constant." 

We know (p. 185) that this sum is four times the reciprocal 
of the parameter of the ellipse, and since we learn from the 
present example that it only depends on the diameter, and not 
on the position of the reciprocal circle, we infer that the reci" 
procals of equal circles^ with regard to any origin^ have the same 
parameter. 

The rectangle under the segments of The rectangle under the'perpendicnlara 
any chord of a circle through the origin let fall from the focus on two parallel 
is constant. tangents is constant. 

Hence, given the tangent from the origin to a circle, we are 
given the conjugate axis of the reciprocal hyperbola. 

Again, the theorem that the sum of the focal distances of 
any point on an ellipse is constant may be expressed thus : 

The sum of the distances from the The sum of the reciprocals of perpen- 
focus of the points of contact of parallel diculars let fall from any point within a 
tangents is constant. circle on two tangents, whose chord of con- 

tact passes through the point, is constant. 

311. If we are given any homogeneous equation connecting 
the perpendiculars PA^ PB^ &c. let fall from a variable point P 
on fixed lines, we can transform it so as to obtain a relation 
connecting the perpendiculars op, &p' &c., let fall from the fixed 
points a, &, &c., which correspond to the fixed lines, on the 
variable line which corresponds to P, For we have only to 
divide the equation by a power of OP, the distance of P from 
the origin, and then, by Art. 101, substitute for each term 
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PA. ap 

-Fc-5, -y . For example, if P4, PB, P(7, PD be the perpen- 
diculars let fall from any point of a conic on the sides of an 
inscribed quadrilateral, PA.PC^kPB.FD (Art. 259). Divid- 
ing each factor by OP, and substituting, as above, we have 

-— . -^ =k -^, . ' ^ : and Oa, Ob. Oc. Od beine constant, we 
Oa Oc Ob Oa- 1 t 1 o 1 

infer that if a fixed quadrilateral be circumscribed to a conic^ 

the product of the perpendiculars let fall from two opposite vertices 

on any variable tangent is in a constant ratio to the product of the 

perpendiculars let fall from the other two vertices. 

The product of the perpendiculars from The product of the perpendiculars from 
any point of a conic on two fixed tangents two fixed points of a conic on any tan- 
id in a constant ratio to the square of the gent, is in a constant ratio to the square 
perpendicular on their chord of contact, of the perpendicular on it, from the inter- 
(Art. 259). section of tangents at those points. 

If, however, the origin be taken on the chord of contact, the 
reciprocal theorem is "the intercepts, made by any variable 
tangent on two parallel tangents, have a constant rectangle." 

The product of the perpendiculars on The square of the radius rector from 

any tangent of a conic from two fixed a fixed point to any point on a oonic, is in 
points (the foci) is constant. a constant ratio to the product of the per- 

pendiculars let faJl from that point of the 
conic on two fixed right lines. 

Generally, since every equation in trilinear coordinates is 
a homogeneous relation between the perpendiculars from a point 
on three fixed lines, we can transform it by the method of this 
article, so as to obtain a relation connecting \, /i, v, the per- 
pendiculars let fall from three fixed points on any tangent to 
the reciprocal curve, which may be regarded as a kind of tan- 
gential equation* of that curve. Thus the general trilinear 
equation of a conic becomes, when transformed, 

p p p pp p p pp 

where p, p', p" are the distances of the origin from the vertices 
of the new triangle of reference.* Or, conversely, if we are 
given any relation of the second degree A\* + &c. = 0, con- 

* See Appendix on Tangential Equations. 
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necting the three perpendiculars \, /a, v, the trilinear equation 
of the reciprocal curve is 

where a', /8', 7' are the trilinear coordinates of the origin. 

Ex. 1. Given the focus and a triangle circumscribing a conic, the perpendiculart 
let fall from its vertices on any tangent to the conic are connected by the relation 

sin e V + sin 0' ^ + sin 0" ^ = 0, 

A fl V 

where 0, 0*, 0" are the angles the sides of the triangle subtend at the focus. This 
is obtained by forming the reciprocal of the trilinear equation of the circle circum- 
scribing a triangle. If the centre of the inscribed circle be taken as focus, we have 
= 90° + \A^ /» sin J^ = r, whence the tangential equation, on this system, of the 
inscribed circle is 

fiv coi^A + ifX cot^B + X/A cotiC= 0. 

In the case of any of the exscribed circles two of the cotangents are replaced by 
tangents. 

Ex. 2. Given the focus and a triangle inscribed in a conic, the perpendiculars let 
fall from its vertices on any tangent are connected by the relation 

rinje J(^^) + smie' Jg,) + slnir J(^4>) = 0. 

The tangential equation of the circumscribing circle takes the form 
sin A ^{\) + sin B ^(/x) + sin C 4{v) = 0. 

Ex. 3. Given focus and three tangents the trilinear equation of the conic is 

This is obtained by reciprocating the equation of the circumscribing circle last found, 

Ex. 4. In like manner, from Ex. 1, we find that given focus and three points the 
trilinear equation is 

tanje - + tan J0' ^ + tan^^" '^ = 0. 

312. Very many theorems concerning magnitude may be 
reduced to theorems concerning lines cut harmonically or an- 
harmonically, and are transformed by the following principle: 
To any four 'points on a right line correspond four lines passing 
through a pointy and the anharmonic ratio of this pencil is the 
same as that of the four points. 

This is evident, since each leg of the pencil drawn from the 
origin to the given points is perpendicular to one of the corre- 
sponding lines. We may thus derive the anharmonic properties 
of conies in general from those of the circle. 

The anharmonic ratio of the pencil The anharmonic ratio of the point in 
joining four points on a conic to a variable which four fixed tangents to a conic cut 
fifth is constant. any fifth variable tangent is constant. 
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The first of these theorems is true for the circle, since all the 
angles of the pencil are constant, therefore the second is true 
for all conies. The second theorem is true for the circle, since 
the angles which the four points subtend at the centre are 
constant, therefore the first theorem is true for all conies. 
By observing the angles which cori'espond in the reciprocal 
figure to the angles which are constant in the case of the circle, 
the student will perceive that the angles which the four points 
of the variable tangent subtend at either focus are constant, 
and that the angles are constant which are subtended at the 
focus bj the four points in which anj inscribed pencil meets 
the directrix. 

313. The anharmonic ratio of a line is not the only relation 
concerning the magnitude of lines which can be expressed in 
terms of the angles subtended by the lines at a fixed point. 
For, if there be any relation which, by substituting (as in Art. 56) 

e T. T AT,' 1 1 • -x OA.OB.smAOB . 

for each Ime AB mvolved m it, jjp , can be re- 
duced to a relation between the sines of angles subtended at a 
given point 0, this relation will be equally true for any trans- 
veraal cutting the lines joining to the points -4, By &c. ; and 
by taking the given point for origin a reciprocal theorem can be 
easily obtained. For example, the following theorem, due to 
Carnot, is an immediate consequence of Art. 148: "If any 
conic meet the side AB of any triangle in the points c, c ; BC 
in a, a^ ; AC in J, i' ; then the ratio 

A c . Ac\ Ba . Ba\ Cb . CV _ „ 
Ab.AV.Bc.Bc'.Ca.Ca'"^' 

Now, it will be seen that this ratio is such that we may 
substitute for each line Ac the sine of the angle AOc^ which it 
subtends at any fixed point ; and if we take the reciprocal of 
this theorem, we obtain the theorem given already Art. 295. 

314. Having shown how to form the reciprocals of particular 
theorems, we shall add some general conside|*ations respecting 
reciprocal conies. 

We proved (Art. 308) that the reciprocal of a circle is an 
ellipse, hyperbola, or parabola, according as the origin is within, 

PP; 
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witliout, or on the curve ; we shall now extend this conclusion to 
all the conic sections. It is evident that, the nearer any line or 
point is to the origin, the farther the corresponding point or line 
will be ; that if any line passes through the origin, the corre- 
sponding point must be at an infinite distance ; and that the line 
corresponding to the origin itself must be altogether at an infinite 
distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other ; hence, if two real tangents can be drawn from the origin, 
the reciprocal curve will have two real points at infinity, that is, 
it will be a hyperbola ; if the tangents drawn from the origin be 
imaginary, the reciprocal curve will be an ellipse; if the origin 
be on the curve, the tangents from it coincide, therefore tli© 
points at infinity on the reciprocal curve coincide, that is, the 
reciprocal curve will be a parabola. Since the line at infinity 
corresponds to the origin, we see that, if the origin be a point on 
one curve, the line at infinity will be a tangent to the reciprocal 
curve ; and we are again led to the theorem (Art. 251=) that 
emry paraboia has one tangent situated at an infinite distance. 

315 To the points of contact of two tangents through the 
origin must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of the 
reciprocal curve. The eccentricity of the reciprocal hyperbola 
depending solely on the angle between its asymptotes, depend* 
therefore on the angle between the tangents drawn from the 
origin to the original curve. 

Again, the intersection of the asymptotes of tl>e reciprocal 
curve {i.e. its centre) corresponds to the chord of contact of 
tangents from the origin to the original curve. We met with 
a particular case of this theorem when we proved that to the 
centre of a circle corresponds the directrix of the reciprocal 
conic, for the directrix is the polar of the origin which is the 
focus of that conic. 

Ex. 1. The reciprocal of a parabola with regard to a point on the directrix is an 
equilateral hyperbola. (See Art. 221). 

Ex. 2. Prove that the following theorems are reciprocal : 

The intersection of perpendiculars of The intersection of perpendiculars of 

A triangle circumscribing a parabola is a a triangle inscribed in an equilateral hy- 
point on the directrix. perbola lies on the curve. 



THE METHOD OF KECimOCAL POLARS. 291 

Ex. 3. Derive the last from Pascal's theorem. (See Ex. 3, p. 247). 

Ex. 4. The axes of the reciprocal curve are parallel to the tangent and normal of 
a conic drawn through the origin confocal with the given one. For the axes of the 
reciprocal curve must be parallel to the internal and external bisectors of the angle 
between the tangents drawn from the origin to the given curve. The theorem stated 
follows by Alt. 189, 

316. Given two circles, we can find an origin such that the 
reciprocals of both shall be confocal conies. For, since the reci- 
procals of all circles must have one focus (the origin) common ; 
in order that the other focus should be common, it is only 
necessary that the two reciprocal curves should have the same 
centre, that is, that the polar of the origin with regard to both 
circles should be the same, or that the origin should be one of 
the two points determined in Art. 111. Hence, given a system 
of circles, as in Art. 109, their reciprocals with regard to one of 
these limiting points will be a system of confocal conies. 

The reciprocals of any two conies will, in like manner, be 
concentric if taken with regard to any of the three points 
(Art. 282) whose polars with regard to the curves are the same. 

Confocal conix» cut at right angles The common tangent to two circles 
(Art. 188). subtends a right angle at either limit- 

ing point. 

The tangents from any point to two If any line intersect two circles, its 
confocal conies are equally inclined to two intercepts between the circles subtend 
«ach other. (AH. 189). equal angles at either limiting point. 

The locus of the pole of a fixed line The polar of a fixed point, with regard 
with regard to a series of confocal conies to a series of circles having the same 
is a line perpendicular to the fixed line, radical axis, passes through a fixed point ; 
(Art. 226, Ex. 8), and the two points subtend a right angle 

at either limiting point. 

317. We may mention here that the method of reciprocal 
polars affords a simple solution of the problem, " to describe a 
circle touching three given circles." The locus of the centre 
of a circle touching two of the given circles (1), (2), is evidently 
a hyperbola, of which the centres of the given circles are the 
foci, since the problem is at once reduced to — " Given base and 
difference of sides of a triangle." Hence (Art. 308) the polar 
of the centre with regard to either of the given circles (1) will 
always touch a circle which can be easily constructed. In like 
manner, the polar of the centre of any circle touching (1) and (3) 
must also touch a given circle. Therefore, if we draw a common 
tangent to the two circles thus determined, and take the pole 
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of this line with respect to (1), we have the centre of the circle 
touching the three given circles. 

318. To find the equation of the reciprocal cf a conic with 
regard to its centre. 

We found, in Art. 178, that the perpendicular on the tangent 
could be expressed in terms of the angles it makes with the axes, 

/>•=«» cos«^ + J»sin«^. 
Hence the polar equation of the reciprocal curve is 

i* = a«cos«5 + J«sin»^, 



P 



Z.* ■*■ 2.* ""*> 



a concentric conic, whose axes are the reciprocals of the axes 
of the given conic. 

319. To find the equation of the reciprocal ef a conic with 
regard to any point (a:y). 

The length of the perpendicular from any point is (Art. 178) 

^ = - = V(«' cos"^ + V sin*^) - X* cos ^ - / sin ^ ; 
therefore the equation of the reciprocal curve is 

320. Given the reciprocal of a curve with regard to the origin 
of coordinates^ to find the equation of its reciprocal with regard 
to any point [x'y'). 

If the perpendicular from the origin on the tangent be P, 
the perpendicular from any other point is (Art. 34) 

P- a' cos ^ - / sin ^, 

and therefore the polar equation of the locus is 

k* k* 

— = -^ — a^ cos ^ — y' sin ^ ; 

hence 5 f ^^d-^ ^^^^', 

we must therefore substitute, in the equation of the given 

Wx yfe*y 

reciprocal, ^^y^^ for or, and ^qr^Jqr^i for y. 
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The effect of this substitution may be very simply written 
as follows : Let the equation of the reciprocal with regard to 
the origin be 

<«« + «'«-i + «*»Hi + &c, = 0, 
where u^ denotes the terms of the n*^ degree, &c., then the 
reciprocal with regard to any point is 

/xx' '\- yv' + k\ . /xx'-hyu'-\-k\* ^ 
«'« + w.-i ( -^*i ^j + ^n-. [ f ) +&c.=-.0, 

a curve of the same degree as the given reciprocal. 

321. To find the reciprocal loiih respect to a? + y* ^ k^ of the 
conic given hy the general equation. 

We find the locus of a point whose polar xx^ + yy' — A" shall 
touch the given conic by writing x'j y\ - V for X, /i, v in the 
tangential equation (Art. 151). The reciprocal is therefore 

Aa? -\-2Hxy -k- By* -2G¥x--2Fk^y ^' Ck*=0. 

Thus, if the curve be a parabola, C7or aJ — A" = 0, and the 
reciprocal passes through the origin. We can, in like manner, 
verify by this equation other properties proved already geo- 
metrically. If we had, for symmetry, written i* = -a'*, and 
looked for the reciprocal with regard to the curve oj* + y" + «* = 0, 
the polar would have been xx^ + yy^ + zz\ and the equation of 
the reciprocal would have been got by writing a:, y, z for \, /i, v 
in the tangential equation. In like manner, the condition that 
Xz-i- fiy + vz may touch any curve, may be considered as the 
equation of its reciprocal with regard to x^-^-y* •\- z*, 

A tangential equation of the n^^ degree always represents 
a curve of the n^ class ; since if we suppose 7<^-^ fiy + vz to 
pass through a fixed point, and therefore have \ic' + /j,y^ + f«' = ; 
eliminating v between this equation and the given tangential 
equation, we have an equation of the n*^ degree to determine 
X : /i ; and therefore n tangents can be drawn through the given 
point. 

322. Before quitting the subject of reciprocal polars, we 
wish to mention a class of theorems, for the transformation of 
which M. Chasles has proposed to take as the auxiliary conic 
Si parabola instead of a circle. We proved (Art. 211) that the 
intercept made on the axis of the parabola between any two 
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lines IS equal to the intercept between perpendiculars let fall on 
the axis from the poles of these lines. This principle then 
enables us readily to transform theorems which relate to the 
magnitude of lines measured parallel to a fixed line. We shall 
give one or two specimens of the use of this method, prenaisiug 
that to two tangents parallel to the axis of the auxiliary parabola 
correspond the two points at infinity on the reciprocal curve, 
and that consequently the curve will be a hyperbola or ellipse, 
according as these tangents are real or imaginary. The reci->- 
procal will be a parabola if the axis ps^ss through a point at 
infinity on the original curve, 

" Any variable tangent to a conic intercepts on two parallel 
tangents, portious whose rectangle is constant.'* 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersections 
of those parallel tangents with any other tangent answer parallels 
to the asymptotes through any point ; and we obtain, in the first 
instance, that the asymptotes and parallels to them through any 
point on the curve intercept on any fixed line portions whose 
rectangle is constant. But this is plainly equivalent to the 
theorem : " The rectangle under parallels drawn to the asymp-. 
totes from any point on the curve is constant." 

Chords drawn from two fixed points If any tangent to a parabola meet two^ 

of a hyperbola to a variable third point fixed tangents, perpendiculars from its ex* 

intercept a constant length on the asymp- tremities on the tangent at the vertex wiU 

tote. (Art. 199, Ex. 1). intercept a constant length on that line. 

This method of parabolic polars is plainly very limited ia 
its application^ 
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CHAPTER XVI. 

HARMONIC AND ANHARMONIO PROPERTIES OF CONICS* 

323. The harmonic and anharraomc properties of conic sec- 
tions admit of so many applications in the theory of these curves, 
that we think it not unprofitable to spend a little time in point- 
ing out to the student the number of particular theorems either 
directly included in the general enunciations of these properties, 
or which may be inferred from them without much difficulty. 

The cases which we shall most frequently consider are 
when one of the four points of the right line, whose anharmonic 
ratio we are examining, is at an infinite distance. The an- 
harmonic ratio of four points, -4, 5, (7, i), being in general 

(Art. 56) = -pr^ -r- -jYc ^^^^^^^ ^^ *"® simple ratio - -^ when 

D is at an infinite distance, since then AD ultimately = - DC. 
If the line be cut harmonically, its anharmonic ratio =* — 1 ; and 
if Z) be at an infinite distance -45 = 5(7, and -4 (7 is bisected. 
The reader is supposed to be acquainted with the geometric 
investigation of these and the other fundamental theorems con- 
nected with anharmonic section. 

324. We commence with the theorem (Art. 146) r " If any 
line through a point meet a conic in the points B\ R\ and 
the polar of in -B, the line ORRR^ is cut harmonically.'* 

First. Let R^ be at an infinite distance ; then the line OR 
must be bisected at R ; that is, if through a fixed point a line he 
dra%on parallel to an asymptote of an hyperbola^ or to a diameter 
of a parabola^ the portion of this line between the fixed point and 
its polar will be bisected by the curve (Art. 211). 

* The fundamental property of anharmonic pencils was given by Pappus, Math. 
Coll. VII. 129. The name "anharmonic" was given by Chasles in his Bistory of 
Geometry^ from the notes to which the following pages have been developed. Further 
details will be found in his Trait6 de Geometrie Superieure; and in his recently 
published Treatise on Conies. The anharmonic relation, however, had been studied 
by Mobius in his Barycentric CalculuSf 1827, under the name of " Doppelschnitta- 
verhaltniss," Later writers use the name " Doppelverhaltniss." 
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Secondly. Let B be at an infinite distance, and R'R^^ must 
be bisected at ; that is, tf through any point a chord be drawn 
parallel to the polar of that pointy it will be bisected at the point. 

If the polar of be at infinity, every chord through that 
point meets the polar at infinity, and is therefore bisected at 0, 
Hence this point is the centre, or the centre may be considered as 
a point whose polar is at infinity (Art. 154). 

Thirdly, Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may be considered as the polar of the point at infinity in which its 
ordinates are supposed to intersect. 

This also follows from the equation of the polar of a point 
(Art. 145) 

(a^ + %+.y) + (Aa? + &y+/)?' + ^^— =0. 

Sl/ sic 

Now, if x'y' be a point at infinity on the line my = «x, we must 

make ^, = — , and x' infinite, and the equation of the polar 

X m ^ * 

becomes ^ {ax-^hy+g) ^n[hx^by +/) = 0, 

a diameter conjugate to my=-nx (Art. 141). 

325. Again, it was proved (Art. 146) that the two tangents 
through any point, any other line through the point, and the 
line to the pole of this last line, form a harmonic pencil. 

If now one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of 
any point on- a diameter is parallel to its conjugate, we learn that 
the portion between the tangents of any line drawn parallel to 
the polar of the point is bisected by the diameter through it. 

Again, let the point be the centre, the two tangents will be 
the asymptotes. Hence the asymptotes^ together with any pair of 
conjugate diameters^ form a harmonic pencil^ and the portion of 
any tangent intercepted between the asymptotes is bisected by 
the curve (Art. 196), 

326. The anharmonic property of the points of a conic (Art. 
259) gives rise to a much greater variety of particular theorems. 
For, the four points on the curve may be any whatever, and 
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either one ot two of them may be at an infinite distance ; the 
fifth point 0, to which the pencil is drawn, may be also either 
at an infinite distance, or may coincide with one of the four 
points, in which latter case one of the legs of the pencil will be 
the tangent at that point ; then, again, we may measure the 
anharmonic ratio of the pencil by the segments on ant/ line 
drawn across it, which we may, if we please, draw parallel to 
one of the legs of the pencil, so as to reduce the anharmonic 
ratio to a simple ratio. 

The following examples being intended as a practical exercise 
to the student in developing the consequences of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which the ratio is measured, and the resulting theorem, 
recommending to the reader a closer examination of the manner 
in which each theorem is inferred from the general principle. 

We use the abbreviation [O.ABCD] to denote the anhar- 
monic ratio of the pencil OA^ OB^ 00^ OD. 

Bx. 1. {A .ABCD] = {B.ABCD). 

Let thede ratios be estimated by the segments on the line CD \ let the tangents 
at Af B meet CD in the points T, T, and let the chord 
AB meet CD in iT, then the ratios are 
TK.DC _KT\Lq 
T'D.kC~ KD.rC' 
tbat is, if any chord CD meet two tangents in % V^ 
and their chord of contact in K^ 

KC. KT. TD^KD, TK. TC. 

(The reader must be cai^ful, In this and the following 
examples, to take the points of the pencil in the same 
order on both sides of the equation. Thus, on the left- 
hand side of this equation we took K second, because it 
answers to the leg OB of the pendl ; on the right hand 
we take K first, because it answers to the leg OA)* 

Ex. 2. Let T and T coincide, then 

KC.TD:::-JCD.TCf 

etf any chord through the intersection of two tangents is (Jut harmonically by ths 
chord of contact. 

Ex. 8. Let 7* be at an infinite distance, or the secant CD drsMn pataJlel to PT\ 
jmd it wUl be found that the ratio will reduce to 

TK^ = TC. TD, 

Ex. 4. Let one of the points be at sin ini^nite disti&hce, then {0 ,ABC co] is con« 
fltant. Let this ratio be estimated on the line C « . Let the lines AO^ BO cut C o6 

in a, & ; theQ the ratio of the pencil will reduce to -j^ * ^''^ we learn, that if two 
fixed points, A^ B, on a hyperbola or parabola, be joined to any vailable point Of 

QQ. 
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and the joining lines meet a fixed parallel to an asymptote (if the curve be a hyper- 
bola), or a diameter (if the curve be a parabola), in a, *, then the ratio Ca : Cb will 
be constant. 

Ex. 5. If the same ratio be estimated on any other parallel Hne, lines inflected 
from any three fixed points to a variable point, on a hyperbola or parabola, cut a fixed 
parallel to an asymptote or diameter, so that ob \ac\a constant. 

Ex. 6. It foUowrs from Ex. 4, that if the lines joining ^4, J5 to any fourth point 
(y meet (7 oo in a', h\ we must have 

ah __ aC 

Now let us suppose the point C to be also at an infinite distance, the line C <x> becomes 
an asymptote, the ratio ab : a'b' becomes one ot equality, and lines joining two fixed 
points to any variable point on the hyperbola intercept on either asymptote a constant 
portion (Art. 199, Ex. 1). 

Ex. 7. {.1 .ABC <x>} = {B .ABC <x> }. 

Let these ratios be estimated on C «> ; then if the tangents at A^ By cut C' qo in 
a, bf and the chord of contact AB in K, we have 
Ca _CK 
CK' Cb 
(observing the caution in Ex. 1). Or, if any paralle 
to an asymptote of a hyperbola, or a diameter of a 
parabola, cut two tangents and their chord of con- 
tact, the intercept from the curve to the chord is 
a geometric mean between the intercepts from the 
curve to the tangents. Or, conversely, if a line ab^ parallel to a given one, meet tha 
sides of a triangle in the points a, by K, and there be taken on it a point C such that 
CK^ = Ca . Cbf the locus of C will be a parabola, if Cb be parallel to the bisector of 
the base of the triangle (Art. 211), but otherwise a hyperbola, to an asymptote oS 
which ab is parallel. 

Ex. 8. Let two of the fixed points be at infinity, 

{oo .AB 00 00 *} = {qo '. AB 00 00 '} ; 

the lines oo oo , » * oo ', are the two asymptotes, while oo oo ' k ahogether at infinity. 

Let these ratios be estimated on the diameter OA ; let 

this line meet the parallels to the asymptotes 5 oo , Bco\ 

OA Oa' ^ 
Or, 




in a and o' : then the ratios become -r-- = - 



Oa OA 

parallels to the asjrmptotes through any point on a hyper- 
bola cut any semi-diameter, so that it is a mean propor- 
tional between the segments on it from the centre. 

Hence, conversely, if through a fixed point a line 
be drawn cutting two fixed lines, Ba^ Ba\ and a point A 
taken on it so that OA is a mean between Oa, Oa\ the 
locus of il is a hyperbola, of which is the centre, and 
Ba^ Ba\ parallel to the asymptotes. 




Ex.9. 



{oo .AB<» oe'} = {»'.ABoo <»'}. 



Let the segments be measured on the asymptotes, and we have ^ = ^ (0 being 

Ob Oa 

the centre), or the rectangle under parallels to the asymptotes through any point on 

the curve is constant (we invert the second ratio for the reason given in Ex. 1). 
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327. We next examine some particular cases of tlie ariliar- 
monic property of the tangents to a conic (Art. 275). 

Ex. 1. This property assumes a yery simple form, if the cunre be a parabola, 
for one tangent to a para- 
bola is alwaye at an in- 
finite distance (Art. 254). 
Hence three fixed tan- 
gents to a parabola ciMi 
any fourth in the points 
Ay B, C, so that AB : AC 
is always constant. If 
(he yariable tangents co- 
incide in turn with each 
pf the given tangents, w# obtain the theorem, 

pQ _BP _^ 
QR~ Pq " rP' 

Ex. 2. Let two of the four tangents to an ellipse or hyperbola be parallel to each 
other, and let the variable tangent coincide alter, 
nately with each of the parallel tangents. In the 
tot case the ratio is 

-7^ , and m the second y-n , 
Ac JJo* 

Hence the rectangle Ah.Db* is constant. 

It may be deduced from the anharmonic pro* 

iperty of the points of a conic, that if the lines joining any point on the cnrve to 

Ay />, meet the parallel tangents in the points d, h\ then the rectangle Ah.DV will 

be constant. 




328. We now proceed to give some examples of problems 
easily solved by the help of the anharmonic properties of conies, 

Ex. 1. To prove MaoLaurin*s method of generating conic sections (p. 248), viz. — 
To find the locus of the vertex F of a triangle whose sides pass through the points 
Ay By Cy aud whose base angles move on the fixed lines Qa, Ob, 

Let us suppose four such triangles drawn, then since the pencil {C,aa*a*'a"*] is the 
fluune pencil as [C ,bb'b"b"'}y we havo 

{oa W"} = {bbVb"'], 
and, therefore, 

{A . aa'a"a"') = {B . bVb"b"'} | 
or, from the nature of the question, 

{A, VVV"V"*} = {B, WV^V} ; 
and therefore A, By F, V'y F", F" Ke 
on the same conic section. Now if the 
first three triangles be fixed, it is evident 
that the locus of V" is the conic section 
passing through ABW F". 

Or the reasoning may be stated thus: The systems of lines through Ay and 
through By being both homographic with the system through C, are homographio 
with each other j and therefore (Art, 297) the locus of the intersection of correspond- 
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ing lipes is a conic through A and B. The following examples are, in like manner, 
illnstrations of the application of this principle of Art. 297. 

Ex. 2. M. Chasles has showed that the same demonstration will hold if the side 
abf instead of passing throngh the fixed point C, touch anj conic which touches 
OOf Ob ; for then any four positions of the base cut Oa^ Ob, so that 

{aa'a'W} = {Wr*'"} (Art. 275), 
and the rest of the proof proceeds the same as before. 

Ex. 3. Newton's method of generating conic sections :— Two angles of constant 
magnitude move about fixed points P,-Q; A A' A* A'" 

the intersection of two of their sides tra. 
verses the right line AA' ; then the locus 
of r, the intersection of their other two 
sides, will be a conio passing thraug 

For, as before, take four positions of 
the angles, then 

{P.AA'A"A'"] - {Q.AA'A"A"^ ; 
but {F.AA'A"A"'] = {P . VV V" P"}, 

{Q.AA'A"A"'] = {Q.VV'V'V"'], 

once the angles of the pencils are the same ; therefore 

{P . VV'V'V"'} = {Q. VV'V"V"} ; 
and, therefore, as before, the locus of F'" is a conic through P, Q, F, V, V, 

Ex. 4. M. Chasles has extended this method of generating conic sections, bgr 
supposing the point A, instead of moving on a right line, to move on any conio 
passing through the points P, Q j for we shall still have 

{P,AA'A"A"'} = {Q,AA'A"A"% 

Ex. 5. The demonstration would be the same if. in place of the angles APV, AQV 
being constant, APV and -4QFcut ofE constant intercepts each on one of two fixe<J 
lines, for we should then prove the pencil 

{P,AA'A"A"'} = {P. FFF'F^*}, 
becauFc both pencils cut ofE intercepts of the same length on a fixed line. 

Thus, also, given base of a triangle and the intercept made by the sides on any 
fixed line, we can prove that the locus of vertex is a conic section. 

Ex. 6. We may also extend Ex. 1, by supposing the extremities of the line a6 
to move on any conic section passing through the points AB, for, taking four 
positions of the triangle, we have, by Art. 276, 

{aaWa'"} = {bb'b"b"'] ; 
therefore, {.1 . aa'a'W"} = {B . bb'b"b"'}, 

and the rest of the proof proceeds as before. 

Ex. 7. The base of a triangle passes through C, the intersection of common 
tangents to two conic sections ; the extremities of the base ab lie one on each of the 
conic sections, while the sides pass through fixed points A, B, one on each of the 
conies ; the locus of the vertex is a conic through A, B, 

The proof proceeds exactly as before, depending now on the second theorem 
proved, Art. 276. We may mention that this theorem of Art. 276 admits of a simple 
geometrical proof. Let the -ij^nciX {O , ABCD] be drawn from points corresponding 
to [o.ahcd]. Now, the lines OA, oa, intersect at r on one of the common chords of 
the coiiics ; in like manner, BO, bo intersect in r' on the same ohord^ dc. ; henoQ 
{rr'v"r"'] measures the anharmonic ratio of both these pencils. 
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Ex. 8. In Ex. 6 the base instead of passing through a fixed point C, may be sup- 
posed to touch a conic having double contact with the given conic (see Art. 276). 

Ex. 9. If a polygon be inscribed in a conic, all whose sides but one pass through 
fixed points, the envelope of that side will be a conic having double contact with 
the given one. 

For, take any four positions of the polygon, then if a, J, c, &c. be the vertices 
of the polygon, we have 

{aa'a'W"} = {bb'b"b'"} = {ccW"}, Ac. 
The problem is, therefore, reduced to that of Art. 277, — *< Given three pairs of points, 
aa'o", rf<f rf", to find the envelope of a"'d'"j such that 

{aaWa'"} = {dcPcP'tP':}^ 

Ex. 10. To inscribe in a conic section a polygon, all whose sides shall pass through 
fixed points. 

If we assume any poiut (a) at random on the conic for the vertex of the polygon, 
and form a polygon whose sides pass through the given points, the point z, where 
the last side meets the conic, will not in general coincide with a. If we make four 
such attempts to inscribe the polygon, we must have, as in the last example, 

{aa'a'W} = {zz'z"z"']. 
Now, if the last attempt were successful, the point a'" would coincide with z"'y and 
the problem is reduced to—" Given three pairs of points, aa'o", zz'z''^ to find a point 
K such that 

{Kaa'a") = {ZeaV}." 
JJTow if we make az"a'za"z' the vertices of an iascribed hexagon (in the order here 
given, taking an a and z alternately, and so that E,^^^- 

aZf a'z', a"z'\ may be opposite vertices), then either ^^-^^""^^ 

of the points in which the line joining the inter- .^y'lK^ /I 

sections of opposite sides meets the conic may be Ay^^ I, / I 

taken for the point K. For, in the figure, the /\ // \^ / 

points ACB are aa!€l\ BFB are zz'z" \ and if we / 1 Vx ' ^\ I 

take the sides in the order ABCDEFj Z, if, N are !M.....LT5v\y )M 

the intersections of opposite sides. Now, since \ | //\ \ /\ 
{KPNL} measures both {D,KAC£} and {A.KBFB}, \/^ \ /\ \ 
we have ^*^^w \ / \\ 

{KACE} = {KDFB}, q.e.d.* ^^^C^ Vv 

It is easy to see, from the last example, that K ^"""^^^^ 

is a point of contact of a conic having double con- ® ^^ 

tact with the given conic, to which aZf a'z\ a"z" are tangents, and that we have 
therefore just given the solution of the question. " To describe a conic touching three 
given lines, and having double contact with a given conic." 

Ex. 11. The anharmonic property aflEords also a simple proof of Pascal's theorem, 
aUuded to in the last example. 

We have {E. CDFB} = {A . CDFB}. Now, if we examine the segments made by 
the first pencil on BC^ and by the second on DC, we have 
{CUMB} = {CDN8}. 

• This construction for inscribing a polygon in a conic is due to M. Poncelet (Traits 
ties Proprietes Projectives^ p. 361). The demonstration here used is Mr. Townsend's. 
It shows that Poncelet's construction will equally solve the problem, " To inscribe a 
polygon in a conic, each of whose sides shall touch a conic having double contai^t with 
the given conic." The conies touched by the sides may be all differpnt.. 
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Now, if we draw lines from the point L to each of these points, we form two pencils 
which have the three legs, CL, BEy AB, common, therefore the fourth legs NL^ LM, 
must form one right line. In Uke manner, Briauchon's theorem is derived from the 
enharmonic property of the tangents, 

Ex. 12. Given four points on a conic, ABFB, and two fixed lines through any- 
one of them, i>C, BE^ to find the envelope of the line CE joining the points where 
those fixed lines again meet the cui-ve. 

The vertices of the triangle CEM move on the fixed lines BC^ BE, NL, and 
two of its sides pass through the fixed points, -B, F) therefore, the third side 
envelopes a oonie section touching J)C^ B^ (by th^ reciprocal of MacLauvia's mode 
of generation). 

Ex. 13. Given four points on a conic ABBE, and two fixed lines, AF, CB, pass- 
ing each through a different one of the fixed points, the line CF joining the points 
where the fixed lines again meet the curve will pass through a fixed point. 

For the triangle CFM has two sides passing through the fixed points B, E, and 
the vertices move on the fixed lines AF, CB, NL, which fixed lines mest in a point, 
therefore (p. 280) CF passes through a fixed point. 

The reader will find in the Chapter on Projection how the last two theorems are 
suggested by other well-known theorems. (See Ex. 3 and 4, Art. 355). 

Ex. 14. The anhai'monic ratio of any four diameters of a conic is equal to that of 
their four conjugates. This is a particular case of Ex. 2, Art. 297, that the anharmonio 
ratio of four points on a line is the same as that of their four polara. We might 
also prove it directly, from the consideration that the anharmonic ratio of four 
chords proceeding from any point of the curve is equal to that of the supplemental 
chords (Art. 179). 

Ex. 15. A conic circumscribes a given quadrangle, to find the locus of its centre. 
(Ex.3, Art. 151). 

Draw diameters of the conic bisecting the sides of the quadrangle, their anhav- 
monic ratio is equal to that of their four conjugates, but this last ratio is given, since 
the conjugates are parallel to the four given lines ; hence the locus is a conic passing 
through the middle points of the given sides. If we take the cases where the conio 
breaks up into two right lines, we see that the intersections of the diagonals, and also, 
those of the opposite sides, are points in the locus, and therefore that these points Ue 
on a conic passing through the middle points of the sides and of the diagonals. 

329. We think it unnecessary to go through the theorema^ 
which are only the polar reciprocals of those investigated in 
the last examples ; but we recommend the student to form the 
polar reciprocal of each of these theorems, and then to prove it 
directly by the help of the anharmonic property of the tangents 
of a conic. Almost all are embraced in the following theorem : 

If there he any number of points a, 6, c, rf, &c. on a right line^ 
and a homographic system a\ h\ c\ d\ &c, on another line, the 
lines joining corresponding points will envelope a conic. For if 
we construct the conic touched by the two given lines and by 
three lines aa\ hb\ cc\ then, by the anharmonic property of the 
tangents of a conic, any other of the lines dd* must touch the 
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same conic* The theorem here proved is the reciprocal of 
that proved Art. 297, and may also be established by interpreting 
tangentially the equations there used. Thus, if P, P" ; (J, Q re- 
present tangentially two pairs of corresponding points, P+ XP', 
Q-V^Q represent any other pair of corresponding points; and 
the line joining them touches the curve represented by the 
tangential equation of the second order, PQf ^P'Q. 

Ex. Any transversal through a fixed point P meets two fixed lines OA, 0A\ in 
the points AA' \ and portions of given length Aa^ A' a' are taken on each of the 
given lines ; to find the envelope of (w!. Here, if we give the transversal four 
positions, it is evident that {ABCD\ = {A'B'CD% and that {ABCL] = {abcd]^ and 
{A'B'C'I)'] = [a'b'c'd'], 

330. Generally when the envelope of a moveable line is 
found by this method to be a conic section, it is useful to take 
notice whether in any particular position the moveable line can 
be altogether at an infinite distance, for if it can, the envelope 
is a parabola (Art. 254). Thus, in the last example the line aa' 
cannot be at an infinite distance, unless in some position AA^ 
can be at an infinite distance, that is, unless P is at an infinite 
distance. Hence we see that in the last example, if the trans- 
versal, instead of passing through a fixed point, were parallel to 
a given line, the envelope would be a parabola. In like manner, 
the nature of the locus of a moveable point is often at once 
perceived by observing particular positions of the moveable point, 
as we have illustrated in the last example of Art. 328. 

331. If we are given any system of points on a right line 
we can form a homographic system on another line, and such 
that three points taken arbitrarily a\ &', c' shall correspond to 
three given points a, 6, c of the first line. For let the distances 
of the given points on the first line measured from any fixed 

• In the same case if P, P' be two fixed points, it follows from the last article 
that the locus of the intersection of Prf, P'd' is a conic through P, P', We saw 
(Art. 277) that if a, by c, d, Ac, a', b\ c\ d* be two homographic systems of points 
on a conic, that is to say, such that {abed} always = {a'b'c'd'}, the envelope of dd' is 
a conic having double contact with the given one. In the same case, if P, P' be 
fixed points on the conic, the locus of the intersection of Pd, P'd' is a conic through 
P, P'. Again, two conies are cut by the tangents of any conic having double con- 
tact with both, in homographic systems of points, or such that {abed} = {a'b'c'd'} 
(Art. 276) ; but it is not true conversely, that if we have two homographic systems 
of points on difftrent conies^ the lines joining corresponding points necessarily en- 
velope a conic. 
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origin on the line be a, J, c, and let the distance of any vari- 
able point on the line measured from the same origin be a?. 
Similarly let the distances of the points on the second line 
from any origin on that line be a', J', c', x\ then, as in Art. 277, 
we have the equation 

(a-^c) {b-x) "" {a'-c') [V ^x') » 
which expanded is of the form 

Axx' + Bx^- (7aj' + i> = 0.* 

This equation enables us to find a point x' in the second line 
corresponding to any assumed point x on the first line, and such 
that {a6ca?} = {a'J'cV}. If this relation be fulfilled, the line 
joining the points a;, a?' envelopes a conic touching the two given 
lines ; and this conic will be a parabola if u4 = 0, since then x' 
is infinite when x is infinite. 

The result at which we have arrived may be stated con- 
versely thus : Two systems of points connected hy any relation 
will be homographicy if to one point of either system always corre^ 
»ponds one^ and but one, point of the other. For evidently an 
equation of the form 

Axx' -\-Bx+Cx' + D = 

is the most general relation between x and x' that we can write 
down, which gives a simple equation whether we seek to deter- 
mine X in terms of x^ or vice versa. And when this relation 
is fulfilled, the anharmonic ratio of four points of the first 
system is equal to that of the four corresponding points of the 

second. For the anharmonic ratio ) ^tt ( i* unaltered 

{x -z)[y- w) 

* M. Chasles states the matter thus : OThe points a?, ar' belong to homographic 
STstems, if a, 6, a% V being fixed points, the ratios of the distances ax : &r, a'af : d V, 
be connected by a linear relation, sadi as 

oaj a V , ^ 
ox '^ ox 
Denoting, as above, fhe distances of the points from fibced origins, hy a, b, «i 
a', b', x'f this relation is 

. a — x a' — x' . 

^i^x + '^F^^'^"' 
which, expanded, gives a relation between x and x' of the form 
Azx' + Bx+ Cx' + D:^0, 
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if instead of x we write - a x n ^ *^^ mdkt similar substitu- 
tions for y, 0, w. 

332. The distances from the origin of a pair of points A^ B 
on the axis of x being given hy the equation^ asi? + 2hx + i = 0, and 
those of another pair of points A\ S hy a'a? + 2h'x + 6' = 0, to 
■find the condition that the two pairs should he harmonically con^ 
Jugate, 

Let the distances from the origin of the first pair of points 
be a, )8 ; and of the second a\ ^ ; then the condition is 

AA' AR a- a' a-ff 
or • 



AB BB'^a'-fi fi'-fi' 
which expanded may be written 

But a + /3^-^, ay3 = ^; («'+ /3') = -^', a'/S'^^. 
a a Qt a 

The required condition is therefore 

aJ' + a'6-2AA' = 0* 

It Is proved, similarly, that the same is the condition that the 
pairs of lines 

oa* + 2Aa)8 + h^^ a'6f + 2A'a)8 + J'/8*, 
should be harmonically conjugate. 

333. If a pair of points oaj' + ^hx + 5, be harmonically con- 
jugate with a pair aV + iHx + h\ and also with another pair 
a'V + 2A"a; + V\ it will be harmonically conjugate with every 
pair given by the equation 

(aV + 2A'aj + 6') + X (aV + ih'x + V) = 0. 
For evidently the condition 

a [V + W) + J (a' + Xa'O - 2A (A' + \h") - 0, 
will be fulfilled if we have separately 

aV + hcC - ihJi = 0, aV + Ja" - ihK' = 0. 

* It can be proved that the anharmonic ratio of the system of four pointi will bo 
given, if iph' + a'b - 2AA')« b^ in a given ratio to (a^ - A*) (a'd' - A'*), 
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334. To find the locus of a point such that the tangents from 
it to two given conies may form a harmonic pencil. 

If four lines form a harmonic pencil they will cnt any of the 
lines of reference harmonically. Now take the second form 
(Art. 294) of the equation of a pair of tangents from a 
point to a curve given by the general trilinear equation, and 
make 7 = when we get 

+ ((7a" + ^7'"-2G^aY)/3« = 0. 

We have a corresponding equation to determine the pair 01 
points where the line 7 is met by the pair of tangents from 
a'ySV to a second conic. Applying the^ the condition of 
Art. 332 we find that the two pairs of points on 7 will form 
a harmonic system, provided that a'ySV satisfies the equation 

(C18« + 57«-22^/S7)(CV + ^V-2(?'a7) 

+ ((7a«+ ^7*-2(?a7) (C^/3' + S'7»- 2i^^7) 

On expansion the equation is found to be divisible by 7', and 
the equation of the locus is found to be 

{BG'+B 0-22^F')a«4 ( CA'+ CA^2 O (?')/3V (AR^A'B-2EH:)y* 
^2{GH'-{ &H^Ar^A'F) fiy+2{Hr+E'F^BG'- RG)ya 
•\'2{FG' + rG^CH'^C'H)a^^0; 
a conic having important relations to the two conies, which will 
be treated of further on. If the anharmonic ratio of the four 
tangents be given, the locus is the curve of the fourth degree 
F'^kSS'j where 8^ 8^^ F^ denote the two given conies, and 
that now found. 

335. To find the condition that the line \a + fifi 4 vy should 
he cut harmonically by the two conies. Eliminating 7 between 
this equation and that of the first conic, the points of inter- 
section are found to satisfy the equation 

(cX* + av* - 2g\v) a' + 2 {c\fi -f\y - giiv + ilv") ap 

+ (c/a'+Jv'-2>v)/3'-0. 

We have a similar equation satisfied for the points where the 
line meets the second conic; applying then the condition of 



AKHARMONIC PROPERTIES OF CONICS. 307 

Art. 332, we find, precisely as in the last article, that the re- 
quired condition is 

•^2{gK+g'h^af^ay)iiv¥2{hf^hy^b(/--Vg)v\ 

+ 2(//+/y-cA'-c'A)X/A = 0. 
The line consequently envelopes a conic* 

INVOLUTION. 

336. Two systems of points a, J, c, &c., a', h% c% &c., situ- 
ated on the same right line^ will be horaographic (Art. 331) if 
the distances measured from any origin, of two corresponding 
points, be connected by a relation of the form 

Axx'-k^ Bx+ Cx' + D^O. 
Now this equation not being symmetrical between x and a?', the 
point which corresponds to any point of the line considered as 
belonging to the first system, will in general not be the same 
as that which corresponds to it considered as belonging to the 
second system. Thus, to a point at a distance x considered as 
belonging to the first system, corresponds a point at the dis- 
tance— . ^; but considered as belonging to the second 

, Cx + D 
system, corresponds — -^ j. , 

Two homographic systems situated on the same line are 
said to form a system in involution j when to any point of the 
line the same point corresponds whether it be considered as 
belonging to the first or second system. That this should be 
the case it is evidently necessary and sufiicient that we should 
have -B= (7 in the preceding equation, in order that the relation 
connecting x and a?' may be symmetrical. We shall find it 

* If substituting in the equations of two conies U, V, for a, \a + vm'^ (&c. we 
obtain results 

then it is easy to see, as above, that UV + TTV—^PQy represents the pair of lines 
which can be drawn through o'/^y', so as to be cut harmonically by the conies. In 
the same case (Art. 296), the equation of the system of four lines joining o'/S'y' to 
the intersections of the conies, is 

(CrP + ITT- 2PQ)« = 4 {UU' - P2) (7P _ qj). 
UU* - P* and VV* - CP denote the pairs of tangents from «'^y' to the conies. 
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convenient to write the relation connecting any tv/o correspond- 
ing points ^^^/ + 5 (aj + a:') + 5= ; 

and if the distances from the origin of a pair of corresponding 
points be given by the equation 

cwj* + 2hx + J = 0, 

we must have Ab-{- Ba — 2Hh = 0. 

337. It appears from what has been said that a system in 
involution consists of a number of pairs of points on a line 
a, a'; i, 6'; &c., and such that the anharmonic ratio of any 
four is equal to that of their four conjugates. The expression of 
this equality gives a number of relations connecting the mutual 
distances of the points. Thus, from {aSca'} = {ab'ca]j we have 

cib.ca! _ afb\c^a 

(xd .he "" daMd^ 
or ab.ca . J V = — a'b\ ca . Jc, 

The development of such relations presents no difficulty. 

338. The relation uilii?aj'+ fi' (a; + a?') +5=0, connects the 
distances of two corresponding points from any origin chosen 
arbitrarily ; but by a proper choice of origin this relation can 
be simplified. Thus, if the distances be measured from a point 
at the distance a: = a, the given relation becomes 

-4(a; + a)(aj' + a) + J?(aj + a;' + 2a) + 5=0;' 

or Ax3(f + [H-^A(i) (a; + aj') + ^a* + 2J7a + jB=0. ■ 

And if we determine a, so that j3'+ -4a= 0, the relation reduces 
to a^' = constant. The point thus determined is called the 
centre of the system ; and we learn that the product of the dis" 
tancesfrom the centre of ivx> corresponding points is constant. 

339. Since, in general, the point corresponding to any point 

» is - -^ D-J when Ax + H=^ 0, the corresponding point is 

infinitely distant: or the centre is the point whose conjugate is 
infinitely distant. The same thing appears from the relation 
{aJcc'}«{a'6Vo}, or 

ache' __ dcWc 

ac'.hc "" a'c.Vc' ' 
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Let c' be infinitely distant, he' ultimately = ac\ and ac = Vc\ 
and this relation becomes ac.a'c =^bcMc\ or, in other words, the 
product of the distances from c of two conjugate points is con- 
stant. The relation connecting the distances from the centre 
may be either ca.ca' — '\'k^ or ca,ca =^ — k^. In the one case 
two conjugate points lie on the same side of the centre ; in the 
other case they lie on opposite sides. 

340. A point which coincides with its conjugate is called a 
focus of the system. There are plainly two foci/,/' equidistant 
from the centre on either side of it, whose common distance 
from the centre c is given by the equation cf^ = ±k^. Thus, 
when k^ is taken with a positive sign, that is, when two con- 
jugate points always lie on the same side of the centre, the foci 
are real. In the opposite case they are imaginary. By w^riting 
a; = 03' in the general relation connecting corresponding points, 
we see that in general the distances of the foci from any origin 
are given by the equation 

u4^' + 2fli; + jB=0. 

341. We have seen (Art. 336) that if a pair of corresponding 
points be given by the equation ax^ -\- 2hx + & = 0, we must have 
Ab + Ba- 2Hh = 0. Now this equation signifies (see Art. 332) 
that any two corresponding points are harmonically conjugate 
with the two focu The same inference may be drawn from 
the relation [aff'a'] = {a^'a}, which gives 

axi.jf'cia.ff' ""Va" /a" 
or the distance between the foci/y is divided internally and ex- 
ternally at a and a' into parts which are in the same ratio. 

Cor. When one focus is at infinity, the other bisects the 
distance between two conjugate points; and it follows hence 
that in this case the distance a& between any two points of the 
system is equal to a'6', the distance between their conjugates. 

342. Two pairs of points determine a system in involution* 
We may take arbitrarily two pairs of points 

ax'-^-2hx^h^ a'a;" + 2A'a? -h J', 
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and we can then determine A^ H^ B from the equations 
Ab-\-Ba'-2Hh^0, AV -^ Bd ^%EK r=.^. 

We see, as in Art. 333, that any other pair of points in in- 
volution with the two given paurs may be represented by an 
equation of the form 

(oa?* + 2Aaj + 6) + \ (et'o;* + 2A'a: + 5') = 0, 

since, when A^ H^ B are determined so as to satisfy the two 
equations written above, they must also satisfy 

The actual values of A^ 5, 5", found by solving these equations, 
are 2(aA' — a'A), 2(A6' — A'J), aV-dh. Consequently the foci 
of the system determined by the given pairs of points, arfe 
given by the equation 

[aK - a'A) x^ + [aV - a%) x + QiV - Kb) = 0. 

This may be otherwise written if we make the equations 
homogeneous by introducing a new variable y, and write 

£r= ax^ + 2hxy + ly\ V = aV + 2h'xt/ + by. 
The equation which determines the foci is then 
dUdV dUdV^' 
dx dy dy dx 

The foci of a system given by two pairs of points a, d ; J, II 
may be also found as follows, from the consideration that 
la/6a'}={a'/i'a}, or 

af,bd ay.b'a ^ 

df:ba "" ;^ V '' 

whence q/* : a'f^ :: ab.aV : db.dV\ 

or/ is the point where ad is cut either internally or externally 
in a certain given ratio. 

343. The relation connecting six points in involution is of 
the class noticed In Art. 313, and is such that the same relations 

♦ It easily follows from this, that the condition that three pairs of points 
«a5* + 2kx + by a'x^ + 2h'x + b', a"x^ + 1h"x + b" should belong to a system in in- 
volution, is the vanishing of the determinant 
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will subsist between the sines of the angles subtended by them 
at any point as subsist between the segments of the lines them- 
selves. Consequently, if a 'pencil he drawn from any point to 
SIX points in involution j any transversal cuts this pencil in six 
points in involution. Again, the reciprocal of six points in in* 
volution is a pencil in involution. 

The greater part of the equations already found apply 
equally to lines drawn through a point. Thus, any pair of Unes 
a - /A)8, a - fjfp belong to a system in involution, if 

and if we are given two pairs of lines 

Cr= ad^ + 2Aa/3 4 Jy3», r= aV + 2A'a/3 + 5'^, 
they determine a pencil in involution whose focal lines are 

(aA'-a'A)a*+ (ay-a'6)a/3+ (W - A'5) /^ = 0, 

dUdV _dUdV_ 
^"^ dad/3 dfida"' 

344. A system of conies passing through four fixed points 
meets any transversal in a system of points in involution. 

For, it Sj S^ be any two conies through the points, 8-i-\8^ 
will denote any other; and if, taking the transversal for axis 
of X and making y = in the equations, we get aa^ + 2gx + c, 
and aV + 2g'x + c^ to determine the points in which the trans* 
versal meets 8 and 8"^ it will meet 8 + \ff in 

ax'' + '2gx-\'C + \ {a'x* + 2g'x + c') , 
a pair (Art. 342) in involution with the two former pair. 

This may also be proved 
geometrically as follows: 
By the anharmonic proper- 
ties of conies, 

{a.AdbA'] = {c.AdhA]: 
but if we observe the points 
in which these pencils meet 
AA\ we get [ACBA] = [ARC A'] = [ACRA]. 

Consequently the points AA' belong to the system in in- 
volution determined by BR^ CC, the pairs of points in which 
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the transversal meets the sides of the qnadrilateral joining the 
given points. 

Beciprocating the theorem of thb article we learn that, the 
pairs of tangents dravm from any point to a system of conies 
touching four fixed lines^form a system in involution, 

345. Since the diagonals ac^ hd may be considered as a conic 
through the four points, it follows, as a particular case of the last 
Article, that any transversal cuts the four sides and the diagonals 
of a quadrilateral in points BR^ (7(7, DI/^ which are in invo- 
lution. This property enables us, being given two pairs of points 
BR^ DU of a system in involution, to construct the point con- 
jugate to any other (7. For take any point at random, a ; join 
aB^ oD^ aC'j construct any triangle bcdj whose vertices rest on 
these three lines, and two of whose sides pass through B^I/y then 
the remaining side will pass through (7', the point conjugate to G, 
The point a may be taken at infinity, and the lines aB^ aD^ aG 
will then be parallel to each other. If the point C be at infinity 
the same method will give us the centre of the system. The 
simplest construction for this case is, — ^^ Through -B, i>, draw 
any pair of parallel lines Bb^ Dc ; and through B^ iX, a different 
pair of parallels Ub^ B>c \ then be will pass through the centre 
of the system." 

Ex. 1. If three conies circnmscribe the same quadrilateral, the common tangent 
to any two is cut harmonically by the third. For the points of contact of this 
tangent are the fod of the system in involution. 

Ex. 2. If through the intersection of the common chords of two conies we draw 
a tangent to one of them, this Une will be cut harmonically by the other. For in 
this case the points D and jy in the last figure coincide, and will therefore be a focus. 

Ex. 8. If two conies have double contact with each other, or if they have a con- 
tact of the third order, any tangent to the one is cut harmonically at the points where 
it meets the other, and where it meets the chord of contact. For in this case the 
common chords coincide, and the point where any transversal meets the chord of 
contact is a focus. 

Ex. 4. To describe a conic through four points a, (, <?, d, to touch a given right 
line. The point of contact must be one of the foci of the system BB^^ CC, Ac, and 
these points can be determined by Art. 342. This problem, therefore, admits of two 
solutions. 

Ex. 5. If a parallel to an asymptote meet the curve in Cy and any inscribed 
quadrilateral in points abed; Ca,Ce^ Cb, Cd, For C is the centre of the system. 

Ex. 6. Solve the examples, Art. 826, as cases of involution. 

In Ex. 1, JT is a focus : m Ex. 2, T is also a focus : in Ex. 3, Tis a centre, 4re. 

Ex. 7. The intercepts on any line between a hyperbola and its asymptotes ars 
equal. For in this case one focus of the system is at infinity (Cor., Art. 841). 
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346. If there he a system of conies Jiaving a common self-^on' 
jugate triangle^ any line passing through one of the vertices of 
this triangle is cut by the system in involution. 

For, if in oa* + b0* + 07* we write a = k/3j we get 
{ak' + b)^ + cy% 
a pair of points evidently always harmonically conjugate with 
the two points where the line meets jS and 7. Thus, then, in 
particular, a system of conies touching the four sides of a fixed 
quadrilateral cuts in involution any transversal which passes 
through one of the intersections of diagonals of the quadrila* 
teral (Ex. 3, Art. 146). The points in which the transversal meets 
diagonals are the foci of the system, and the points where it 
meets opposite sides of the quadrilateral are conjugate points 
of the system. 

Ex. 1. If two conies Z7, V touch their common tangents 4, B^ C, Din. the points 
a, bfCjd; o', b', c\ d'; a conic S through the points a, d, c, and touching D at d\ 
will have for its second chord of intersection with Vf the line joining the intersections 
of A with be, B with ca, C with ab. 

Let V meet ab in a, /3, then, by this article, since db passes through an intersection 
of diagonals of ABCD (Ex. 2, Art. 263), a^b; a^ ^ belong to a system in involution, of 
Which the points where ah meets p and J) are conjugate points. But (Art. 345) the 
common chords of 8 and V meet ab in points belonging to this same system in 
involution, determined by the points a,,b] o, /3, in which 8 and V meet the line ab. 
If then one of the common chords be B, the other must pass through the fhtersectiou 
of C with ab, 

Ex. 2. If ill a triangle there be inscribed an ellipse totiching the sides at their 
middle points a, b, c, and also a circle touching at the points a', b\ c*, and if the fourth 
common tangent B to the ellipse and circle touch the circle at d\ then the circle de- 
scribed through the middle points touches the inscribed circle at d'. By Ex. 1, a Conic 
described through a, b, c, will touch the circle at d', if it also pass through the points 
where the circle is met by the line joining thfe intersections of A^ be ; B, c»j C, db» 
But this line is in this case the line at infinity. The touching conic is therefore a 
circle. Sir W. R. Hamilton has thus deduced Feuerbach's theorem (p. 127) as a par- 
ticular case of Ex. 1. 

The point d' and the line B can be constructed without drawing the ellipse. For 
since the diagonals of an inscribed, and of the corresponding circumscribing quad- 
rilateral meet in a point, the lines ab, cd) a*b\ &d% and the lihes joining^!), BCi 
A C, BB all intersect in the same point. If then a, /3, y be the vertices of the triangle 
formed by the intersections of be, b'<f j ea, e'a- j ab, a'b' ; the lines joining a' a, i'/3, c'y 
meet in d\ In other words, the triangle a/3y is homologous with obey a'b'c', the 
centres of homology being the points d, d*. In like manner, the triangle a^y is also 
homologous with ABC^ the axis of homology being the line i>. 
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CHAPTER XVIL 

THE METHOD OF PROJECTION .♦ 

347. We . have already several times had occasion to point 
out to the reader the advantage gained by taking notice of 
the number of particular theorems often included under one 
general enunciation, but we now propose to lay before him a 
short sketch of a method which renders us a still more impor- 
tant service, and which enables us to tell when from a particular 
given theorem we can safely infer the general one under which 
it is contained. 

If all the points of any iBgure be joined to any fixed point 
in space ( 0), the joining lines will form a cowe, of which the 
point O is called the vertex^ and the section of this cone, by any 
plane, will form a figure which is called the projection of the 
given figure. The plane by which the cone is cut is called the 
plane of projection. 

To any point of one figure will correspond a point in the other. 

For, if any point A be joined to the vertex 0, the point a, 
in which the joining line OA is cut by any plane, will be the 
projection on that plane of the given point A. 

A right line will always he projected into a right line. 

For, if all the points of the right line be joined to the vertex, 
the joining lines will form a plane, and this plane will be inter- 
sected by any plane of projection in a right line. 

Hence, if any number of points in one figure lie in a right 
line, so will also the corresponding points on the projection ; and 
if any number of lines in one figure pass through a point, so 
will also the corresponding lines on the projection. 

* This method is the inyentioii of M. Poncelet. See his Traite des ProprietSs 
Projeetives, published in the year 1822, a work which I behere may be regarded 
as the foundation of the Modem G^metry. In it were taught the principles, that 
theorems concerning infinitely distant points may be extended to finite points on a 
right line ; that theorems concerning systems of circles may be extended to conies 
haying two points common ; and that theorems concerning imaginary points and lines 
may be extended to real points and lines. 
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348. Any plane curve will always he pryected into another 
curve of the same degree. 

For it IB plain that, if the given curve be cut by any right line 
in any number of points, A^ -B, (7, Z>, &c, the projection will 
be cut by the projection of that right line in the same number of 
corresponding points, a, 5, c, rf, &c. ; but the degree of a curve is 
estimated geometrically by the number of points in which it can 
be cut by any right line. If AB meet the curve in some real and 
some imaginary points, ab will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 
will intersect in the same number of points, and any point 
common to one pair, whether real or imaginary, must be con- 
sidered as the projection of a corresponding real or imaginary 
point common to the other pair. 

Any tangent to one curve will be projected into a tangent to 
the other. 

For, any line AB on one curve must be projected into the 
line ah joining the corresponding points of the projection. Now, 
if the points -4, By coincide, the pfoints a, J, will also coincidci 
and the line cA will be a tangent. 

More generally, if any two curves touch each other in any 
number of points, their projections will touch each other in the 
same number of points. 

349. If a plane through the vertex parallel to the plane of 
projection meet the original plane in a line ABj then any pencil 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on the plane of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an infinite distance, the intersection of any two lines 
which meet on AB is projected to an infinite distance on the 
plane of projection. Conversely, any system of parallel lines on 
the original plane is projected into a system of lines meeting in a 
point on the line DFj where a plane through the vertex parallel to 
the original plane is cut by the plane of projection* The method 
of projection then leads us naturally to the conclusion, that any 
system of parallel lines may be considered as passing through a 
point at an infinite distance, for their projections on any plane 
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pass through a point in general at a finite distance ; and again^ 
that all the points at infinity on any plane may be considered as 
lying on a right line^ since we have showed that the projection 
of any point in which parallel lines intersect must lie somewhere 
on the right line DF in the plane of projection. 

350. We see now, that if any property of a given curve does 
not involve the magnitude of lines or angles, hut merely relates 
to i\iQ position of lines as drawn to certain points, or touching 
certain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro- 
jected. Thus, for instance, " if through any point in the plane 
of a circle a chord be drawn^ the tangents at its extremities will 
meet on a fixed line." Now since we shall presently prove that 
every curve of the second degree can be projected into a circle, 
the method of projection shows at once that the properties of 
poles and polars are true not only for the circle, but also for all 
turves of the second degree. Again, Pascal's and Brianchon'a 
theorems are properties of the same class, which it is sufficient 
to prove in the case of the circle, in order to know that they are 
true for all conic sections. 

351. Properties which, If true for any figure, are true for its 
projection, are called projective properties. Besides the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do involve the magnitude of lines. For instance, 
the anharmonic ratio of four points in a right line {ABCD}j 
being measured by the ratio of the pencil [O.ABCD] drawn to 
the vertex, must be the same as that of the four points [ahcd}^ 
where this pencil is cut by any transversal. Again, if there be 
an equation between the mutual distances of any number of 
points In a right line, such as 

AB. GD.EF^k.AC.BE,DF-\-l.AD. CE.BF+&c. = 0, 

where in each term of the equation the same points are men- 
tioned, although In dlflferent orders, this property will be pro- 
jective. For (see Art. 311) if for AB we substitute 
OA.OB.&inAOB - 

each term of the equation will contain 0^ . OB. 00. OD. OF. OF 



THE METHOD OF PEOJECTION. 317 

In the numerator, and OP" in the denominator. Dividing, then, 
by these, there will remain merely a relation between the sines 
of angles subtended at 0. It is evident that the points A^ Bj G^ 
jD, Ej Fy need not be on the same right line ; or, in other words, 
that the perpendicular OP need not be the same for all, provided 
the points be so taken that, after the substitution, each term of 
the equation may contain in the denominator the same product, 
OP. OP'. 0I^\ &c. Thus, for example, " If lines meeting in a 
point and drawn through the vertices of a triangle ABG meet the 
opposite sides in the points a, 5, c, then Ab.Bc.Ca = AcBa, Cb.^^ 
This is a relation of the class just mentioned, and which it is 
suflScient to prove for any projection of the triangle ABG. Let 
us suppose the point C projected to an infinite distance, then 
AGy BGf Gc are parallel, and the relation becomes 

Ab.Bc=^Ac, Baj 

the truth of which is at once perceived on making the figure. 

352. It appears, from what has been said, that if we wish to 
demonstrate any projective property of any figure, it is sufiicient 
to demonstrate it for the simplest figure into which the given 
figure can be projected ; e,g. for one in which any line of the 
given figure is at an infinite distance. 

Thus, if it were required to investigate the harmonic pro- 
perties of a complete quadrilateral ABGD^ whose opposite sides 
intersect in J?, F^ and the intersection of whose diagonals Is O^ 
we may join all the points of this figure to any point in space 0, 
and cut the joining lines by any plane parallel to OEF^ then 
EF is projected to infinity, and we have a new quadrilateral, 
whose sides a5, cd intersect in e at infinity, that is, are parallel ; 
while ad^ be intersect in a point /at infinity, or are also parallel. 
We thus see that any quadrilateral may be projected into a 
parallelogram. Now since the diagonals of a parallelogram 
bisect each other, the diagonal ojg is cut harmonically in the 
points a, g^ c, and the point where it meets the line at in- 
finity ef. Hence AB is cut harmonically in the points A^ O^ O, 
and where it meets EF. 

Ex. If two triangles ABC, A*RC, be such that the points of intersection of 
AB, A'B'-, BC, BC\ CA, CA'-, lie in a right line, then the lines AA\ BB', CC 
meet in a point. 
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Project to infinity the line in which AB, A!B\ Ac. intersect ; then the theorem 
becomes : " If two triangles ahc, a'b'c' have the sides of the one respectively parallel 
to the sides of the other, then the lines aa% bb\ c& meet in a point.** But the truth 
of this latter theorem is evident, since aa\ W both cut oc' in the same r&tia 

353. lu order not to interrupt the account of the appIicationB 
of the method of projection, we place in a separate section 
the formal proof that every curve of the second degree 
may be projected so as to become a circle. It will also be 
proved that by choosing properly the vertex and plane of pro- 
jection, we can, as in Art. 352, cause any given line EF on the 
figure to be projected to infinity, at the same time that the 
projected curve becomes a circle. This being for the present 
taken for granted, these consequences follow : 

Given any conic section and a point in its plane^ we can project 
it into a circle^ of which the projection cf that point is the centre^ 
for we have only to project it so that the projection of the polar 
of the given point may pass to infinity (Art. 154). 

Any two conic sections may be projected so as both to become 
circlesj for we have only to project one of them into a circle^ 
and so that any of its chords of intersection with the other shall 
pass to infinity, and then, by Art. 257, the projection of the 
second conic passing through the same points at infinity as the 
circle must be a circle also. 

Any two conies which have double contact with each other may^ 
be projected into concentric circles. For we have only to project 
one of them into a circle, so that its chord of contact with the 
other may pass to infinity (Art. 257). 

354. We shall now give some examples of the method of 
deriving pro{)erties of conies from those of the circle, or from 
other more particular properties of conies. 

Ex 1. "A line through any point is cut harmonically by the curve and the polar 
of that point." This property and its reciprocal are projective properties (Art. 361), 
and both being true for the circle, are true for every ponic. Hence all the properties 
of the circle depending on the theory of poles and polars are true for all the conio 
sections. 

Ex. 2. The anharmonic properties of the points and tangents of a conic are pro- 
jective properties, which, when proved for the circle, as in Art. 312, are proved for 
all conies. Hence, every property of the circle which results from either of its 
anharmonic properties is true also for all the conic sections. 

Ex. 3. Camot's theorem (Art. 313), that if a conic meet the sides of a triangle, 

Ab . Ab\ Be . Be', Ca . Ca' = Ac . Ac'. Ba . Ba'. Cb , Cb\ 
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ia a projectiye property which need only be proved in the case of the drole, in which 
case it is evidently true, since Ab,AV — Ac, Ac', &c. 

The theorem can evidently be proved in like manner for any polygon. 

Ex. 4. From Oamot's theorem, thus proved, conld be deduced the properties of 
Art. 148, by supposing the point C at an infinite distance ; we then have 
Ah.AV _ Ba.Ba' 
Ac.Ac'~ BcBc^ * 
Where the line Ah is parallel to Ba, 

Ex. 5. Given two concentric droles, Given two conies having double con- 
any chord of one which touches the tact with each other, any chord of one 
other is bisected at the point of con- which touches the other is cut harmo- 
tact. nically at the point of contact, and where 

it meets the chord of contact of the 
conies. (Ex. 8, Art. 345). 

For the line at infinity in the first case is projected into the chord of contact of 
two conies having double contact with each other. Ex. 4, Art. 236, is only a particular 
case of this theorem. 

Ex. 6. Given three concentric ciroles, Given three conies all touching each 
any tangent to one is cut by the other other in the same two points, any tan- 
two in four points whose anharmonic gent to one is cut by the other two in 
ratio is constant. four points whose anharmonic ratio is 

constant. 

The first theorem is obviously tme, since the four lengths aro constant. The 
lecond may be considered as an extension of the anharmonic property of the tangents 
of a conic. In like manner the theorem (in Art. 276) with regard to anharmonic 
ratios in conies having double contact is immediately proved by projecting the conies 
into concentric circles. 

Ex. 7. We mentioned already, that it was sufficient to prove Pascal's theorem 
for the case of a circle, but, by the help of Art 353, we may still further simplify 
our figure, for we may suppose the line joining the intersection of AB, DE^ to that 
of BC^ EFf to pass off to infinity ; and it is only necessary to prove that, if a hexagon 
be inscribed in a circle having the side AB parallel to BEf and BC to EF^ then 
CD will be parallel to AF; but the truth of this can be shown from elementary 
considerations. 

Ex. 8. A triangle is inscribed in any conic, two of whose sides pass through fixed 
points, to find the envelope of the third (Ex. 3, Art. 272). Let the line joining the fixed 
points be projected to infinity, and at the same time the conic into a circle, and this pro- 
blem becomes, — *' A triangle is inscribed in a circle, two of whose sides are parallel 
to fixed hues, to find the envelope of the third." But this envelope is a concentric 
circle, since the vertical angle of the triangle is given ; hence, in the general case, 
the envelope is a conic touching the given conic in two points on the line joining 
the two given points. 

Ex. 9. To investigate the projective properties of a quadrilateral inscribed in a 
conic. Let the conic be projected into a circle, and the quadrilateral into a iNurallelo- 
gram (Art. 352). Now the intersection of the diagonals of a parallelogram inscribed 
in a circle is the centre of the circle; hence the intersection of the diagonajs of a 
quadrilateral inscribed in a conic is the pole of the line joining the intersections of 
the opposite sides. Again, if tangents to the circle be drawn at the vertices of this 
parallelogram, the diagonals of the quadrilateral so formed will also pass through 
the centre, bisecting the angles between the first diagonals ; hence, " the diagonals 
of the inscribed and corresponding circumscribing quadrilateral pass through a point, 
and form a harmonic pencil. ' 
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Ex. 10. Given fonr points on a conic, 
the locus of its centre is a conic through 
the middle points of the sides of the given 
quadrilateral. (Ex. 15, Art. 328). 

Ex. 11. The locus of the point where 
parallel chords of a circle are cut in a 
given ratio is an ellipse having double 
contact with the circle. (Art. 163). 



Given four points on a conic, the locus 
of the pole of any fixed line is a conic 
passing through the fourth harmonic to 
the point in which this line meets each 
side of the given quadrilateral. 

If through a fixed point a line be 
drawn meeting the conic in A^ B^ and on 
it a point P be taken, such that {OABP] 
may be constant, the locus of P is a 
conic having double contact with the 
given conic. 

355. We may project several properties relating to foci by 
the help of the definition of a focus, given p. 239, viz. that 
if jFbe a focus, and Ay B the two imaginary points in which 
any circle is met by the line at infinity; then FA^ FB are 
tangents to the conic. 



Ex. 1. The locus of the centre of a 
circle touching two given circles is a hy- 
perbola, having the centres of the given 
circles for foci. 



If a conic be described through two 
fixed points A^ B, and touching two given 
conies which also pass through those 
points, the locus of the pole of AB is a 
conic touching the four lines C4, Cj?, 
CAf C'Bf where C, C", are the poles of 
AB with regard to the two given conies. 
In this example we substitute for the word * circle,' "conic through two fixed 



points Aj B" (Art. 257), and for the woid * 
Ex. 2. Given the focus and two points 
of a conic section, the intersection of tan- 
gents at those points will lie on a fixed 
line. (Art. 191). 

Ex. 3. Given a focus and two tan- 
gents to a conic, the locus of the other 
focus is a right line. (This follows from 
Art. 189). 



centre,' " pole of the line AB," (Art. 154). 

Given two tangents, and two points 

on a conic, the locus of the intersection 

of tangents at those points is a right line* 

Given two fixed points Aj B ; two tan- 
gents FAj FB passing one through each 
point, and two other tangents to a conic j 
the locus of the intersection of the otiier 
tangents from ^, ^, is a right line. 

If two triangles circumscribe a conic, 
their six vertices lie on the same conic.'*' 



Ex. 4. If 8 triangle circumscribe a 
parabola, the circle circumscribing the 
triangle passes through the focus. Cor. 4, 
Art. 223. 

For if the focus be F^ and the two circular points at infinity -4, J?, the triangler 
FAB is a second triangle whose three sides touch the parabola. 

Ex. 5. The locus of the centre of a Given one tangent, and three points 
circle passing through a fixed point, and on a conic, the locus of the intersection 



touching a fixed line, is a parabola of 
which the fixed point is the focus. 



of tangents at any two of these points is 
a conic inscribed in the triangle formed 
hj those points. 



* This is easily proved directly. Take a side of each triangle and, by the anhar- 
monic property of the tangents of a conic, these lines are cut homographically by the 
other four sides ; whence it may easily be seen that the pencils joining the opposite 
vertices of each triangle to the other four are homographic: 
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Six. 6. Given fotir tangents to a conic, Given four tangents to a conic, the 

the locus of the centre is the line joining locus of the pole of any line is the line 
the middle points of the diagonals of the joining the fourth harmonics of the points 
quadrilateral. where the given line meets the diagonals 

of the quadrilateral. 

It follows from our definition of a focus, that if two conies have the same focus, 
this point will be an intersection of common tangents to them^ and will possess the 
properties mentioned at the end of Art. 264. Also, that if two conies have the same 
focus and directrix, they may be considered as two conies having double contact with 
each other, and may be projected into concentric oircleSi 

356. Since angles wbich are constant in any figure will in 
general not be constant in the projection of that figure, we pro- 
ceed to show what property of a projected figure may be inferred 
when any property relating to tlie magnitude of angles is given ; 
and we commence with the case of the right angle. 

Let the equations of two lines at right angles to each other 
be a? = 0, y « 0, then the equation which determines the direction 
of the points at infinity on any circle is x^ + y^ = 0, or 

Oj + yV-l-O, ir-yV-l = 0* 

Hence (Art. 67) these four lines form a harmonic pencil. 
Hence, given four points -4, 5, C, Dj of a line cut harmonically, 
where A^ B may be real or imaginary, if these points be trans^ 
ferred by a real or imaginary projection, so that A^ B may 
become the two imaginary points at infinity on any circle, then 
any lines through C, D will be projected into lines at right 
angles to each other. Conversely, any two lines at right angles 
to each other will he projected into lines which cut harmonically 
the line joining the two jixed points which are the projections of 
the imaginary points at infinity on a circle^ 

Ex. 1. The tangent to a cii^e is at Any chord of a conic is cut harmoni- 
right angles to the radius. cally by any tangent, and by the line 

joining the point of contact of that tan- 
gent to the pole of the given chord. 
(Art. 146). 
For the chord of the conic ifl supposed to be the projection of the line at infinity 
hi the plane of the circle; the points Where the chord meets the conic will be the 
projections of the imaginary points at infinity on the circle; and the pole of the 
chord will be the projection of the centre of the circle. 

Ex. 2. Any right line drawn through Any right line through a point, the 
the focus of a conic is at right angles line joining its pole to that point, and 
to the line joining its pole to the focus, the two tangents from the point, form 
(Art. 192). a harmonic pencU. (Art. 146). 

It is evident that the first of tli€«e proporties is only a particular case of the 

TT. 
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second, if we recollect that the tangents from the focua are the lines joining the 
focus to the two imaginary points on any circle. 

Ex. 3. Let us apply Ex. 6 of the last Article to determine the locus of the pole 
of a given line with regard to a system of confocal conies. Being given the two 
foci, we are given a quadrilateral circumscribing the conic (Art. 258a) ; one of the 
diagonals of this quadrilateral is the line joining the fod, therefore (Ex. 6) one point 
on the locus is the fourth harmonic to the point where the given line cuts the dis- 
tance between the foci. Again, another diagonal is the line at infinity, and since 
the extremities of this diagonal are the points at infinity on a circle, therefore by the 
present Article the locus is perpendicular to the given line. The locus is, therefore, 
completely determined. 

Ex. 4. Two confocal conies cut each If two conies be inscribed in the same 
other at right angles, quadrilateral, the two tangents at any of 

their points of intersection cut any dia- 
gonal of the circumscribing quadrilateral 
harmonically. 
The last theorem is a case of the reciprocal of Ex. 1 , Art. 345. 

Ex. 6. The locus of the intersection The locus of the intersection of tan- 

of two tangents to a central conic, which gents to a conic, which divide harmoni- 
cut at right angles, is a circle. cally a given finite right line AB^ is a 

conic through Ay B. 

The last theorem may, by Art. 146, be stated otherwise thus : " The locus of a 
point 0, such that the line joining to the pole of AO may pass through B, is a 
conic through A^ B j" and the truth of it is evident directly, by taking four positions 
of the line, when we see, by Ex. 2, Art. 297, that the anharmonic ratio of four lines 
AOm equal to that of four corresponding hues BO. 

V'^ 6. The locus of the intersection If in the last example AB touch the 
of tangents to a parabola, which cut at given conic, the locus of will be th© 
right angles, is the directrix. line joining the points of contact of tan- 

gents from Af B. 

Ex. 7. The circle circumscribing a tri- If two triangles are both self -con- 

angle self -con jugate with regard to an jugate with regard to a conic, their six 
equilateral hyperbola passes through the vertices lie on a conic 
centre of the curve. (Ex. 5, Art. 228). 

The fact that the asymptotes of an equilateral hyperbola are at right angles may 
be stated, by this Article, that the line at infinity cuts the curve in two points which 
are harmonically conjugate with respect to A, By the imaginary circular points at 
infinity. And since the centre Cia the pole of AB, the triangle CAB is self -conjugate 
with regard to the equilateral hyperbola. It follows, by reciprocation, that the six 
sides of two self -conjugate triangles touch the same conic. 

Ex. 8. If from any point on a conic If a harmonic praicil be drawn through 

two lines at right angles to each other be any point on a conic, two legs of which 
drawn, the chord joining their extremities are fixed, the chord joining the extremities 
passes through a fixed point. (Ex. 2, of the other legs will pass through a fixed 
Art. 181). point. 

In other words, given two points a, c on a conic, and {abed} a harmonic ratio, bd 
will pass through a fixed point, namely, the intersection of tangents at a, c. But the 
truth of this may be seen directly: for let the line ac meet bd in K, then, since 
{a. abed] is a harmonic pencil, the tangent at a cuts bd in the fourth harmonic to JT: 
but so likewise must the tangent at c, therefore these tangents meet bd in the same 
point. As a particular case of this theorem we have the following : " Through a fixed 
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point on a conic two lines are drawn, making equal angles with a fixed line, the chord 
joining their extremities will pass through a fixed point." 

357. A system of pairs of right lines drawn through a pointy 
80 th,at the lines of each pair make equal angles with a fixed line^ 
cuts the line at infinity in a system of points in involution^ of 
which the two points at infinity on any circle form one pair of con- 
jugate points. For they evidently cut any right line in a system 
of points In involution, the foci of which are the points where the 
line is met by the given internal and external bisector of every 
pair of right lines. The two points at infinity just mentioned 
belong to the system, since they also are cut harmonically by 
these bisectors. 

The tangents from any point to a The tanjrents from any point to a 

system of confocal conies make equal system of conies inscribed in the same 
angles with two fixed lines. (Art. 189). quadrilateral cut any diagonal of that 

quadrilateral in a system of points in 
involution of which the two extremities 
of that diagonal are a pair of conjugate 
points. (Art. 344). 

358. Two lines which contain a constant angle cut the line 
joining the two points at infinity on a circle^ so that the anhar- 
monic ratio of the four points is constant. 

For the equation of two lines containing an angle being 
a; = 0, ^ = 0, the direction of the points at infinity on any circle 
is determined by the equation 

x''-i-y'' + 2xy cosd = 0] 

and, separating this equation into factors, we see, by Art. 57, that 
the anharmonic ratio of the four lines is constant if be constant. 

Ex. 1. " The angle contained in the same segment of a circle is constant." We 
see, by the present Article, that this is the form assumed by the anharmonic property 
of four points on a circle when two of them are at an infinite distance. 

Ex. 2. The envelope of a chord of a If tangents through any point meet 

conic which subtends a constant angle the conic in T, T\ and there be taken 
at the focus ia another conic having the on the conic two points -4, B^ such that 
eame focus and the same directrix. {O.ATBT*} is constant, the envelope of 

AB is a. conic touching the given conic 
in the points T, T\ 

Ex. 3. The locus of the intersection If a finite line AB, touching a conic 

of tangents to a parabola which cut at be cut by two tangents in a given an- 
a given angle is a hyperbola having the harmonic ratio, the locus of their inter- 
same focus and the same directrix. section is a conic touching the given conic 

at the points of contact of tangents from 
A,B. 
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Ex. 4. If from the focus of a conic a If a variable tangent to a conic meet 
line be drawn making a given angle with two 4xed tangents in Ty T', and a fixed 
any tangent, the loons of the point where Una in M, and there be taken on it a 
it meets it is a circle* point P, such that {PTMT'} may be con- 

stant, the locus of P is a conic passing 
through the points where the fixed tan* 
gents meet the fixed line. 
A particular casiB of this theorem ia : << The locus of the point where the intercept 
of a variable tangent between two fixed tangents is out in a given ratio is a hyper ' 
bola whose asymptotes are parallel to the ^xed tangents.'' 

Ex. 6. If from a fixed point 0, OP he Given the anharmonic ratio of a pencil 
drawn to a given circle, and TP be drawn tiuee of whose legs pass through filecl 
making the angle TPO constant, the points, apd whose, yertex moyes along a 
envelope of TP is a conic having for its given conic, passing through two of the 
focna, points, the envelope of the fourth leg ia 

a conic touching the lines joining these 
two to the third fixed point. 

A particular case of this Is : "If t^ro fixed points ^, J? on a conic be joined to 
a variable point P, and the intercept made by the joining Qhord^ on a fixed line b^ 
cut in a given ratio at Jf, tlie envedope of PM ia a conic touching piyrallels througU 
A and B to the fixed line. 

Kx. 6. If from a fixed point 0, OP be Given the anharmonic ratio of a pencil, 
drawn to a given right line, and the anglQ three of whose legs pass through fixed 
TPO be constant, the envelope of TP i^ points, and whose vertex moves along a 
^ parabola ^ving fox its focos* . fixed line, the envelope of the fourth leg 

is a conic touching the three sides of tha 
triangle formed by the given points. 

359. We have now explained the geometric method by 
which, from the properties of one figure, may be derived those 
of another figure which corresponds to it (not as in Chap. XV., 
60 that the points of one figure answer to the tangents of the 
other, but] so that the points of one answer to the poiats of the 
other, and the tangents of one to the tangents of the other. 
All this might be placed on a purely analytical basis. If any 
curve be represented by an equation in trilinear coordinates, 
referred to a triangle whose sides are o, 6, e, and if we interpret 
this equation with regard to a different triangle of reference 
whose sides are a', 5', c\ we get a new curve of the same degree 
as the first ;^ and the same equations which establish any pro-, 
perty of the first curve will, when differently interpreted, establish 

* It is easy to see that the equation of the new curve referred to the old triangle 
is got by substituting in the given equation for a, /3, y ; la+m^-h «y, Va+m'fi+n'y, 
V'a + »»"j3 + n''y, where la + toj3 + «y represents the line which is to correspond to 
fi, &c. For fuller information on this method of transformation see Higher Plane. 

CurveSf Chap. viii. 
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a corresponding property of the second. In this manner a 
right line in one system alw^ays corresponds to a right line in 
the other, except in the case of the equation aa + 6)8 + cy = 0, 
which in the one system represents an infinitely distant line, 
in the other a finite line. And, in like manner, a'a + Vfi + c'7, 
which represents an infinitely distant line in the second system 
represents a finite line in the first system. In working with 
trilinear coordinates, the reader can hardly have failed to take 
notice how the method itself teaches him to generalize all 
theorems in which the line at infinity is concerned. Thus 
(see Art. 278) if it be required to find the locus of the centre 
of a conic, when four points or four tangents are given, thid 
is done by finding the locus of the pole of the line at infinity 
«a + i)8 + C7, and the very same process gives the locus under 
the same conditions of the pole of any line Xa + /*/S + vy. 

We saw (Art. 59) that the anharmonic ratio of a pencil 
P—hP\ P—IP\ &c. depends only on the constants A, Z, and is 
not changed if P and P' are supposed to represent dififerent right 
lines. We can infer then, that in the method of transformation 
which we are describing, to a pencil of four lines in the one 
system answers in the other system a pencil having the same 
anharmonic ratio ; and that to four points on a line correspond 
four points whose anharmonic ratio is the same. 

An equation, /8=0, which represents a circle in the one 
system will, in general, not represent a circle in the other. 
But since any other circle in the first system is represented 
by an equation of the form 

/8+ (aa +i/3 + C7) (\a + /Ai8 + V7) = 0, 

all curves of the second system answering to circles in the 
first will have common the two points common to 8 and 
aa + Jy8 + C7. 

360. In this way we are \d, on purely analytical grounds, to 
the most important principles, on the discovery and application 
of which the merit of Poncelet's great work consists. The 
principle of continuity (in virtue of which properties of a figure, 
in which certain points and lines are real, are asserted to be 
true even when some of these points and lines are imaginary) 
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IS more easily established on analytical than on purely geo- 
metrical grounds. In fact, the processes of analysis take no 
account of the distinction between real and imaginary, so im- 
portant in pure geometry. The processes, for example, by which, 
in Chap, xiv., we obtained the properties of systems of conies 
represented by equations of forms 8=kafi or 8=ka^ are un- 
affected, whether we suppose a and )8 to meet S in real or 
imaginary points. And though from any given property of a 
system of circles we can obtain, by a real projection, only a 
property of a system of conies having two imaginary points 
common, yet it is plainly impossible to prove such a property by 
general equations without proving it, at the same time, for conies 
having two real points common. The analytical method of 
transformation, described in the last article, is equally applicable 
if we wish real points in one figure to correspond to imaginary 
pomts on the other. Thus, for example, a* -f ^8* = 7* denotes a 
curve met by 7 in imaginary points ; but if we substitute for 
a, 0] P± Q V(— 1)) and for 7, JS, where P, Q, R denote right 
lines, we get a curve met in real points by B the line corre- 
sponding to 7. 

The chief difference in the application of the method of 
preelections, considered geometrically and considered algebrai- 
cally, is that the geometric method would lead us to prove a 
theorem, first for the circle or some other simple state of the 
figure, and then infer a general theorem by projection. The 
algebraic method finds it as easy to prove the general theorem 
as the simpler one, and would lead us to prove the general 
theorem first, and afterwards infer the other as a particular 
case. 

THEORY OP THE SECTIONS OF A CONE. 

361. The sections of a cone by parallel planes are similar. 
Let the line joining the vertex to any fixed point A in one 
plane meet the other in the point a ; and let radii vectores be 
drawn from -4, a to any other two corresponding points 5, h. 
Then, from the similar triangles OAB^ Oab^ AB is to ah in the 
constant ratio OA : Oa ; and since every radius vector of the one 
curve is parallel and in a constant ratio to the corresponding 
radius vector of the o*her, the two curves are similar (Art. 233). 
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Cob. If a cone standing on a circular base be cut by any 
plane parallel to the base, the section will be a circle. This 
is evident as before ; we may, if we please, suppose the points 
Aj a the centres of the curves. 

362. A section of a cone^ standing on a circular hase^ may 
he either an ellipse^ hyperbola^ or parabola. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle ; in which case 
this line is called the axis of the cone. If this line be not per- 
pendicular to the plane of the base, the cone is said to be oblique. 
The investigation of the sections of an oblique cone is exactly the 
same as that of the sections of a right cone, but we shall treat 
them separately, because the figure in the latter case being more 
simple will be more easily understood by the learner, who may at 
first find some difficulty in the conception of figures in space. 

Let a plane ( OAB) be drawn through the axis of the cone 
OG perpendicular to the plane of the 
section, so that both the section MSsN 
and the base A SB are supposed to 
be perpendicular to the plane of the 
paper; the line R8^ in which the 
section meets the base, is, therefore, 
also supposed perpendicular to the 
plane of the paper. Let us first 
suppose the line MN^ in which the yii 
section cuts the plane OAB to meet 
both the sides OA^ OB^ as in the figure, on the same side of 
the vertex. 

Now let a plane parallel to the base be drawn at any other 
point s of the section. Then we have (Euc. III. 35) the square 
of JS/S, the ordinate of the circle, = AR.RB^ and in like manner 
rs* = ar.rb. But from a comparison of the similar triangles 
ARMj arM\ BBN^ brN^ it can at once be proved that 

AB.RB : MR.RN:: ar.rb : Mr.rN. 

Therefore RS" :rs^:: MR. RN : Mr . rN. 

Hence the section MSsN is such that the square of any ordinate 
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rs is to the rectangle under the parts in which it cuts the line 

MN in the constant ratio R8* : MB.BN. 

Hence it can immediately be infeiTed 

(Art. 149) that the section is an ellipse^ 

of which MN is the axis major, while 

the square of the axis minor is to MiP 

in the given ratio 

RS^ : MR.RN. 
Secondly. Let MN meet one of the 
sides OA produced. The proof proceeds 
exactly as before, only that now we prove 
the square of the ordinate rs in a constant 
ratio to the rectangle Mr.rN under the 
parts into which it cuts the line MNprO' 
duced. The learner will have no diflSculty 
in proving that the locus will in this 
case be a hyperbola^ consisting evidently of the two opposite 
branches NsS^ Ms'S\ 

Thirdly. Let the line MN be parallel 
to one of the sides. In this case, since 
AR = ary and RB : rb : : RN : rN^ we have 
the square of the ordinate rs{:=ar.rb) to 
the abscissa rN in the constant ratio 

R8'{^AR.RB):RN. 

The section is therefore a, parabola,^ 

363. It is evident that the projections of the tangents at the 
points Ay B of the circle are the tangents at the points M^ N of 





* Those who first treated of conic sections only considered the case when a right 
cone is cut by a plane perpendicular to a side of the cone ; that is to say, when MN 
is perpendicular to OB, Clonic sections were then divided into sections of a right- 
angled, acute, or obtuse-angled cone ; and according to Eutochius, the commentator 
on Apollonius, were called parabola, ellipse, or hjrperbola, according as the angle of 
the core was equal to, less than, or exceeded a right angle. (See the passage cited 
in full, Walton's Examples^ p. 428). It was ApoUonius who first showed that all 
three sections could be made from one cone; and who, according to Pappus, gave 
them the names parabola, ellipse, and hyperbola, for the reason stated. Art. 194. The 
authority of Eutochius, who was more than a century later than Pappus, may not 
be very great, but the name jmrabola was used by Archimedes, who was prioj: to 
ApoUonius. 
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the conic section (Art. 348) ; now in the case of the parabola the 
point Jf and the tangent at it go off to infinity ; we are therefore 
again led to the conclusion that every parabola has one tangent 
altogether at an infinite distance. 

364. Let the cone now be supposed oblique. The plane of 
the paper is a plane drawn through the line 00, perpendicular to 
the plane of the circle A Q8B. Now let 
the section meet the base in any line QSj 
draw a diameter LK bisecting QSj and /i 
let the section meet the plane OLK in the j/// 
line MNj then the proof proceeds exactly ^ //H 
as before ; we have the square of the ordi- aLj^lI' 
nate B8 equal to the rectangle LR.JtK\ / iy~js 
if we conceive a plane, as before, drawn / mA--'^' / 

parallel to the base (which, however, is left ^ / ---, 

out of the figure in order to avoid render- \. / 

ing it too complicated), we have the square ^ ^ 

of any other ordinate rs equal to the corresponding rectangle 
lr,rk] and we then prove by the similar triangles KRM^ krM; 
LBNy IrNj in the plane OLK^ exactly as in the case of the right 
cone, that ES* : r/, as the rectangle under the parts into which 
each ordinate divides MN^ and that therefore the section is a 
conic of which MN is the diameter bisecting Q8j and which is an 
ellipse when MN meets both the lines OZ, OK on the same side 
of the vertex, a hyperbola when it meets them on different sides 
of the vertex, and a parabola when it is parallel to either. 

In the proof just given Q8 is supposed to intersect the circle 
in real points ; if it did not, we have only to take, instead of the 
circle AB^ any other parallel circle aJ, which does meet the sec- 
tion in real points, and the proof will proceed as before. 

365. We give formal proofs of the two following theorems, 
though they are evident by the principle of continuity : 

I. If a circular section be cut hy any plane in a line QSj 
the diameters conjugate to Q8 in that plane^ and in the plane of 
the circle J meet Q8 in the same point. When qs meets the circle 
in real points, the diameter conjugate to it in every plane must 
evidently pass through its middle point r. We have therefore 

UU. 




330 THE METHOD OF PROJECTION. 

only to examine the case where QS does not meet in real 
points. It was proved (Art. 361) that the diameter df which 
bisects chords, parallel to qs^ of any circular section, will be pro- 
jected into a diameter DF bisecting 
the parallel chords of any parallel 
section. The locus therefore of the 
middle points of all chords of the 
cone parallel to qs is the plane Odf. 
The diameter therefore, conjugate 
to QS in any section, is the inter- 
section of the plane Odf with the 
plane of that section, and must 
pass through the point R in which 
Q8 meets the plane OUf. 

II. In the same case^ if the diameters conjugate to Q8 in the 
circle^ and in the other section^ be cut into segments RD^ RF; Rg^ 
Rk; the rectangle DR.RFis to gR.Rk as the square of the dia^ 
fneter of the section parallel to QS is to the square of the conjugate 
diameter. This is evident when qs meets the circle in real 
points; since rs^ = dr. rf In general, we have just proved that 
the lines gJc^ df DF^ lie in one plane passing through the vertex. 
The points i), d are therefore projections of g\ that is to say, 
they lie in one right line passing through the vertex. We have 
therefore, by similar triangles, as in Art. 364, 

dr.rf\DR.RF\igr.rk:gR,RJc\ 

and since dr.rf\% to gr.rk as the squares of the parallel semi- 
diameters, DR,RF\% to gR.Rk in the same ratio. 

If the section gskq and the line QS be given, this theorem 
enables us to find DR.RF, that is to say, the square of the 
tangent from R to the circular section whose plane passes 
through QS. 

366. Given any conic gskq and a line TL in its plane not 
cutting it^ we can project it so that the conic may become a circle^ 
and the line may be projected to infinity. 

To do this, it is evidently necessary to find the vertex of 
ft cone standing on the given conic, and such that its sections 
parallel to the plane OTL shall be circles. For then any of 
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these parallel sections would be a projection fulfilling the con- 
ditions of the problem. Now, if TL meet the conjugate dia- 
meter in the point i, it follows from the theorem last proved 
that the distance OL is given; for, since the plane OTL is 
to meet the cone in an infinitely small circle, OU is to gL,Lk 
in the ratio of the squares of two known diameters of the section. 
OL must also lie in the plane perpendicular to Ti, since it Is 
parallel to the diameter of a circle perpendicular to TL. And 
there is nothing else to limit the position of the point 0, which 
may lie anywhere ia a known circle in the plane perpendicular 
to TL. 

367. If a sphere he inscribed in a right cone touching the 
plane of any section^ the point of contact will he a focus of that 
section^ and the corresponding directrix will be the intersection of 
the plane of the section with the plane of contact of the cone with 
the sphere. 

Let spheres be both inscribed and exscribed between the 
cone and the plane of the section. Now, if 
any point P of the section be joined to the 
vertex, and the joining line meet the planes 
of contact in Dd^ then we have PD = PF^ 
since they are tangents to the same sphere, and, 
similarly, Pd=^PF\ therefore PF-k-PF'^Dd^ 
which is constant. The point (fi), where FF' 
meets AB produced, is a point on the direc- 
trix, for by the property of the circle NFMR 
is cut harmonically, therefore iZ is a point on the polar of F. 

It is not diflScult to prove that the parameter of the section 
MPN is constant, if the distance of the plane from the vertex 
be constant. 

Cor. The locus of the vertices of all right cones, out of 
which a given ellipse can be cut, is a hyperbola passing through 
the foci of the ellipse. For the difference of MO and NO va 
constant, being equal to the difference between MF^ and NF''*' . 

♦ By the help of this principle, Mr. Mulcahy showed how to derive properties of 
angles subtended at the focus of a conic from properties of small circles of a sphere. 
For example, it is known that if through any point P, on the surface of a sphere, a 
great circle be drawn, cutting a small circle in the points Ay B, then tan ^AP tan ^BP 
is constant. Now, let us take a cone whose base is the small circle, and whose vertex 
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ORTHOaONAL PROJECTION. 

368. If from all the points of any figure perpendiculars be 
let fall on any plane, their feet will trace out a figure which is 
called the oi'thogonal projection o{ the giyen figure. The ortho- 
gonal projection of any figure is, therefore, a right section of a 
cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their orthogonal 
projections on any plane. 

For (see fig, p. 3) MM^ represents the orthogonal projection 
of the line PQ^ and it is evidently = PQ multiplied by the cosine 
of the angle which PQ makes with MM\ 

All lines parallel to the intersection of the plane of the figure 
with the plane on which it is projected are equal to their orthogonal 
projections. 

For since the intersection of the planes is itself not altered 
by projection, neither can any line parallel to it. 

The area of any figure in a given plane is in a constant ratio 
to its orthogonal projection on another given plane. 

For, if we suppose ordinates of the figure and of its pro- 
jection to be drawn perpendicular to the intersection of the 
planes, every ordinate of the projection is to the correspond- 
ing ordinate of the original figure in the constant ratio of 
the cosine of the angle between the planes to unity; and it 
will be proved, in Chap, xix., that if two figures be such that 
the ordinate of one is in a constant ratio to the corresponding 
ordinate of the other, the areas of the figures are in the 
same ratio. 

Any ellipse can be orthogonally projected into a circle. 

For, if we take the intersection of the plane of projection with 
the plane of the given ellipse parallel to the axis minor of that 
ellipse, and if we take the cosine of the angle between the planes 



is the oentie of the sphere, and let us cut this cone by any plane, and we learn that 
"if through a pointy?, in the plane of any conic, a line be drawn cutting the conio 
in the points a, 6, then the product of the tangents of the halves of the angles which 
op, hp subtend at the vertex of the cone will be constant.'' This property will be 
true of the vertex of any right cone, out of which the section can be cut, and, 
therefore, srace the focus is a point in the locus of such vertices, it must be true 
that tanjo^ tan^^ is constant (see p. 210). 
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= - , then every line parallel to the axis minor will be unaltered 

by projection, but every line parallel to the axis major will 
be shortened in the ratio & : a ; the projection will, therefore 
(Art. 163), be a circle, whose radius is b. 

369. We shall apply the principles laid down in the last 
Article to investigate the expression for the radius of a circle 
circumscribing a triangle inscribed in a conic, given Ex. 7, 
p. 220.* 

Let the sides of the triangle be a, /9, 7, and its area A^ then, 
by elementary geometry. 

Now let the ellipse be projected into a circle whose radius is J, 
then, since this is the circle circumscribing the projected triangle, 
we have 

But, since parallel lines are in a constant ratio to their projec- 
tions, we have 

ot' : a :: J : b\ 

/9':/9::i:i", 

Y: 7:: J:i'"; 
and since (Art. 368) A' is to A as the area of the circle (= irF) 
to the area of the ellipse (= Trab) (see chap, xix.), we have 

A' : A :: b : a. 
Hence ^..^y. ab* :b'b"b"', 

and therefore H = 



ab 



* This proof of Mr. MacCullagh's theorem is due to Dr. Graves. 



( 334 ) 



CHAPTER XVIII. 

INVARIANTS Am) OOVARIANTS OF SYSTEMS OF CONICa 

370. It was proved (Art. 250) that if 3 and 8' represent 
iwo conies, there are three values of k for which A/S+ S^ re* 
presents a pair of right lines. Let 

S=ax* -Vhy* -Vo^* 4-2^25 ■\'2g}ix +2Aa;y, 
8' = a V + Vy" + cV + 2fyz + 2/«^ + 2Kxy. 
We also write 

A = aic + 2/^A - a/" - J^'* - cA', 

A' = a'6V + 2//A' -. a/' ^ Sy* ^ c'h\ 

Then the values of k in question are got by substituting Jca + a\ 

kb + y, &c. for a, J, &c. in A = 0. We shall write the resulting 

cubic ^jfcB ^ 0;^8 ^ 0.^ .J. ^/ ^ ^^ 

The value of 0, found by actual calculation, ia 
[be -/*) a' -I- {ca -^») V + (aJ - A'') c' 

+ 207A-a/)/4 2fA/-S^)/ + 2(/^«cA)r; 
or, using the notation of Art. 151, 

. Aa' + Bb' + Co' + 2Ff -\^2Gg' -{■2m' i 
or, again, 

, rfA ,, rfA , dA , ., <?A , (?A , ,, dA 

^ da +* db-^' -d^^f df^3 -dg +^ dV 

as is also evident from Taylor's theorem. The value of & ia 

got from by interchanging accented and unaccented letters, 

and may be written 

0' = A a + Bb + G'c + 2F'/+ 2 G'g + 2J3''A. 
If we eliminate k between k8-\- /8' = 0, and the cubic which 
determines A;, the result 

A>g^» - Q>8'^8^ Q'8'8' - A'S^ = 0, 
(an equation evidently of the sixth degree), denotes the three 
pairs of lines which join the four points of intersection of the 
two conies (Art. 238). 
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Ex. To find the locus of the intersection of normals to a conic, at the extremities 

of a chord which passes through a given point a/3. Let the curve be5 = -, + ^— 1; 

then the points whose normals pass through a given point xV are determined (Art. 181, 
Ex, 1) as the intersections of 8 with the hyperbola iS' = 2 (c*a^ + h^'x — a Vy) . We can 
then, by this article, form the equation of the six chords which join the feet of 
normals through xy, and expressing that this equation is satisfied for the point a^, 
we have the locus required. 

We have A = - JL , e = 0, G' = - (o'»'» + fty« - c*), A' = - 2a«6«c««y. 

The equation of the locus is then 

^^ (a«/3x - 6«oy - c«a/3)> + 2 (aV« + Jy - c*) (a^/Ja; - h^ay - c«o/8) {^+ ^- l)' 

+ 2aWa=yg + ^-l)'=0, 

which represents a curve of the third degree. If the given point be on either axis, 
the locus reduces to a conic, as may be seen by making a = in the preceding equa- 
tion. It is also geometrically evident, that in this case the ads is part of the locus. 
The locus also reduces to a conic if the point be infinitely distant -, that is to say, 
when the problem is to find the locus of the intersection of normals at the extremities 
of a chord parallel to a given line. 

371. If on transforming to any new set of coordinates, 
Cartesian or trilinear, 8 and 8^ become S and 8^^ it is manifest 
that kS+ 8" becomes k8-\- 8^^ and that the coefficient k is not 
affected. It follows that the values of k^ for which k8+ 8^ 
represents right lines, must be the same, no matter in what 
system of coordinates 8 and 8" are expressed. Hence, then, 
the ratio between any two coefficients in the cubic for i, found 
in the last Article, remains unaltered when we transform from 
any one set of coordinates to another.* The quantities A, 0, 
©', A' are on this account called invariants of the system of 
conies. K then, in the case of any two given conies, having 
by transformation brought 8 and 8" to their simplest form, and 
having calculated A, 0, 0', A', we find any homogeneous rela- 
tion existing between them, we can predict that the same relation 
will exist between these quantities, no matter to what axes the 
equations are referred. It will be found possible to express in 

* It may be proved by actual transformation that if in j8^ and 8' we substitute 
for a, y, « J Ix + my + m, Vx + m'y + n'z, V'x + m"y + n"«, the quantities A, 0, 6' A' 
for the transformed system, are equal to those for the old, respectively multiplied by 
the square of the determinant 
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terms of the same four quantities the condition that the conies 
should be connected by any relation, independent of the position 
of the axes, as is illustrated in the next Article. 

The following exercises in calculating the invariants A, ©, 
©', A', include some of the cases of most frequent occurrence. 

Ex. 1. Calculate the invarianta when the conies are lef erred to their common 
self-conjugate triangle. We may take 

5 = aai* + 5y« + «!«, 5' = a'jc* + 6y + c'a* ; 
and we may farther simplify the equations by writing Xj y^ z, instead of x 4Wf 
y 4{h'), z J(c'), so as to bring 8' to the form ac^ + y^ + zK We have then 
A = abCf e = bc + ca + ah, e' = o + 6 + c, A' = l. 
And 8 + k8' will represent right lines, if 

ifc» + Ar* (a + 6 + c) + * (6c + CO + a*) + a5c = 0. 
And it is otherwise evident that the three values for which 8 + ^8' represents right 
lines are — a, ~ 6, — c. 

Ex. 2. Let 8'f as before, be a:« + y« + «•, and let 8 represent the general equation. 
Ans, e=(bc -/«) + {ca-g^)+(ad-h^ = A + B-hC; e' = a + b + c. 

Ex. 3. Let 8 and 8' represent two circles *« + y« - r«, (a? - o)« + (y - /S)* - r\ 
Ans. A=-r«, e = o2 + /32-2r2-r'2, 6' = a* + /3« - r* - 2r'2, A' = -r'«. So 
that if i> be the distance between the centres of the circles, 8 + kS' will represent 
right lines if 

r2+(2r2-|-r'2-2)2) fc + (r2 + 2r'^ ^ D^ Jf^ + r'^&» - 0. 
Now since we know that 8—8* represents two right lines (one finite, the other 
infinitely distant), it is evident that — 1 must be a root of this equation. And it ia 
in fact divisible by A + 1, the quotient being 

r« + (r2 + r'2 - X>2) jfe + r'^F = 0. 

Ex. 4, Let 8 represent ^ + ^ - 1, while S' is the circle (x-a^+iy- /3)« - r«. 
^'^^ ^=-^2» e=i(a« + ^-««-6«-r«), 






Ex. 6. Let 8 represent the parabola y« — Amx, and 8' the circle as before. 

Ans, A = - 4m«, e = - 4j» (o + «), 9' = /3« - 4ma - r*, A' = - r*. 

372. To find the condition that two conies 8 and fi" should 
touch each other. When two points, -4, -B, of the four inter- 
sections of two conies coincide, it is plain that the pair of lines 
ACy BD is identical with the pair AD^ BC. In this case, then, 
the cubic 

must have two equal roots. But it can readily be proved that 
the condition that this should be the case is 

(00' - 9 AA')* = 4 (0* - 3 A0'^ (0'^ - 3 A'0), 
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or e'®" + 18 A A'00' - 27 A* A'* - 4A0" - 4A'0' = 0, 

which is the required condition that the conies should touch. 

It is proved, in works on the theory of equations, that the 
left-hand member of the equation last written is proportional 
to the product of the squares of the differences of the roots of 
the equation in k\ and that when it is positive the roots of 
the equation in k are all real, but that when it is negative two of 
these roots are imaginary. In the latter case (see Art. 282), 
S and 8' intersect in two real and two imaginary points: in 
the former case, they intersect either in four real or four 
imaginary points. These last two cases have not been distin- 
guished by any simple criterion. 

If three points -4, J?, G coincide the conies osculate and in 
this case the three pairs of right lines are all identical so that 
the cubic must be a perfect cube ; the condition for this are 

3A 0' rn, 1. .... 1 , 

^z- = - , = ;— -; • The conditions for double contact are of a 
3A 

different kind and will be got further on. 

Ex. 1. To find by this method the condition that two circles shall touch. Forming 
the condition that the reduced equation (Ex. 3, Art. 371), r« + (r«+ r '«-/>«)*+ r'2A;»=0, 
should have equal roots, we get r* ■»- r'* - J)^ = ± 2rr' j i> = r i r' as is geometrically 
evident. 

Ex. 2. The conditions for contact between two conies can be shortly found in 
the cases of trinomial equations by identifying the equations of tangents at any 
point given Arts. 127, 130, and are for 

fyz + ffzx + hxy = 0, 4{lx) + 4{my) + 4{ne) = 0, (/O* + (Sfm)^ + (An)* = 0, 
for J(te) + 4ifny) + 4{nz) = 0, a«? + 5y» + ez^ = 0, Q* + (^^ + (^^ = 0, 
for a«» + «sr« + <?«« =: 0, Ji/z + gzx + hxy=:Of (q/**)* + {bg^^ + {c¥)^ = 0. 

Ex. 3. Find the locus of the centre of a circle of constant radius touching a given 
conic. We have only to write for ^, A', 6, 8' in the equation of this article, the 
values Ex. 4 and 6, Art. 871 ; and to consider a, /3 as the running coordinates. The 
locus is in general a curve of the eighth degree, but reduces to the sixth in the case of 
the parabola. This curve is the same which we should find by measuring from the 
curve on each normal, a constant length, equal to r. It is sometimes called the curve 
parallel to the given conic. Its evolute is the same as that of the conic. 

The following are the equations of the parallel curves given at full length, which 
may also be regarded as equations giving the length of the normal distance* from 
any point to the curve. The paraUel to the parabola is 

r« - (8y2 + {b2 + Smx - Sto^) r* + {3y* + y« (2x« - 2mx + 20ot«) 

+ 8wa;» + 8fli«ii?2 - B2m^x + lOm*} r* - {f - 4w»)« {y« + (a? - »»)«} a 0. 

XX. 
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The parallel to the eUipse is 

c*r» - 2d^r» {c2 (a^ + b^ + (a^ - 2b^) x^ + (2a« - b^ y»} 

+ r* {c* (a* + 4a«62 + &*) - 2ca (a* - o'i* + 3i*) a:* + 2c^ (3o* - o«6« + 6«) y9 

+ (o* - 6a«62 + 6i*) ar« + (60* - 6a^^ +b*)tf* + (60* - lOa^b^ + 66*) a:V} 

+ r* {- 2a«6V (a« + 62) + 2c^x^b^ {3a* - a^b^ + 6*) - 2c^y'a^ (a* - a^ft^ + 3 J4) 

- J^o* (6a* - I0o«6« + 66*) - aV (6a* - lOa^ft^ + 66*) + xV (4a« - 60*6* - 6a26* + 46«) 

+ 26« (a« - 26«) a« - 2 (a* - a^i* + 36*) a^y^ - 2 (3a* - a'b^-^ 6*) aj2y*+ 2a2 (62 - 2a2) y*} 

+ (62a^ + aY - a262)2 {(» - c)« + y»} {(a; + c^ + y"} = 0. 

Thus the locus of a point is a conic, if the sam of squares of its normal distances to 
the curve be giyen. If we form the condition that the equation in r' should have 
equal roots, we get the squares of the axes multiplied by the cube of the evolute. If 
we make r = 0, we find the foci appearing as points whose normal distance to the 
curve vanishes. This is to be accounted for by remembering that the distance from 
the origin vanishes of any point on either of the lines x^-\-y^ = 0, 

Ex. 4. To find the equation of the evolute of an ellipse. Since two of the normals 
coincide which can be drawn through every point on the evolute, we have only to 
express the condition that in Ex. Art. 370 the curves S and S' touch. Now when the 
term k'^ is absent from an equation, the condition that ^P + ^^k + ^' should have 
equal roots reduces to 27AA'2 + 46'^ = 0. The equation of the evolute is therefore 
(a^x* + 6V - c*)» + 27o262c*xV = 0. (See Art. 248). 

Ex. 5. To find the equation of the evolute of a parabola. We hate here 
/8f = y« - 4mx, S' = 2xy + 2 {2m-scr) y - 4my\ 
A = -4i»«, e = 0, e' = ^4m(2m-x)j ^' = 4my, 
and the equation of the evolute is 27my* = 4 (x - 2m)». It is to be observed, that the 
intersections of 8 and S' include not only the feet of tl^e three normals which can be 
drawn through any point, but also the point at infinity on y. And the six chords of 
intersection of 8 and 8" consist of three chords joining the feet of the normals, and 
three parallels to the axis through these feet. Consequently the method used (Ex., 
Art. 370) is not the simplest for solving the corresponding problem in the case of the 
parabola. We get thus the equation found (Ex. 12, Art. 227), but multiplied by the 
factor Am {2my + y*x — 2my') — y'\ 

373. If 8^ break up Into two right lines we have A' = 0, 
and we proceed to examine the meaning in this case of and 0'. 
Let us suppose the two right lines to be x and y ; and, by the 
principles already laid down, any property of the invariants, 
true when the lines of reference are so chosen, will be true in 
general. The discriminant oi S-\- 2kxy is got by writing A -f fc 
for h in A, and is A + 2A (^ — cA) - ci*. Now the coeflScient 
of 1^ vanishes when c = ; that is, when the point xy lies on 
the curve 8. The coefficient of k vanishes whenjf^ = cA; that 
18 (see Ex. 3, Art. 228), when the lines a; and y are conjugate with 
respect to 8, Thus, then, when 8' represents two right lines^ A' 
vanishes ; 0' = represents the condition that the intersection of 
the two lines should lie on 8; and = tis the condition that the 
two lines should be conjugate with respect to 8, 
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The condition that A + 0Aj + &k^ should be a perfect square 
is 0^* = 4 A0', which, according to the last Article, is the condition 
that either of the two lines represented by S' should touch 8. 
This is easily verified in the example chosen, where 0'^ — 4A0' 
is found to be equal to (Jc — /^) [ca - g^). 

Ex. 1. Given five conies ^,, 8^ Ac, it is of course possible in an infinity of ways 
to determine the constants l^, ^ &c., so that 

1^8^ + 1^8^ + ^5, + 1^8^ + 1^8^ 

maybe either a perfect square Z*, or the product of two lines MN: prove that the 
lines L all touch a fixed conic F, and that the hues M^ N are conjugate with regard 
to F. We can determine F so that the invariant e shall vanish for F and each 
of the five conies, since we have five equations of the form 

Aa^ + Bhi + Cci + 2^/i + 2Gg^ + 2Hh^ = 0, 
which are sufficient to determine the mutual ratios of A, B, Ac, the coefficients in 
the tangential equation of F. Now if we have separately Aoi + Ac. = 0, Aa^ 4- Ac. = 0, 
Aa^ + Ac. = 0, Ac, we have plainly also 

A {l^ai + ^o, + /,o, + /4O4 + fjag) + Ac. = j 
that is to say, 9 vanishes for F and every conic of the system 

l^8i + Zj5, + 1^8^ + 1^8^ + ls8„ 
whence by this article the theorem stated immediately follows. If the line M bo 
given, N passes through a fixed point ; namely, the pole of M with respect to F. 

Ex. 2. If six lines a;, y,ZjUfV^w aU touch the same conic, the squares are con- 
nected by a linear relation 

/i»' + ^' + ^';+ W + V + W = o« 
This is a particular case of the last example, but may be also proved as foUows : 
Write down the conditions, Art. 151, that the six lines should touch a conic, and 
eliminate the unknown quantities A, Bj Ac, and the condition that the lines 'should 
touch the same conic is found to be the vanishing of the determinant 

^1^ "l^ »'l^ f^\vxi •'i^i, ^i/*i 

Vi MaS ^^2^^ fh^ii v^ \fi^ 
V> M»*» v^i A*3»'»» »'»^«> ^3Ma 

^4*, M4^ ^il M4»'4» ^4^41 V4 
^5*> M5*» H% f^iV^y ^5X5, \^i 
V> M«^ «8^ /*eV«, V9K ^9l*€ 

But this is also the condition that the squares should be connected by a linear relation. 

Ex. 8. If we are only given four conies <Sfj, 8^ 8^, 8^, and seek to determine F, as 
in Ex. 1, so that 6 shall vanish, then, since we have only four conditions, one o€ the 
tangential coefficients Aj Ac. remains indeterminate, but we can determine aU the 
rest in terms of that ; so that the tangential equation of F is of the form £ t- kZ' = 0, 
or F touches four fixed lines. We shall afterwards show directly that in four ways 
we can determine the constants so that li8i + ^/S', + 1^8^ + l^8^ may be a perfect 
square. 

It is easy to see (by taking for M the line at infinity) that if JIf be a given line 
it is a definite problem admitting of but one solution to determine the constants, so 
that /|5i + Ac. shaU be of the form MN. And Ex. 1 shows that N is the locus of 
the pole of M with regard to F. Compare Ex. 8, Art. 228. 
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374. To find the equation of the pair of tangents at the potnta 
where S is cut hy any line Xa? -h /i-y + vz. The equation of any 
conic having double contact with 8^ at the points where it meets 
this line, being 4/8+ (Xa? + /^y + vzY = 0, it is required to deter- 
mine k so that this shall represent two right lines. Now it will 
be easily verified that in this case not only A' vanishes but 
also. And if we denote by 2 the quantity 

-4\"-f J?/i'+ Cv^-^-^Ffiv -f 2G^vX + 2J3X/A, 

the equation to determine A; has two roots = 0, the third root 
being given by the equation 4A+ 2 = 0. The equation of the 
pair of tangents is therefore S/S= A (\a5 + Aty + vzy. It is plain 
that when Xoj -f /xy + v« touches 8^ the pair of tangents coincides 
with Xoj + Xy 4- v« itself; and the condition that this should be 
the case is plainly 2 = 0; as is otherwise proved (Art. 151). 

Under the problem of this Article is included that of finding 
the equation of the asymptotes of a conic given by the general 
trilinear equation. 

375. We now examine the geometrical meaning, in general, 
of the equation = 0. Let us choose for triangle of reference 
any self-conjugate triangle with respect to 8^ which must then 
reduce to the form aa;*-f &y* + c«*(Art. 258). We have there- 
fore /=0, (7= 0, A = 0. The value then of (Art. 370) reduces 
to bca* + cab' + abc\ and will evidently vanish if we have also 
a* = 0, y = 0, c' = 0, that is to say, if 8\ referred to the same 
triangle, be of the (orxn fyz-\-g'zx-\h'xy. Hence vanishes^ 
whenever any triangle inscribed in 8' is self-conjugate with regard 
to 8. If we choose for triangle of reference any triangle self- 
conjugate with regard to /8", we have/' = 0, ^=0, A' = 0, and 

becomes 

{bc^r)a' + {ca^g')b' + {ah^h')c'i 

and will vanish if we have be =/*, ca=g*^ ab = h\ Now be =/* 
is the condition that the line x should touch 8; hence also 
vanishes if any triangle circumscribing 8 is self-conjugate with 
regard to 8. In the same manner it is proved that 0' = ti the 
condition either that it should be possible to inscribe in 8 a tri" 
angle self'Conjugate with regard to J^j or to circumscribe about 8 
a triangle self-conjugate with regard to 8. When one of these 
things is possible, the other is so too. 
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A pair of conies connected by the relation = possesses 
tinother property. Let the point in which meet the lines joining 
the corresponding vertices of any triangle and of its polar tri- 
angle with respect to a conic be called the pole of either 
triangle with respect to that conic ; and let the line joining the 
intersections of corresponding sides be called their axis. Then 
if = 0, the pole with respect to S of any triangle inscribed in 
8' will lie on 8'; and the axis with respect to 8' of any tri- 
angle circumscribing 8 will touch 8. For eliminating a?, y, « 
in turn between each pair of the equations 

we get {gh-af)x^[hf-^lg)y^[fg-ch)z, 

for the equations of the lines joining the vertices of the triangle 
xyz to the corresponding vertices of its polar triangle with 
respect to 8. These equations may be written Fx^Oy^ Hz^ 

«ind the coordinates of the pole of the triangle are -^j -r-, -g. 

Substituting these values in fi^', in which it is supposed that the 
coefficients a\ h\ d vanish, we get 2Ff + 2Gg -\- 2Hh' = 0^ or 
= 0. The second part of the theorem is proved in like 
manner. 

Ex. 1. If two triangles be self -conj agate with regard to any conic S^, a conic can 
be described passing throngh their six yertices ; and another can be described touch- 
ing their six sides (see Ex. 7, Art. 356). Let a conic be described throngh the three 
vertices of one triangle and through two of the other, which we take for a?, y, z. 
Then, because it circumscribes the first triangle, ©' = 0, or a + ft + c = (Ex. 2, 
Art. 371), and, because it goes through two vertices of xyz^ we have a = 0, ft = 0, 
therefore c = 0, or the conic goes through the remaining vertex. The second part 
of the theorem is proved in like manner. 

Ex. 2. The square of the tangent drawn from the centre of a conic to the circle 
circumscribing any self-conjugate triangle is constant, and = a* + ft* [M. Faure] 
This is merely the geometrical interpretation of the condition 6 = 0, found (Ex. 4, 
Art. 371), or a* + /S* — r* = a* + ft*. The theorem may be otherwise stated thus : 
** Every circle which circumscribes a self-conjugate triangle cuts orthogonally the 
circle which is the locus of the intersection of tangents mutually at right angles." 
For the square of the radius of the latter circle is a* -f- ft*. 

Ex. 3. The centre of the circle inscribed in every self -con jugate triangle with 
respect to an equilateral hyperbola lies on the curve. This appears by making 
ft» = - a« in the condition B' = (Ex. 4, Art. 371). 

Ex. 4. If the rectangle under the segments of one of the perpendiculars of the 
triangle formed by three tangents to a conic be constant and equal to M^ the locus 
of the intersection of perpendiculars is the circle a;* + y* = a* + ft* -f- M. For = 
(Ex. 4, Art. 371) is the condition that a triangle self-conjugate' with regard to the 
circle can be circumscribed about S, But when a triangle is self -con jugate wilh 
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regard to a circle, the intersection of perpendiculars is the centre of the circle and 
M is the square of the radius (Ex. 3, Art. 278). The locus of the intersection of rect- 
angular tangents is got from this example by making J/ = 0. 

Ex. 5. If the rectangle under the segments of one of the perpendiculars of a 
triangle inscribed in /S be constant, and = M^ the locus of intersection of perpen- 
diculars is the conic concentric and similar with 8^ iS^ ^ if f -5 + tj J [Dr. Hart]. 

This follows in the same way from O' = 0. 

Ex. 6. Find the locus of the intersection of perpendiculars of a triangle inscribed 
in one conic and circumscribed about another [Mr. Bumside]. Take for origin the 
centre of the latter conic, and equate the valaes of M found from Ex. 4 and 5 ; then 
if a\ h* be the axes of the conic B in which the triangle is inscribed, the equation of 

the locus is a:* + y* - o* — d* = TaTTi^ 8, The locus is therefore a conic, whose axes 
are parallel to those of 8^ and which is a circle when j8^ is a circle. 

Ex. 7. The centre of the circle circumscribing every triangle, self -conjugate with 
regard to a parabola, lies on the directrix. This and the next example follow from 
e = (Ex. 5, Art. 371). 

Ex. 8. The intersection of perpendiculars of any triangle circumscribing a para- 
bola lies on the directrix. 

Ex. 9. Given the radius of the circle inscribed in a self -conjugate triangle, the 
locus of centre is a parabola of equal parameter with the given one. 

376. If two conies be taken arbitrarily It is in general not 
possible to inscribe a triangle in one which shall be circum* 
scribed about the other; but an infinity of such triangles can 
be drawn if the coefficients of the conies be connected by a 
cei*tain relation, which we proceed to determine. Let us suppose 
that such a triangle can be described, and let us take it for 
triangle of reference; then the equations of the two conies 
must be reducible to the form 

8 =a?"-f / + «'- "Ayz-lzx -2iry = 0, 
ff-2fyz + 2gzx -f 2hxy = 0. 
Forming then the invariants we have 

A = -4, = 4(/-h(7 + A), 0' {f+ff-\-h)% A' = 2/^A; 

values which are evidently connected by the relation 0' = 4A0'.* 

♦ This condition was first given by Prof. Cayley {Philosophical Magazine, vol. Yf. 
p. 99) who derived it from the theory of elliptic functions. He also proved, in the 
same way, that if the square Boot of A;*A + k'^Q + JcQ' + A', when expanded in powers 
of /fc, be ^ + Bk + Ck^ + <fec., then the conditions that it should be possible to have 
a polygon of n sides inscribed in U and circumscribing F, are for n = 8, 5, 1, dco. 
respectively 
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I 2), ^ I = 0. 
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= 0, Ac. 
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This IS an equation of the kind (Art. 371] which is unaflPected 
by any change of axes ; therefore, no matter what the form in 
which the equations of the conies have been originally given, 
this relation between their coeflScients must exist, if they are 
capable of being transformed to the forms here given. Con- 
versely, it is easy to show, as in Ex. 1, Art. 375, that when the 
relation holds 0* = 4A0', then if we take any triangle circum- 
scribing /S, and two of whose vertices rest on /S*, the third must 
do so likewise. 

Ex. 1. Find the condition that two circles may be such that a triangle can be 
inscribed in one and circumscribed about the other. Let Ifl — i* — r'* = (?, then the 
condition is (see Ex. 3, Art. 371) 

{G - r2)2 + 4r« (<? - O = 0, or ((? + r*)* = 4rV'«; 

whence D* = r** + 2rr', Euler's well known expression for the distance between the 
centre of the circumscribing circle and that of one of the circles which touch the 
three sides. 

Ex. 2. Find the locus of the centre of a circle of given radius, circumscribing a 
triangle circumscribing a conic, or inscribed in an inscribed triangle. The loci are 
curves of the fourth degree, except that of the centre of the circumscribing circle 
in the case of the parabola, which is a circle whose centre is the focus, as is other- 
wise evident. 

Ex. 3. Find the condition that a triangle may be inscribed in S> whose sides 
touch respectively 8 + IB\ S + m8\ 8 + n8\ Let 

/8f = aj« + y« + «« - 2 (I + [0 y» - 2 (1 + w^') «« - 2 (1 + nA) a^, 
8'=2fyz + 2gzx + 2hxy ; 
then it is evident that 8+l8'ia touched by a;, dec. We have then 
A = -{2 + lf+mg + nh)^ - 2lmnfg\ 
= 2 (J+g + h) {2-irlf+mg + nh) + 1fgh{mn + nl'{-lm\ 
0'=-{f+g + hf^2{l + m-\-n)fgh, A' = 2fgh, 
Whence, obviously, 

{0 - A' (mn + nl+ /m)}« = 4 (A + ImnA") {0' + A' (Z + m + n)}, 
which is the required condition. 

377. To find the condition that the line Xa? + fty + vz should 
pass through one of the four points common to 8 and S\ This 
is, in other words, to find the tangential equation of these four 
points. Now we get the tangential equation of any conic of 



and for n = 4, 6, 8, Ac. are 

D = [ I>y E\ 

E, fUo, 

:0, &C. 



-0, 


E, 


F 


E, 


F, 


G 


F, 


G, 


B 



344 INVARIANTS AND COVAEIANTS 

the system 8+klff by writing a + ia, &c. for a, &c. In the 
tangential equation of 8^ or 

2 = (Jc -/•) W (ca - <7«) /i» + (a6 - A«) v« 

+ 2 ((7A-a/)/iv + 2 (A/- 6(7) y\+ 2 (/^r-cA) V = 0. 
We get thus S + A4> + A;*S' = 0, where 

4> = (6c' + J'c - 2/') \« + (ca' + c'a - 2(7^') /i" 

+ [ab' + a'b - 2M') v« + 2 (^A' +g'h - a/' - a/) fLV 

+ 2 (A/' 4 Ay- 6<7' - 6'<7) vX + 2 (/^r' +/<7 - cA' - c'A) X/it. 

The tangential equation of the envelope of this system Is there- 
fore (Art. 298)4>* = 4SS'. But since 8 + k8\ and the corre- 
sponding tangential equation, belong to a system of conies 
passing through four fixed points, the envelope of the system is 
nothing but these four points, and the equation 4>* = 4SS' is the 
required condition that the line \x + fit/-{- vz should pass through 
one of the four points. The matter may be also stated thus : 
Through four points there can in general be described two 
conies to touch a given line (Art. 345, Ex. 4) ; but if the given 
line pass through one of the four points, both conies coincide 
in one whose point of contact is that point. Now 4>* = 4SS' is 
the condition that the two conies of the system 8-{'k8\ which 
can be drawn to touch \x-\- fii/-\- vzj shall coincide. 

It will be observed that 4> = is the condition obtained 
(Art. 335), that the line kx + fiy-hvz shall be cut harmonically 
by the two conies. 

378. To find the equation oft efour common tangents to two 
conies. This is the reciprocal of the problem of the last Article, 
and is treated in the same way. Let S and S' be the tangential 
equations of two conies, then (Art. 298) 2 + A2' represents tan- 
gentlally a conic touched by the four tangents common to the 
two given conies. Forming then, by Art. 285, the trillnear 
equation corresponding to 2 + i2' = 0, we get 

Afi'+A:F + A"A'5' = 0, 
where 

P = (5C'+5'a-2jP!F')a;*+((7^'+C'^-2(?(?')y* 

+ (^5' + ^'5-2J5B'>» 

-f 2 ( GH'^ (?'J?- AF' AT) yz + 2 {EF'+ H'F-- BG- B G) zx 

j^2{FG'-^Fa--CH'- CH)xy, 
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tbe letters -4, By &c. having the same meaning as in Art. 151. 
But ^8-\-kT + k*A'8' denotes a system of conies whose en- 
velope IS F" = 4AA'/8/S'; and the envelope of the system evi- 
dently is the four common tangents. 

The equation F* = 4AA'/S5', by its form denotes a locus 
touching 8 and S\ the curve F passing through the points of 
contact. Hence, the eight points of contact of two conies with 
their common tangents^ lie on another conic F. Reciprocally, the 
eight tangents at the points of intersection of two conies envelope 
another conic 4>. 

It will be observed that F = is the equation found. Art. 334, 
of the locus of points, whence tangents to the two conies form 
a harmonic pencil.* 

If 8' reduces to a pair of right lines, F represents the pair 
of tangents to 8 from their intersection. 

Ex. Find the equation of the common tangents to the pair of conice 
<Mfi + by +ce2 = 0, a'a?* + %* + <?'«« = 0. 
Here -4 = &c, B = caf C— ah, whence 

F = aa' ipc' + Vc) a? + bb' {ca' + c'a) y^ •¥ cc' {ah' + a'b) ««, 
and the required equation is 
{aa' {b'e + h'c) afi + W {ca' + c'a) y« + c*/ (oft' + a'b) ««}« 

= Aabca'b'c' {ax^ + V + c«*) {a'afi + b't/^ + c'z*), 
which is easily resolved into the four factors 

X 4{aa' (6(0} ± y m' ioa')} ± z \{cc' (a^O) =^ 0. 

378a. If 8 and 8' touch, F touches each at their point of 
contact. This follows immediately from the fact that F passes 
through the points of contact of common tangents to 8 and 8\ 
Similarly if 8 and 8' touch in two distinct points, F also has 
double contact with them in these points. This may be verified 
by forming the F of c^ + 2Aa5y, cV + ^Kxy which is found to 
be of the same form, viz. 2cc'hKz^ + 2AA' (cK + c'h) xy. 

From what has been just observed, that when 8 and /S' 
have double contact, F is of the form 18 ^m8\ we can obtain 
a system of conditions that two conies may have double contact. 
For write the general value of F, given Art. 334, 
ajj" 4- b/ f c;5* + 2iyz + 2gzx + 2hajy, 

* I believe I was the first to direct attention to the importance of this conic in 
the theory of two conies. 

YY. 
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then evidently if they have double contact every determinant 
vanishes of the system 






= 0. 



,, b, Cj 

That when 8 and S' have double contact, 5, P and 8' are 
connected by a linear relation, may be otherwise seen, as 
follows : When 8 and /S' have double contact there is a value 
of k for which A;/8'4- 8' represents two coincident right lines. 
Now the reciprocal of a conic representing two coincident right 
lines vanishes identically. Hence we have 

identically. But the value of h^ for which this is the case, is 
the double root of the equation 

Eliminating Jc between the former equation and the two dif- 
ferentials of the latter we have S, 2', 4> satisfying the identical 
relation 

S, *, 2' 

3A, 20, 0' 

0, 20', 3A' 

"When two conies have double contact their reciprocals have 
double contact also ; and it may be seen without difficulty that 
the relation just written between 2, 2', <I> implies the following 
between /S, S\ P 

8, ^ , S 
3A, 2A0', 
0', 2A'0, 3A' 

379. The former part of this Chapter has sufficiently shown 
what is meant by invariants, and the last Article will serve 
to illustrate the meaning of the word covariant. Invariants 
and covariants agree in this, that the geometric meaning of 
both is independent of the axes to which the questions are 
referred; but invariants are functions of the coefficients only, 
while covariants contain the variables as well. If we are given 
^ curve, or system of curves, and have learned to derive from 
their general equations the equation of some locus, t7=0, 



= 0. 



= 0. 
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whose relation to the given curves is independent of the axes 
to which the equations are referred, U is said to be a covariant 
of the given system. Now if we desire to have the equation 
of this locus referred to any new axes, we shall evidently arrive 
at the same result, whether we transform to the new axes the 
equation J7= 0, or whether we transform to the new axes the 
equations of the given curves themselves, and from the trans- 
formed equations derive the equation of the locus by the same 
rule that U was originally formed. Thus, if we transform the 
equations of two conies to a new triangle of reference, by 
writing instead of ar, y, z^ % 

Ix + my 4- nz^ Vx + m'y 4 w'^j, I'x 4- m'y 4 n"z ; 
and if we make the same substitution in the equation F''=4AA'/SiS", 
we can foresee that the result of this last substitution can only 
diflfer by a constant multiplier from the equation F'* = 4AA'S'S", 
formed with the new coeflScients of S and S\ For either form 
represents tUe four common tangents. On this property is 
founded the analytical definition of covariants. " A derived 
function formed by any rule from one or more given functions 
is said to be a covariant, if when the variables in all are trans- 
formed by the same linear substitutions, the result obtained by 
transforming the derived diflfers only by a constant multiplier 
from that obtained by transforming the original equations and 
then forming the corresponding derived,'* 

380. There is another case in which it is possible to predict 
the result of a transformation by linear substitution. If we have 
learned how to form the condition that the line Xx + ^ly -\- vz 
should touch a curve, or more generally that it should hold to 
a curve, or system of curves, any relation independent of the 
axes to which the equations are referred, then it is evident that 
when the equations are transformed to any new coordinates, 
the corresponding condition can be formed by the same rule 
from the transformed equations. But it wight also have been 
obtained by direct transformation from the condition first ob^ 
tained. Suppose that by transformation \iv 4- /x-^ 4- vz becomes 

\[lx ■\- my ^^ nz) ■\- fi [Vx 4- m'y 4- n'z) 4- y {I'^'x 4- m"y 4- n"z)^ 
and that we write this X*x + fi'y 4- v's;, we have 

V = ?\ + fyLt 4- l"v, fi = m\ 4- m'ffc 4- m'V, v' = w\ 4- «'/t 4- w'V, 
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Solving these equ itions, we get equations of the form 

If then we put these values into the condition as first obtained 
in terms of \, fij v, we get the condition in terms of V, /*', v', 
which can only diflfer by a constant multiplier from the condition 
as obtained by the other method. Functions of the class here 
considered are called contravariants. Contravariants are like 
covariants in this: that any contra variant equation, as for 
example, the tangential equation of a conic {be — /*) \* + &c. = 
can be transformed by linear substitution into the equation of 
like form {b'c' — /^) X'* + &c, = 0, formed with the coefficients 
of the transformed trilinear equation of the conic. But they 
differ in that \, /l6, v are not transformed by the same rule as 
a;, y, « ; that is, by writing for X, ?X + nifi -f «v, <S:c., but by the 
different rule explained above. 

The condition <I> = found, Art. 377, is evidently a contra- 
variant of the system of conies /S, 8'. 

381. It will be found that the equation of any conic co- 
variant with S and 8' can be expressed in terras of S, 8' and P ; 
while its tangential equation can be expressed in terms of S, IS', 4>. 

Ex. 1. To express in terms of 5, 8% P the equation of the polar conic of S with 
respect to 8\ From the nature of coyariants and invariants, any relation found con- 
necting these quantities, when the equations are referred to any axes, must remain 
true when the equations are transformed. We may therefore refer 8 and S' to their 
common self-conjugate triangle and write 8 as ax* ^ hy^ 4- car*, ^8^' = »* + y* + a*. 1% 
will be found then that F = a (ft + o) a?" -h i (c + o) y' + c (a + 6) «'. Now since the 
condition that a line sho.uld touch 8 is ftcX* + caf^ + aftv* = 0, the locus of the poles 
with respect to 8' of the tangents to iS is bcx^ + cay* + abz^ = 0. But this may be 
written {be + ca + oft) (»« + y' + «*) = P. The locus is therefore (Ex. 1, Art. 871) 
03* = P. In like manner the polar conic of 8' with regard to iSf is Q'8 = p. 

Ex. 2. To express in terms of 8, 8\ P the conic enveloped by a liAe cut hari 
mouically by 8 and 8\ The tangential equation of this conic ^ = 19 

(ft + c) V + (c + o) /u* + (a + ft) j;« = 0, 
Hence its trilinear equation is 

(c + o) (a + ft) «« + (o + ft) (ft -I- c) y« + (c + a) (ft + c) a« = 0, 
or {hc-^ca+ oft) (x* + y« + a*) + (a + ft + c) {ax* 4- fty« + cz^) - P = 0, 

or e5' + G'/8r-p = o. 

Ex. 3, To find the condition that P should break up into two right linos. It is 
abc{b + o){c + a) {a + b) = 0, or oftc {(a + ft + c) {be + ca + aft) - abc] = 0, 
or AA'(e0'-A/l') = O. 

which is the required formula. OB' = AA' is also the condition that i> should brea^ 
up into factors. This condition will be found to be satisfied in the case of two circle* 
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which cnt at right angles, in which case any line through either centre is cut har- 
monically by the circles, and the locus of points whence tangents form a harmonic 
pencU also reduces to two right lines. The locus and envelope will reduce similarly 
if i)«=2(r« + r'2). 

Ex. 4. To reduce the equations of two conies to the forms 
»* + y' + 2* = 0, a^ + hy^ + ez^ - 0. 
The constants a, 5, c are determined at once (Ex. 1, Art. 371) as the roots of 

M* - GA;* + &k - /I' = 0. 
And if we then solve the equations 
as* + y« + «« = 5, aa:* + V + <»' = S\ a (6 + c) «« + * (c + o) y» + c (o + 6) «' = P» 
we find »*, y', «* in terms of the known functions /S, &\ P. Strictly speaking, we 
ought to commence by dividing the two given equations by the cube root of A, since 
we want to reduce them to a form in which the discriminant of S shall be.l. But it 
will be seen that it will come to the same thing if leaving S and &' unchanged, we 
calculate F from the given coefficients and divide the result by A. 

£!x. 5. Reduce to the above form 

8jc* - Bajy + 9y« - 2aj + 4y = 0, 6a:* - \ixy + 8y« - 6» - 2 = 0. 
It is convenient to begin by forming the coefficients of the tangential equations 
A, B, &o. These are -4, -1, 18 j -8, 8, -2; -16, -19, -9j 21, 24, -14. 

We have then 

A = -9, e = -64, 0' = -99, A' = -54, 

whence a, &, c are 1, 2, 3. We next calculate F which is 

- 9 (23a;« - bdxy + 44y« - 18a: + Uy - 4). 
Writing then 

X^+ F«+ Z«= 8aj«- ^xy-h 9y«- 2aj+ 4y, 

X« + 2r« + 8Z2= 5x»-14a?y+ 8y« - 6aj- 2, 
6Z« + 8r« + 9Z2 = 23a:* - 50a^ + 44y* - 18a: + 12y - 4. 
Wegetfrom 6-»+ 8'- F, X«= (3y+l)*, 

from F-3/S-25', r*= (2a:-y)«, 

from 2/S + 8>Sf'- F, Z« = - (a: + y + 1)«. 

ftx. 6. To find the equation of the four tangents to /S at its intersections with S^, 

Atu. {eS-A8yzz^AS{Q'S-F). 

Ex. 7. A triangle is circumscribed to a given conic ; two of its vertices move on 
fixed right lines \x-\- fiy-\- vZf X'x + fi'y + v'z\ to find the loctis of the third. It was 
proved (Ex. 2, Art. 272) that when the conic is z* — a:y, and the lines ax — y, bx — y, 
the locus is (a + 6)* («* ''xy) = {a^ b)^ «*. Now the right-hand side is the square of 
the polar with regard to iSf of the intersection of the lines, which in general would be 
/> = (oa: + Ay + gz) (mv' - /u'l/) + (Ax + by +fz) (i/ V - y'\) + {gx +/y + cz) (V - X» = 0, 
and a + 6 = is the condition that the lines should be conjugate with respect to S, 
which in general (Art. 873) is 6 = 0, where 

e = A\K' + Bfifi' + Cw' -^Fifw'-h /uV) + G (i/V + v'X) + H {\fi' + X'/x) = 0. 
The particular equation, found Art. 272, must therefore be replaced in general by 

Ex. 8. To find the envelope of the base of a triangle inscribed in 8 and two of 
whose sides touch 8', 

Take the sides of the triangle in any position for lines of reference, and let 
^ = 2 {fyz + gzx + Axy), 
5' = x* + y« + 2* - 2yz - 2zx - 2xy - 2A^, 
where x and y are the lines touched by S', Then it is obvious that k8 + S' will be 
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touched by the third side «, and we shall show by the invariants that this is 9k fixed 
conic. We have 

A = 2/57A, = -(/+5r + A)«~2/^A*, G'^: 2 (/h-^p + A) (2 + A*), A' = - (2 + AA)«, 
whence G'* — 49 A' = 4AA'A;, and the equation "kS-V S' — ^ may be written in the form 

(e'2 - 49 A') 8 + 4AA'£f' = 0, 
which therefore denotes a fixed conic touched by the third side of the triangle. It 
is obvious that when 9'* = 49 A' the third side will always touch 6'. 

Ex. 9. To find the locus of the vertex of a triangle whose three sides touch a 
conic TJ and two of whose vertices move on another conie V. We have slightly 
altered the notation, for the convenience of being able to denote by TJ* and V* the 
results of substituting in V and V the coordinates of the vertex x'y'z'. The method 
we pursue is to form the equation of the pair of tangents to U through x'y'z' j then 
to form the equation of the lines joining the points where this pair of lines meets F; 
and, lastly, to form the condition that one of these lines (which must be the base 
of the triangle in question) touches T. Now if P be the polar of x^y'z'^ the pair of 
tangents is W — P*. In order to find the chords of intersection with Fof the pair 
of tangents, we form the condition that UU* - P* + X F may represent a pair of lines. 
This discriminant will be found to give us the following quadratic for determining X, 
X*A' + XF* + A JT'T' = 0. In order to find the condition that one of these chords should 
touch TJ, we must, by Art. 372, form the discriminant of /iiZ7+ (Z7Z7* — P* + XF"), and 
then form the condition that this considered as a function of ju should have equal 
roots. The discriminant is 

/ii«A + /* (2J7"A + X9) + {J7"2A + X (9Cr' + AFO + \^\ 
and the condition for equal roots gives 

X (4A9' - e«) + 4A2F' = 0. 
Substituting this value for X in X2A' + XF' + Ai/T', we get the equation of the 
required locus 

16A»A' r - 4A (4 A9' - 9«) P+ ?7 (4A9' - 92)« = 0, 

which, as it ought to do, reduces to V when 4A9' = 9*.* 

Ex. 10. Find the locus of the vertex of a triangle, two of whose sides touch Z7, 
and the third side aU -^-hV, while the two base angles move on V. It is found by 
the same method as the last, that the locus is one or other of the conies, touching 
the four common tangents of TJ and K, 

AA'X2r+X/iiP + /4«i7=0, 
where X : fi is given by the quadratic 

a {ah - ^a) X2 + o (4 Aa + 29J) X/n - JV = 0, 
where o = 4AA', ^ = 9«-4A9'. 

Ex. 11. To find the locus of the free vertex of a polygon, all whose sides touch CT, 
and all whose vertices but one move on F. This is reduced to the last ; for the line 
joining two vertices of the polygon adjacent to that whose locus is sought, touches 
a conic of the forni aU ■{■hV, It will be found if X', /u'; X", /x"j X'", /x'" be the 
values for polygons of n— 1, n, and n + 1 sides respectively, that X'" = /«>"*, 
fi!" = A'X'X" (ofi" — A'/3X"). In the case of the triangle we have X' = o, /n' = A'/3; 
in the case of the quadrilateral X" = p^, /n" = a (4Ao + 2/39), and from these we can 

♦ The reader will find {Quarterly Jow^nal of MatkematicSf vol. I. p. 344) a dia* 
cussion by Prof. Cayley of the problem to find the locus of vertex of a triangle circum- 
scribing a conic 8, and whose base angles move on given curves. When the curves 
are both conies, the locus is of the eighth degree, and touches S at the points where 
it is met by the polars with regard to S of the intersections of the two conies* 
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find, step by step, the values for every other polygon. (See Philosophical Magazine, 
vol. XIII. p. 337). 

Ex. 12. The triangle formed by the polars of middle points of sides of a given 
triangle with regard to any inscribed conic has a constant area [M. Faure]. 

Ex. 13. Find the condition that if the points in which a conic meets the sides of 
the triangle of reference be joined to the opposite vertices, the joining lines shall form 
two sets of three each meeting in a point. Ans, abc — Ifgh — af* — hg^ — cA^ = 0, 

382. The theory of covariants and invariants enables us 
readily to recognize the equivalents in trilinear coordinates of 
certain well-known formulae in Cartesian. Since the general 
expression for a line passing through one of the imaginary 
circular points at intinity is a:±^ V(— 1) 4 c, the condition that 
\x ■\- fiy + v should pass through one of these points is \* + /i*= 0. 
In other words, this is the tangential equation of these points. 
If then 2 = be the tangential equation of a conic, we may 
form the discriminant of S + A; (X** -f /a''). Now it follows from 
Arts.. 285, 286, that the discriminant in general of 2 + AS' is 

AVM0' + FA'0 4-A'A^ 
But the discriminant of 2 -I- A; (\* + At*) is easily found to be 

If, then, in any system of coordinates we form the invariants 
of any conic and the pair of circular points, 0' = is the con- 
dition that the curve should be an equilateral hyperbola, and 
= that it should be a parabola. The condition 

(a + J)'' = 4(aJ-A0, or (a - i)'* + a* = 0, 
must be satisfied if the conic pass through either circular point ; 
and it cannot be satisfied by real values except the conic pass 
through hoth^ when a = J, A = 0. 

JSfow the condition \* + /i* = 0* implies (Art. 34) that the 
length of the perpendicular let fall from any point on any line 
passing through one of the circular points is always infinite. 
The equivalent condition in trilinear coordinates is therefore 
got by equating to nothing the denominator in the expression 

* This condition also implies (Art. 25) that every line drawn through one of these 
two points is perpendicular to itself. Tliis accounts for some apparently irrelevant 
factors which appear in the equations of certain loci. Thus, if we look for the equa- 
tion of the foot of the perpendicular on any tangent from a focus a/3, {x — of ■¥{y — /S)* 
will appear as a factx)i- in the locus. For the perpendicular from the focus on either 
tangent through it coincides with the tangent itself. This tangent therefore is part 
of the locus. 
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for the length of a perpendicular (Art. 61). The general tan- 
gential equation of the circular points is therefore 

X* + /L6"4- v" -2/LtV C084-2l/\ C085-2\/L6 cos(7=0. 

Forming then the and 0' of the system found by combining 
this with any conic, we find that the condition for an equilateral 
hyperbola 0' = 0, is 

a -\- 1 + 0-2/ cos A -2g cosJ?-2A cos(7=0; 

while the condition for a parabola = 0, is 

A sinM + B s\n*B + C sin" C-\^2F sin B sin C 

+ 2(7 sinO sin^ -f 2H3iuA sini? = 0. 

The condition that the curve should pass through either circular 
point is 0'* = 40, which can in various ways be resolved into a 
sum of squares. 

383. If we are given a conic and a pair of points, the 
covariant F of the system denotes the locus of a point such 
that the pair of tangents through it to the conic are harmoni- 
cally conjugate with the lines to the given pair of points. 
When the pair of points is the pair of circular points at in- 
finity, P denotes the locus of the intersection of tangents at 
right angles. Now, referring to the value of F, given Art. 378, 
it is easy to see that when the second conic reduces to V 4 /a* ; 
that is, when A' = B' = 1, and all the other coefficients of the 
tangential of the second conic vanish, F is 

(7(a;» + /)-2(7aj-2F3^ + ^ + ^ = 0, 

which is, therefore, the general Cartesian equation of the locus 
of intersection of rectangular tangents. (See Art. 294, Ex.). 

When the curve is a parabola (7=0, and the equation of the 
directrix is therefore 2 ( Ox + Ft/) =:A + B, 

The corresponding trilinear equation found in the same way is 

{B+C-{-2FcosA)x^-{-[G+A+20cosB)t/^-{-[A']-B+2HcosC)z^ 
-f 2 (w4 cos^ - F - (y cos(7- 2? cos B) yz 
+ 2 (J9 cosB-G " If COB A- F cosC)zx 
+ 2 ( C cos (7 - ^- Fcos B-0 cos A) xy = 0, 
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It may be shown, as in Art. 128, that this represents a circle, 
by throwing it into the form 

{x sm-4+v sin^+« sm G) -, — -. x ^ ; — ^5 y 

^ ^ ' \ sm -4 sm 5 ^ 

^ ^+5+2J7cosa \ f ' A. ' 'n^ ' n\ 

smO / sm^sm^smC^ ^ ^ 

where © = is the condition (Art. 382) that the curve should 
be a parabola. When = 0, this equation gives the equation of 
the directrix. 

384. In general, S + ftS' denotes a conic touching the four 
tangents common to S and 2'; and when k is determined so 
that 2 + As' represents a pair of points, those points are two 
opposite vertices of the quadrilateral formed by the common 
tangents. In the case where 2' denotes the circular points at 
infinity, when 2 + k^ represents a pair of points, these points 
are the foci (Art. 258a). If, then, it be required to find the foci 
of a conic, given by a numerical equation in Cartesian coordi- 
nates, we first determine k from the quadratic 

(aJ-A")i" + A(a + &)A+ A" = 0. 
Then, substituting either value of A in 2 + A (\'4- /**), it breaks 
up into factors (\aj' + fir/ + v«') (Xoj" + fiy" + vz") ; and the foci 

are — , ^ ; -rr j ^ • One value of k gives the two real foci, 

and the other two imaginary foci. The same process is appli- 
cable to trilinear coordinates. 

In general, 2 4 4 (X* + /i") represents tangentially a conic 
confocal with the given one. Forming, by Art. 285, the corre- 
sponding Cartesian equation, we find that the general equation 
ot a conic confocal with the given one is 

A5+^{(7(xH/)-2(ya:-2i^y + ^+£} + £« = 0. 

From this we can deduce that the equation of common 
tangents is 

{C{x^-^y')--2Gx^2Fy + A-^BY=^4.^S, 
By resolving this into a pair of factors 

we can also get a, /8 ; a', /8' the coordinates of the foci. 
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Ex. 1. Find the foci of 2x^ - 2ay + 2^ - 2ic - 8y + 11. The quadratic here is 
8A;2 + 4kA + A« = 0, whose roots are * = - A, A; = - ^A. But A = - 9. Using tho 
value k = 8f 

6\« + 21/i« + 3y« + ISfAV + 12v\ + SOXfi + B {\^ + fi^ = S {\ + 2,l + v) (3\ +4/x + v), 

showing that the foci are 1| 2; 3, 4. The yalne 9 gires the imaginary foci 
2±J(-1), 8 + J(-l). 

Ex. 2. Find the coordinates of the focus of a parabola given by a Cartesian 
equation. The quadratic here reduces to a simple equation, and we find that 

{a 4- b) {A\^ + JBfi^ + 2Ffiv + 2Gv\ 4- 2H\f»} - A (X* + /x^) 

is resolvable into factors. But these evidently must be 

The first factor gives the infinitely distant focus, and shoWs that the axis of the curve 
is parallel to Fx— Gy, The second factor shows that the coordinates of the focus 
are the coefficients of X and fx in that factor. 

Ex. 3. Find the coordinates of the focus of a parabola given by the trilinear 
equation. The equation which represents the pair of foci is 

e'S = A (\2 + /*« + 1^ - 2/uv cos^ - 2v\ cos B - 2Xfi cos C), 
But the coordinates of the infinitely distant focus are known, from Art. 293, since it 
is the pole of the line at infinity. Hence those of the finite focus are 

e'A A 2!?ZLJ^ 

A&ixiA + IlaiiB+ GanC SamA + BamB + F&inC* 

O'C-A 

GBmA + FemB+CsmC* 

385. The canditiaa (Art. 61) that two lines should be 
mutually perpendicular, 

X\' -i- fjLfM + vv - (/i/ + /^V) cos A - (vV + v\) cos B 

- {\f/ + \» cos (7=0, 

IS easily seen to be the same as the condition (Art. 293) that 
the lines should be conjugate with respect to 

X' + /A* + v'' - 2fiv cos A - 2v\ cos 5- 2\fi cos (7= 0. 
The relation, then, between two mutually perpendicular lines iB 
a particular case of the relation between two lines conjugate 
with regard to a fixed conic. Thus, the theorem that the three 
perpendiculars of a triangle meet in a point is a particular 
case of the theorem that the lines meet in a point which join 
the corresponding vertices of two triangles conjugate with re- 
spect to a fixed conic, &c. It is proved [Geometry of Three 
Ptmensions^ Chap. IX.) that, in spherical geometry, the two 
imaginary circular points at infinity are replaced by a fixed 
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imaginary conic ; that all circles on a sphere are to be considered 
as conies having double contact with a fixed conic, the centre 
of the circle being the pole of the chord of contact ; that two 
lines are perpendicular if each pass through the pole of the 
other with respect to that conic, &c. The theorems then, which, 
in the Chapter on Projection, were extended by substituting, 
for the two imaginary points at infinity, two points situated 
anywhere, may be still further extended by substituting for 
these two points a conic section. Only these extensions are 
theorems suggested, not proved. Thus the theorem that the 
intersection of perpendiculars of a triangle inscribed in an 
equilateral hyperbola is on the curve, suggested the property 
of conies connected by the relation = 0, proved at the end 
of Art. 375. 

It 1ms been proved (Art.306) that to several theorems concern- 
iBg systems of circles, correspond theorems concerning systems 
of conies having double contact with a fixed conic. We give 
now some analytical investigations concerning the latter class 
of systems. 

386. To form the condition that the line \x-\'fxy'^vz may 
toiich 8-\- (X'ic-f fiy + vzf^ We are to substitute in 2, a + V, 
h + /a'*, &C. for «, A, &c. The result may be written 

where the quantity within the brackets is intended to denote 
the result of substituting in S ^iV — ^v^ v>! - V\ Xy! - X'/Lt for 
«p, y^ «, This result may be otherwise written. For it was 
proved (Art. 294) that 

[ax^ + &c.) {ax'^ + &c.) - {axx* + &c.)" = ^ [yz' - y'z^ + &c. 

And it follows, by parity of reasoning, and can be proved in 
like manner, that 

{A\^ + &c.) {A\^ + &c.) - (^XV+ &c.)^ = A {a {^iV- /iV)»+ &c.}, 

where -4XX' + &c. Is the condition that the lines Xaj-f /z^h- v;?, 
\^x + y!y + v'z may be conjugate ; or 

^XV+ 5/i/i'+ Cv/ + i^(/A/+ /i'K)+ O (vV+ V\) + //(X/+ XV) ; 
If then we denote -4X''^ + &c. by 2', and ^\\'-f &c. by n 
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and if we substitute for a (/i/ — yLt'v)'* -f &c. the value just found) 
the condition previously obtained may be written 

If we recollect (Art. 321) that X, /*, v may be considered as 
the coordinates of a point on the reciprocal conic, the latter 
form may be regarded as an analytical proof of the theorem 
that the reciprocal of two conies which have double contact is a 
pair of conies also having double contact. This condition may 
also be put into a form more convenient for some applications, if 
instead of defining the lines Xa? 4- fiy 4 v«, &c. by the coeflScients 
X, /i, V, &c., we do so by the coordinates of their poles with re- 
spect to 8^ and if we form the condition that the line P' may touch 
8-\- P"*, where P' is the polar of x'y'z\ or axx^ -f &c. Now the 
polar of ojy/ will evidently touch 8 when a?'y V is on the curve ; 
and in fact if in 2 we substitute for X, /a, v ; 8^^ 8^y 8^ the coeffi- 
cients of a;, y, z in the equation of the polar, we get ^ 8^. And 
again two lines will be conjugate with respect to /S, when their 
poles are conjugate ; and in fact if we substitute as before for 
X, /A, V in n we get AS, where JR denotes the result of substituting 
the coordinates of either of the points a;y«', oj'y V, in the 
equation of the polar of the other. The condition that P' should 
touch 5+P"» then becomes (1 + 8'') 8'=^E\ 

387. To find the condition that the two conies 

8'\- [Xx + /y + v'z)\ 8-\r i^x + /V + »'"«)'> 
should toiich each other. They will evidently touch if one of 
the common chords (X'a? + fi^y + /«) ± (X'^a? + fjif'y + v'z) touch 
either conic. Substituting, then, in the condition of the last 
Article X' ± X'' for X, &c,, we get 

(A + SO (s' ± 2n + ro = (2' ± n)*, 

which reduced may be written in the more symmetrical form 
(A4-S0(A + 2'0 = (A±n)«. 
The condition that 8^-1^ and 5'+P'" may touch is found 
from this as in the last Article, and is 

(i + ^)(i + fif'0 = (i±^)'. 

Ex. 1. To draw a conic having double contact with S and touching three given 
conies 8 + P'*, 8 + P"», 8 + P"'\ also having double contact with 8, Let xyz be the 
coordinates of the pole of the chord of contact with 8 of the sought conic 8 + 1^, 
then we have 

(i..+ 5)(i + 50 = (i+^*;(i + ^(i + n = (i + PTjCi + ^(i + ^'") = (i+-P'")* 
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\rliere the reader will observe that S% <S", S'" are known constants, but Sf P", Ac. 
involve the coordinates of the sought point xyz. If then we write 1 + 8 =i?i &c., 
we get 

;t;fc' = 1 + P', kk" = 1 + P", W" = 1 + P"\ 

It is to be observed that P', P", P"' might each have been written with a double 
sign, and in taking the square roots a double sign may, of course, be given to 
A:', h'\ k'". It will be found that these varieties of sign indicate that the problem 
admits of thirty-two solutions. The equations last written give 

jfe (i-* - A;") = P* - P"; * {k" - k'") = P" - P"'; 

whence eliminating k^ we get 

P' (A" ~ kf") + P" {h'" - ArO + P"' {kf - k") = 0, 

the equation of a line on which must lie the pole with regard to 5 of the chord 
of contact of the sought conic. This equation is evidently satisfied by the point 
P' •=. P" — P"'. But this point is evidently one of the radical centres (see Art. 306) 
of the conies S + P'^, S + P"\ 8 + P"% 

pf pn pw 

The equation is also satisfied by the point V — "ui — ijrt * In order to see the 

geometric interpretation of this we remark that it may be deduced from Art. 886 
that the tangential equations of 5 + P^, 8 + P"* are respectively 

(1 + ^0 2: = A (Xa'-f fiff + I/^0^ (1 + S^l 2 = A (X»" + /uy" + w")*- 
Hence \x' + tiy/ + vz' ^ \x" + fiy'' + yz" 

represent points of intersection of common tangents to 5 + P^, 8 + P"*, that is to 

a;' x" 
Bay, the coordinates of these points are t? ± 77, , Ac, and the polars of these points, 

■pt pit pf jyi pni 

with respect to 5, are t? ± p- . It follows that v^lp'^yn ^ei^ote the pole, with 

respect to ^, of an axis of similitude (Art. 306) of the three given conies. And the 

theorem we have obtained %^ihe pole of the sovgkt chord of contact lies on one 

of the lines joining one of the four radical centres to the pole^ with regard to 8^ oj 

one of the four ares of similitude. This is the extension of the theorem at the end 

of Art. 118. 

To complete the solution, we seek for the coordinates of the point of contact of 

<8f + P* with 8 4- P'^. Now the coordinates of the point of contact, which is a centre 

X x' k 

of similitude of the two conies, being t — t/ , 4c., we must substitute a? + p a?' for 

tEy Ac. in the equations H' = 1 + P') Ac, and we get 

kk^ = l + P'-\-^8') itA"=l + P" + pi2j kk"'=l + P'" + ^Bf, 

where Ry R' are the results of substituting x"y"z"y o^"y*"s^" respectively in the polar 
of 7!}fz\ We have then 

;fc(*'-A;") = P'--P" + |>('5'--^); A;(A'-*"') = P'-P"' + p(5'-iO» 
whence eliminating k, we have 

^{--i-(*"'-f)}-^"{*"'-f-(*'-f)}-^"{*'-f-(*"-f)}. 

the equation of a line on which the sought point of contact must liej and which 
evidently joins a radi9al centre to the point where P', P", P'" are respectively pro- 
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{>ortioiial to k* — - 



k" - ^, , k"' - ^, or to 1, k'k" - i2, k'k" 



- F!. But if we 



form the equations of the polara, with respect to 8 + P'*, of the three centres of 
similitude as above, we get 

{k'k^ -R)F = P", {k'k'" - E') P' = P"', (fee, 

showing that the line we want to construct is got by joining one of the four radical 
centres to the pole, with respect U> S + P'^, of one of the four axes of similitude. 
This may also be derived geometrically as in Art. 121, from the theorems proved, 
Art. 306. The sixteen lines which can be so drawn meet S + P'* in the thirty-two 
points of contact of t}^ different oonics which can be drawn to f ul£l the conditions 
of the problem.* 



* The solution here given is the same in substance (though somewhat simplified 
in the details) as that given by Prof. Cayley, Ci'ellef vol. xxxix. 

Prof. Casey {Proceedings of the Royal Irish Academy, 18G6) has arrived at another 
solution from considerations of spherical geometiy. He shows by the method used, 
Art. 121 (a), that the same relation which eonnects the common tangents of four circles 
touched by the same fifth connects also the sines of the halves of the common tan- 
gents of four such circles on a sphere; and hence, as in Art. 121 (6), that if the 
equations of three circles on a sphere (see Geometry of Three Dimensions, chap, ix.) 
be 5 - Z« = 0, S-M^ = 0, 8-1^ = 0, that of a group of circles touching all three 
win be of the form 

4{\ (5* - L)} + 4{^ (5^ - ilf)} + 4[p {S^ - N)} = 0. 

This evidently gives a solution of the problem in the text, which I have arrived 
at directly by the following process. Let the conic 8 be x^ + y^ + z^, and let 
X = /;r + my + 12, M-=.Vx-\- m'y + n*z ; then the condition that 8 — L\ 8 -- M^ 
should touch is (Art. 387) {I - 8') {l - 8") = {\ - Kf, where >Sf' = P + «« + n2, 
^"=n-H»'2+»'2, R= ir-^m'+nn'. I write now (12) to denote J(l-/Sf')(l-^'') ^(l -R). 
Let us now, according to the rule of multiplication of determinants, form a deter- 
minant from the two matrices containing five columns and six rows each. 



1, 0, 0, 0, 

1, /, m, n, 4(1-5') 

1, /', m', «', .i(l~5") 

1, r, m", n'\ 4(1 - 5"0 

1, ?", m"\ n"% 4(1 - 8,) 

1, l^y m^, n^, 4(1-^6) 



0, 0, 0, 0, 1, 

- 1, /, m, «, 4(1 - -S^'), 
-1, r, m', n', 4(1--S"), 

- 1, r, m", n", 4(1 - >S'"), 
^1, nm"\n"',4{i-8,), 

- 1, h, m^, n^, 4(1 - 8^). 



The resulting determinant which must vanish, since there are more rows than 
columns, is 

0, ], 1, 1, 1, 1 

4(1 -n 0, (12), (13), (14), (15) 

4(1 - n, (12), 0, (23), (24), (25) 

4(1 - >S'"), (13), (23), 0, (34), (35) 

4(1 - 8,), (14), (24), (34), 0, (45) 

4(1-5,), (15), (26), (35), (45), =0, 

an identical relation connecting the invariants of five conies all having double contact 
with the same conic 8. Suppose now that the conic (5) touches the other four, 
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Ex. 2. The four oonics having double contact with a given one 5, which can be 
drawn through three fixed points, are all touched by four other conies also having double 
contact with S,* Let 

3 = a^ -^ y* + z"" — 2i/z cos A — Yzx cos 5 - 2xy cos C, 
then the four conies axe S={x±y± «)', which are all touched by 

S - {x Goa{B - C) + y co3{C - A) + z coa{A - B)Y, 
and by the three others got by dhanging the sign of -4, By or (7, in this equation. 

Ex. 3. The four conies which touch rr, y, z, and have double contact with S are 
all touched by four other conies having double contact with 8, Let M=^{A + B+C)f 
then the four conies are 

8-{x sin {M- A)^y sin {M - B)+z sin {M- C)}^, 

together with those obtained by changing the sign of A, B, or C in the above j and 
one of the touching conies is 

„ _ (X sin J^ B sin iC y sin |C sin \A z sin \A sin^B ^^ 
~l 6inJ-4 siniJB sin|C J' 

the others being got by changing the sign of x, and at the same time increasing B 
and C by 180°, &c. 

Ex. 4. Find the condition that three conies Z7, F, W shall all have double contact 
with the same conic. The condition, as may be easily seen, is got by eliminating 
X, fi, 1/ between 

AX» - exv 4- e'X)a« - Ay = o, 

and the two corresponding equations which express that/tiT- i/W, vW—XUhiesik 
up into right lines. 

then (15), <fec. vanish; and we learn that the invariants of four conies all having 
double contact with S and touched by the same fifth are connected by the relation 
0, (12), (13), (14) 

(12), 0, (23), (24) 

(13), (23), 0, (34) 

(14), (24), (34), =0, 

or ^{(12) (34)} ± .i{(13) (24)} ± J((14) (23)} = 0. 

We may deduce from this equation as follows the equation of the conic touching 
three others. If the discriminant of a conic vanish, 8—1, and then the condition of 
contact with any other reduces to i2 = 1. If, then, a, /3, y be the coordinates of any 
point satisfying the relation 8— L^=(i,Qx x'^ + y'^ + z"^ — {Ix + my + nz)^ = 0, then 






evidently denotes a conic whose discriminant vanishes and which touches 8 — Z<*. 
If, then, we are given three conies 8 — L^, 8— M% 8 — iV^, take any point a, )3, y 
on the conic which touches all three and take for a fourth conic that whose equa- 
tion has just been written, then the functions (14), (24), (34) are respectively 

^ " ITS) * ^ " ITs) * ^"^ U '^S * ^^^ ^® ®®® ^^^* ^y point on the conic touching 
all three satisfies the relation 

J[(23) UiS) - LU ± J[(31) U(5) - M}] ± J[(12) U{S) - N}] = 0. 

* This is an extension of Feuerbach's theorem (p. 127), and itself admits of 
further extension. See Quarterly Journal of MathematicSf vol. vi. p. 67. 
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388. The theory of invariants and covarlants of a system 
of three conies cannot be fully explained without assuming some 
knowledge of the theory of curves of the third degree. 

Given three conies f/, F, W^ the locus of a point whose polars 
with respect to the three meet in a point is a curve of the third 
degree^ which we call the Jacohian of the three conies. For we 
have to eliminate a?, y, z between the equations of the three 
polars 

and we obtain the determinant 

It is evident that when the polars of any point with respect to 
Z7, F, W meet in a point, the polar with respect to all conies of 
the system ZCZ + wiF+nTF will pass through the same point. 
If the polars with respect to all these conies of a point A on 
the Jacobian pass through a point B^ then the line AB is cut 
harmonically by all the conies; and therefore the polar of B 
will also pass through A, The point B is, therefore, also on 
the Jacobian, and is said to correspond to A. The line AB 
is evidently cut by all the conies in an involution whose foci 
are the points -4, B. Since the foci are the points in which two 
corresponding' points of the involution coincide, it follows that 
if any conic of the system touch the line AB^ it can only be 
in one of the points A^ B] or that if any break up into two 
right lines intersecting on AB^ the points of intersection must 
be either A or J5, unless indeed the line AB be itself one of 
the two lines. It can be proved directly, that if lU-h m F4- n W 
represent two lines, their intersection lies on the Jacobian. 
For (Art. 292) it satisfies the three equations 

ZC/; + 7wF,4-nTF; = 0, Zi7,+ wF,+ wTF=0, lU^-\mV^^-nW^=^0] 

whence, eliminating ?, tw, w, we get the same locus as before. 
The line AB joining two corresponding points on the Jacobian 
meets that curve in a third point; and it follows from what 
has been said that AB is itself one of the pair of lines passing 
through that point, and included in the system lU-{ mV+ nW. 
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The general equation of the Jacobian is 
(a/r ) x' + {bhT) y» + [off) z^ 

where (ag^fi^) Ac, are abbreviations for determinants* 

Ex. 1. Througli four points to draw a conic to touch a given conic W. Let thfe 
four points be the intersection of two conies 27, Vy and it is evident that the problem 
Admits of six solutions. For if we substitute a + ka', &q. for a in the condition 
(Art. 372) that U and W should touch each other, k, as is easily seen, enters into 
the result in the sixth degree. The Jacobian of U^ V, W intersects W in the six 
points of contact sought^ Foi* the polar of the point of contact with regard to W 
being also its polar with regard to a conic of the form \U-h fiV passes through the 
intersection of the polars with regard to U and V, 

Ex. 2. If three conies have a common self -conjugate triangle, their Jacobian 
is three right lines. For it is vended at once that the Jacobian of ax' + by^ + cz% 
a'x^ + by + c'z'f a"x^ + b*y + c'V is xyz = 0. 

Ex. 8. If three conies have two points common, their Jacobian consists of a line 
and a conic through the two points. It is evident geometrically that any point on 
the line joining the two points fulfils the conditions of the problem, and the theorem 
can easily be vended analytically. In particular the Jacobian of a system of three 
circles is the circle cutting the three at right angles. 

Ex. 4. The Jacobian also breaks up into a line and tonic if one of the quantities 
iSf be a perfect square Z»*. For then Lis a factor in the locus. Hfence we can describe 
fotir conies touching a giren conic S at two given points {3, L) and also touching 8" ; 
the intersection of the locus with S" determining the points of contact. 

When the three conies are a conic, a circle, and the square of the line at infinity, 
the Jacobian passes through the feet of the normals which can be drawn to the conic 
through the centre of the circle. 

888 (a). We return now to the theory of two conica which 
it was not possible to complete until we had explained the 
nature of Jacobians. We have seen that a system of two conies 
/S, 8' has four invariants A, 0, 0', A', and a covariant conic F^ 
but there is besides a cubic covariant. In fact, the covariant 
conic P has a common self-conjugate triangle with 8^ 8' 
(Art. 381, Ex. 1), therefore (Art. 388, Ex. 2) if we form J the 
Jacobian of /S, 8\ P we obtain a cubic covariant, which, in fact, 
represents the sides of the common self-conjugate triangle of 8 
«nd 8\ It appears from (Art. 378a) that J vanishes identi- 
cally if 8 and 8^ have double contact. We have given (Art. 381, 
Ex. 4) another method of obtaining the equation of the sides 

AAA, 
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of the common self-conjugate triangle, and if we compare the 
results of the two methods, we get the identical equation 

/* « F - F (0/S' + &S) + F ( A'0S» + A&8'') 

4- T8S' (00' - 3z^ A') - A'^'A/S' - A'A'S'' 

+ A' (2 A0' - 0*') S'8' + A (2 A'0 - 0") SS""' 

Thus we see that a system of two conies has, besides the four 
invariants, four covariant forms S, S% F, J, these being con- 
nected by the relation just written. In like manner, there are 
four contravariant forms 2, 2', 4>, T, where the last expresses 
tangentially the three vertices of the self-conjugate triangle, its 
square being connected by a relation, corresponding to that just 
written, between 2, 2', 4> and the invariants. 

Ex. 1. Write down the 12 forms for the conies a* + y* + ««, ax^ + hy^ + cz\ 
Ans. A = 1, G = a + 6 + c, O' = be + ca + <ibj A' = abcj 

S = x^ + y^ + z*f /S'=aa;«4-5y«+C8«, F = a(&+c)a:2+5(c+a)y«+<?(a+6)«« 

J" = (6 - c) (c - o) (o - b) xyZf 

2 = X« + /!« + v«, 2' = bc\^ + cofi^+abv'^j €> = (5 + c) X2+ (c + a) /u«+ (a + b) m*, 

r = (6 - c) (c - a) (rt - b) XfAv. 

Ex. 2 Find an expression for the area of the common conjugate triangle of two 
conies. The square of the area is found to be 

, e«e'2 + ISA A'GG' - 27A2A'2 - 4AG'2 - 4A'G« 



J/2 gin2^ sin^B sin^C - 



jp'2 



vhere M is the area of the triangle of reference, and T' the result of substituting in P, 
sin A J sin 5, sin (7, the coordinates of the line at infinity. That the expression must 
contain in the numerator the condition of contact, and in the denominator V'j is 
evident from the consideration that this area must vanish if the conies toach, and 
becomes infinite if any yertex of the triangle be at infinity. 

388 (J). We have already explained what Is meant by 
covariants which express relations satisfied by x^ y, «, the 
coordinates of a point lying on a locus having some permanent 
relation with the original curve or curves, and by eontravariants 
which express relations satisfied by X, fi^ v the tangential 
coordinates of a line, whose section by the original curve or 
curves has some property unaflfected by transformation of 
coordinates. There are besides forms called mixed concomitants 
which pontftin both a:, y, z and also X, /*, v, and these we proceed 
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to enumerate for the system of two conies 8, 8\ These 
mixed concomitants of a system of two curves may also be 
regarded as covariants of the system of three, consisting of 
8. S' and the right line \x-\- fiy + vz. For instance, we may 
form the Jacobian of that system, or the locus of the point, 
whose polars, with respect to /S and 8\ intersect on Xa: +• /i^ + v«, 



thus obtaining the mixed concomitant N or 
which for the canonical form is 



X, /*, V 



X ( J — c) yz -h /A (c — a) «a? + V (a — 5) xy. 

There is evidently a corresponding reciprocal form N' obtained 
in the same way from 2, 2^, which for the canonical form is 

afxv (6 — c) a? + hv\ {c — d)y-\^ cKfi {a — b) z. 

This expresses the equation of the line joining the poles of 
\x-^ fiy -\- vz with respect to 8 and 8\ Again, for any line 
Xa; + /i^ + vzy we may take its pole with regard to 8 and 
again the polar of that point with regard to 8^ and so 
obtain a companion line K. This for the canonical form is 
dXx + bi^y + cvz. We obtain a different companion line K^ by 
taking the pole with regard to 8^ and then the polar with 
regard to /S, thus finding JcXa? + ca/*y + a&v«. Gordan has 
shewn (Clebsch, Geometrie^ p. 291) that there are in all eight 
mixed concomitants of a system of two conies in terms of which, 
and of the forms previously enumerated, all other concomitants 
can be expressed. In addition to the four already mentioned we 
may take the Jacobian of K^ 8 and Xa? + /x-y -f yz^ or for the 
canonical form 

/Mv (J — c) 0? + vX (c — a) y + X/A (a — 5) » ; 
and, in like manner, the Jacobian of K'^ 8\ and \x A- fiy •{■ v«, or 

/iva' (i — c) a; -f v\h^ (c — a) y + X^c* (a — h) z. 
These with the two reciprocal forms 

T^yz (J - c) + fibzx [C'-a)-\' vcxy (a — J), 
and XJc (J — c) ya? + fica (c ^(i)zX'^ vab [a — b) xy 

make up the entire system. 

We return now to the theory of three conicd. 

388(c). To find the condition that a line Xa; + //y -f vz should 
oe cut in involution by three conies. It appears from Art. 335 
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and from tbe Note, Art. 342, that the required condition Is the 
vanishing of the determinant 

cX* -igvX 4av", op!^ ^ 2/v/* + bv\ cXfjk -y^\ ^ffvfjk -f Av* 
c'X* -.2/vX +aV, cV - 2/v/i + ftV, c'X/i -/vX -/v/i +AV" 
c"X»-2/'vX+aV, cV- 2/Vm + ^v', c'V ~/'kX-/Vm +AV 

When this is expanded it becomea divisible by v", and mAy bo 
written 

V {he/') + /i* (cayO 4 v' {ab'h'') + XV {2 [cJiT) - {hcY)] 

+ XV {2 (J//0 - (JcT')} + /*'X {2 (c/r) - {caT)] 
+ /iV {2 (^/O - (oaTOl + v'X {2 (J/A'O - («5r)} 

+ vv {2 {ahT] - (ajyoi + ^i^y {(asvo - 4 (//r)} =. 0. 

This may also be written in the determinant form 
a, 6, c, 2/, 2.7, 24 
a', J',c',2/,2/,2A' 
a", y, c", 2/", 2/, 2A" 
X, V , A^ 

A*, K , X 

Vi fi' , X 

From the form of this condition^ it is immediately inferred that 
any line cut in involution by three conies Z7, F, W is cut in 
involution by any three conies of the system lU -\- mV ^- nW^ 
The locua of a point whence tangents to three conies form a 
system in involution is got by writing a?, y, z for X, /it, v in the 
preceding^ and the reciprocal coeificients Ay By &c« instead of 
a, by &Cft 

389. If we form the discriminant of IU+ m F+ n TF, we may 
write the result PA + Pm0^^ + Pw^j^^ -f lmn0^^ + &c., and the co- 
efficients of the several powers of /, w, n will be invariants of 
the system of conies. All these belong to tbe class of invariants 
already considered, except the eoefficient of Imriy in which each 
term abc of the discriminant of Z7 is replaced by 

ab'c'' + ai'V + a'V'c + abc' 4 a"i/ 4 a^'cy &o. 

Another remarkable invariant of the system of conies, first 
obtained by a diflferent method by Prof Sylvester, is found by 
the help of the principle {Higher Algebra^ Art. 139), that when we 
have a covariant and a contravarlant of the same degree, we 
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can get an invariant by gnbstituting differential symbols in 
either, and operating on the other. By the help of the Jacobian 
and the contravariant of the last article we get the invariant T^ 

2'= (aiV)" + 4 [ab'/") [ac'f) + * [bc'f) {ba'g") + 4 [ca'h") {cVh") 

+ 8 («//') (*//') + 8 (a/A") [cfh") + 8 {cg'h") [hg'h") 

► 8 {ag'h") {be'/') - 8 {bk'f) [ca'g") - 8 {cfg") [ab'h") 

■^i{ab'c")(J^h")-^[fsfh")\ 

389a. Some of the properties of a system of three conies 
can be studied with advantage by expressing each in terms of 
four lines x, y^z^wi thus 

U= aj? + Jy' + c«* + dw% 7= aV + jy + cV + d'w^ 

w^ a' V + vy + c V + d' V. 

It is always possible, in an infinity of ways, to choose x, y, 0, w^ 
so that the equations can be brought to the above form; for 
each of the equations just written contains explicitly three in- 
dependent constants ; and each of the lines cr, y, z^ w contains 
implicitly two independent constants. The form, therefore, just 
written puts seventeen constants at our disposal, while ?7, F, W^ 
contain only three times five, or fifteen, independent constants. 
The equations of four lines are always connected by a relation 
of the form w^\x-k- fiy + vZy and we may suppose that the 
constants \, &c. have been included in x^ &c., so that this rela- 
tion may be written in the symmetrical form aj + y + « + ti7 = 0. 

Let it be required now to find the condition that ?7, FJ W 
may have a common point. Solving for a;*, y*, «*, «?* between 
the equations £7=0, ^=0, TF=0, and denoting by J, jB, C, D 
the four determinants (ic'cf'), {dc^a'% \daV\ (JaV), we get 
oj", y*, «*, vf proportional to -4, By G^ D] and substituting in 
(B +y + « + w = 0, we obtain the required condition 

V(^)+V(5) + V(0) + V(J9) = o, 

or (4« + B'+0«+i>'- 2^5- 25(7-2(7^ -.2^J9-2£2)-2a2>)* 

= UABCD. 

The left-hand side of this equation Is the square of the 

invariant T already found; the right-hand side ABCD is an 

invariant which we shall call JIf, whose vanishing expresses the 

condition that it may be possible to determine Z, 7/t, n, so that 
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ZP'+wF+wTr shall be a perfect square. This invariant may 
be directly found from the principle that when the equatioQ 
of a conic is a perfect square its reciprocal vanishes identically. 
The reciprocal of Z/8+ mS'-^ n8'' is evidently (Art. 377) 



P2 + w*2' + n*2" + mn^^ + nl^^^ + Im^^ 



lt9 

and if we equate separately ea^h coefficient to zero and then 
linearly eliminate the six quantities 1*^ m*^ &c., we get the result 

A , B , C , F , G , H 

A , R, C% F\ a\ H' 
A'\ F\ G'\ F\ 0'\ K[ 

^«» ^M> ^285 ^V^ ^M? ^M 
Au Ap ^81) ^81? ^81» ^81 
^1.7 A»? C^l«7 ^H> ^,«J ^t2 =^l 

denote the coefficients in <!>,„ &c., Art. 377. 



where -4jj, &c. 



This determinant is of the fourth degree in the coefficients of each 
conic, those of the first conic, for example, entering in the second 
degree into the first row, and in the first into the fifth and 
sixth, and so for the others. It follows that four conies of the 
system S-^-lTJ-^^mV-YnW can be determined so as to be per- 
fect squares (see £x. 3, Art. 373), for if we equate to nothing 
the invariant Jf found for 8-\-lU^ F, W^ we have an equation 
of the fourth degree for determining I, 



389J. Considering two conies, if we form the discriminant 
of the reciprocal system ZS 4- wiS' we get no new invariant, 
the discriminant in fact beiug 

Pa' + PwA0 + Zm*A'0' + w'A''. 

But if we form the discriminant of ZS + 7w2'-hnS" the coefficient 
of Imn^ answering to 0,^3 of Art. 389, or 

is an invariant of the second degree in the coefficients of each 
conic, not expressible in term of the invariants A, 0„„ &c. 
Mr. Burnside has shewn that the invariant T of Art. 389, 
which is of the same order in the coefficients, is expressible in 
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terms of this new invariant and of those of Art. 389. In fact, 
let two of the conies have the canonical form, and write them 
a^ + y' + «* = 0, Lc" + 7w/ + wi5' = 0, 
ax* + hy^ + cz* -h ^fyz + 'Igzx + 'Ihxy ^ 0. 
If then we form the resultant of the three, that is, the condition 
that they shall have a common point, the first two equations 
are satisfied by 

Substituting these values in the third and clearing of radicals, 
we have 

{aV+ i'/3'+ cV- 2ic/37 - ^caya- 2aha^ -f 4 {A/3y + Bya + Ca/S)}* 

« Uafiy {Fgha 4- GhfS + Hfgy). 
The left-hand side of the equation is what we have before 
called T*. Writing then for a, /3, 7 their values r/i - n, n - Z, 
Z- 7W, we can reduce T to 

{Z (6 + c) + m (c + a) 4- n (a + J)}' - 4 (a + S + c) [amn + J/iZ + dm) 
-4(^P+5m'+0n')~4(-4 + ^+(7)(w/H-«Z-f Zm) 
+ 8 {Al (w + n) -f Bm (n + Z) -|- On (Z + ?w)} 

all the separate groups in which expression will be found to be 
fundamental invariants of the system, except AP + Bm*-{- Cn^^ 
which is ^su^asa"® where is the invariant of this Article. 
Thus we get 

2^= ^\„ - 4 {e,j,„ + e„^e^ + e^,ej + 120. 

If we consider the discriminant of IS+ mS' ■]■ n8" as' a 
ternary cubic in Z, wi, w, and by the theory of cubic curves form 
its S and T invariants, Mr. Burnside has calculated the 8 to 
be r*-48l/, and the T to be 8r(72i¥- T'). Thus we have 
r"-48lf, and T{72M- T*) expressed in terms of the ten 
fundamental invariants which occur in the discriminant of 
IS-^-mS'-^-nS". And though JJf, T, are not linearly ex- 
pressible in terms of these ten, yet we have just shown how 
to form two equations implicitly connecting M and T with these 
ten ; and of course we could, if we please, eliminate either JIf or 
T from these equations, and thus get an equation connecting 
either, singly with the fundamental invariants. 
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389c. Any three conies may in general be considered as 
the polar conies of three points with regard to the same cubic ; 
or, in other words, their equations may all be reduced to the 
form 

a (a?"- 2yz)-k-^[f^2zx)-\-r^{z^''2xy) ^ 0. 

If we use for the equations of the conies the forms given in 
Art. 389a, the equation of the cubic whence they are derived 
will be 

X* y' z^ w* ^ 

and it appears that if the Invariant M vanish (In which case 
either -4, Bj C or D vanishes), an exception occurs, and the 
conies cannot all be derived from the same cubic. In the 
general case, the equation of the cubic may be obtained by 
forming the Hessian of the Jacobian of the three conies, and 
subtracting the Jacobian itself multiplied by twice T. 

If we operate with the conies on the cubic contravariant, 
or with their reciprocals on the Jacobian, we obtain linear 
contravariants and covariants which geometrically represent the 
points of which the given conies are polar conies, and the polar 
lines of these points with respect to the cubic 
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CHAPTER XIX. 

THE METHOD OF INFINITESIMALS. 

390. EEFERRiNa the reader to other works where It is 
shown how the differential calculus enables us readily to draw 
tangents to curves, and to determine the magnitude of their 
areas and arcs, we wish here to give him some idea of the 
manner in which these problems were investigated by geometers 
before the invention of that method. The geometric methods 
are not merely interesting in a historical point of view ; they 
afford solutions of some questions more concise and simple than 
those furnished by analysis, and they have even recently led to 
a beautiful theorem (Art. 399) which had not been anticipated 
by those who have applied the integral calculus to the recti- 
fication of conic sections. 

If a polygon be inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, the 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
sides of the polygon be multiplied ad infinitum^ the polygon will 
coincide with the curve, and the tangent at any point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of 
a circumscribing polygon is increased, the more nearly will its 
area and perimeter approach to equality with the area and peri- 
meter of the curve, and the more nearly will the intersection of 
two of its adjacent sides approach to the point of contact of either. 
Hence, in investigating the area or perimeter of any curve, we 
may substitute for the curve an inscribed or circumscribing 
polygon of an indefinite number of sides ; we may consider any 
tangent of the curve as the line joining two indefinitely near 
points on the curve, and any point on the curve as the inter- 
section of two indefinitely near tangents. 

BBB. 
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391. Ex. 1. To find the direction of the tangent at any point 
ofa circle. 

In any isosceles triangle A OB^ either base angle OB A is less 
than a right angle by half the vertical angle ; but as the points 
A and B approach to coincidence, the 
vertical angle may be supposed less 
than any assignable angle, therefore 
the angle OBA which the tangent 
makes with the radius is ultimately 
equal to a right angle. We shall 
frequently have occasion to use the 
principle here proved, viz. that two 
indefinitely near lines of (qual length 
are at right angles to the line joining their extremities. 

Ex. 2. The circumferences of two circles are to each other as 
their radii. 

If polygons of the same number of sides be Inscribed in the 
circles, it is evident, by similar triangles, that the bases a5, AB^ 
are to each other as the radii of the circles, and, therefore, that 
the whole perimeters of the polygons are to each other in the 
same ratio; and since this will be true, no matter how the 
number of sides of the polygon be increased, the circumferences 
are to each other in the same ratio. 

Ex. 3. The area of ant/ circle is eqiial to the radius multiplied 
hy the semi-circumference. 

For the area of any triangle OAB is equal to half its base 
multiplied by the perpendicular on it from the centre ; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the perpendicular on any side from the 
centre ; but the more the number of sides is increased, the more 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and the more nearly will the perpen- 
dicular on any side approach to equality with the radius, and the 
difference between them can be made less than any assignable 
quantity ; hence ultimately the area of the circle is equal to the 
radius multiplied by the semi-circumference ; or = 'trr^. 

392. Ex, 1. To determine the direction of the tangent at any 
point on an ellipse. 
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Let P and P' be two indefinitely near points on the curve, 
then FP+ PF = FP' + FF' ; or, 
taking FB = FP, FE=FP\ we 
have FR^PR', but in the tri- 
angles PRP\ PFF,j we have also 
the base PF common, and (by 
Ex. 1, Art. 391) the angles PRF 
PRF right ; hence the angle 
PFR^FPR. Now TPF is ultimately equal to PFF, since 
their difference PFP' may be supposed less than any given 
angle ; hence TPF=^ TPF\ or the focal radii make equal angles 
with the tangent. 

Ex. 2. To determine the direction of the tangent at any point 
on a hyperbola. 

We have 

FF-^FP^FF-FP^ 
or, as before, 

FR^FR. 
Hence the angle 

PFR = PFR^ 
or, the tangent is the internal bisector of the angle FPF. 

Ex. 3. To determine the direction of the tangent at any voint 
of a parabola. 

We have FP=PN, and FF = FN'^, hence FR^FS, or 
the angle N'FP=^ FFP. The tangent, there- 
fore, bisects the angle -FPJV. 

893. Ex. 1. To find the area of the para- 
bolic sector FVP. 

Since PS^PR^ and PN=FP, we have the 
triangle FPR half the parallelogram P8NN\ 
Now if we take a number of points FF\ &c. 
between V and P, it is evident that the closer 
we take them, the more nearly will the sura of 
all the parallelograms PSN'N, &c. approach 
to equality with the area i^FPiV, and the sum of all the tri- 
angles PPi?, &c. to the sector VFP] hence ultimately the sector 
PFV is half the area DVPN^ and therefore one-third of the 
quadrilateral 2>iTiV; 
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Ex. 2. To find the area of the segment of a parabola cut off 
ly any right line. 

Draw the diameter bisecting it, then the parallelogram PK 
is equal to PM\ since they are the com- 
plements of parallelograms about the dia- 
gonal; but since TM is bisected at F', 
the parallelogram PN' is half PR] if, 
therefore, we take a number of points 
P, P', P", (Sec, it follows that the sum of 
all the parallelograms PM^ is double the 
sum of all the parallelograms PN\ and 
therefore ultimately that the space V'PM 
is double VPN\ hence the area of the 
parabolic segment F'PJf is to that of the parallelogram V'NPM 
in the ratio 2 : 3, 

394. Ex. 1. The area of an ellipse is equal to the area of a 
circle whose radius is a geometric mean between the semi^axes of 
the ellipse. 

For if the ellipse and the circle on tbe transverse axis be 
divided by any number of lines 
parallel to the axis minor, then 
since mb : mdi: m'V : m!d' :: b : a, 
the quadrilateral mbVm' is to 
vndd'm' in the same ratio, and the 
sum of all the one set of quad- 
rilaterals, that is, the polygon 
BbVV'A inscribed in the ellipse 
is to the corresponding polygon 
Ddd!d"A inscribed in the circle, 
in the same ratio. Now this will 
be true whatever be the number of the sides of the polygon ; if 
we suppose them, therefore, increased indefinitely, we learn that 
the area of the ellipse is to the area of the circle as & to a ; but 
the area of the circle being ^ itcf^ the area of the ellipse = itab. 

Cob. It can be proved, in like manner, that if any two figures 
be such that the ordinate of one is in a constant ratio to the 
corresponding ordinate of the other, the areas of the figures are 
in the same ratio. 
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Ex. 2. Every diameter of a conic bisects the area enclosed by 
the curve. 

For if we suppose a number of ordinates drawn to this dia- 
meter, since the diameter bisects tbem all, it also bisects the 
trapezium formed by joining the extremities of any two adjacent 
ordinates, and by supposing the number of these trapezia in- 
creased without limit, we see that the diameter bisec a the area. 

895. Ex. 1. The area of the sector of a hyperbola made by 
joining any two points of it to the centre^ is equal to the area of the 
segment made by drawing parallels from them to the asymptotes. 

For since the triangle PKC=^QLG, the area PQG=PQKL. 

Ex. 2. Any two segments PQLK^ B8NM^ are equalj if 
PKi QLiiBMiSN. 

For 
PK: QL:: CL i CK, 
but (Art. 197) 

CL = MT\ CK^NT; 
we have, therefore, J^'^^- -^'^^i^ ^Xg 

EM\ 8N:: MT : NT, c k L "' M t'nV 

and therefore QR is parallel to PS, We can now easily prove 
that the sectors PCQ, RC8 Are equal, since the diameter bisect- 
ing P8j QR will bisect both the hyperbolic area PQR8j and 
also the triangles PC8j QGR, 

If we suppose the points Q, R to coincide, we see that we 
can bisect any area PKN8 by drawing an ordinate QL, a geo- 
metric mean between the ordinates at its extremities. 

Again, if a number of ordinates be taken, forming a continued 
geometric progression, the area between any two is constant. 

396. The tangent to the interior of two similar, similarly 
placed, and concentric conies cuts off a constant area from the 
exterior conic. 

For we proved (Art. 236, Ex. 4) that this tangent is always 
bisected at the point of contact ; now if we draw any two tangents, 
the angle A QA will be equal to BQB^ 
and the nearer we suppose the point Q 
to P, the more nearly will the sides 
AQ,A'Q approach to equality with the 
sides BQ^ RQ; if, therefore, the two 
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tangents be taken indefinitely near, the triangle A QA! will be 
equal to BQR^ and the space AVB will be equal to A'VR] 
since, therefore, this space remains constant as we pass from any 
tangent to the consecutive tangent, it will be constant whatever 
tangent we draw. 

Cor. It can be proved, in like manner, that if a tangent 
to one curve always cuts oiF a constant area from another, it will 
be bisected at the point of contact ; and, conversely, that if it 
be always bisected it cuts off a constant area. 

Hence we can draw through a given point a line to cut oflf 
from a given conic the minimum area. If it were required to 
cut oif a given area, it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
greater the given area, the greater will be the distance between 
the two conies. The area will, therefore, evidently be least when 
this last conic passes through the given point ; and since the tan- 
gent at the point must be bisected, the line through a given 
point which cuts oif the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point 
which cuts off the minimum or maximum area from any curve 
is bisected at that point. In like manner can be proved the 
following two theorems, due to the late Professor MaoCuUagh. 

Ex. 1. If a tangent AB to one curve cutoff a constant arcfroni 
another^ it is divided at the point of contact^ so that AP : PB in- 
versely as the tangents to the outer curve at A and B, 

Ex. 2. If the tangent AB be of a constant length, and if the 
perpendicular let fall on AB from the intersection of the tangents 
at A and B meet AB in Jf, then AP will = MB. 

397. To find the radius of curvature at any point on an ellipse. 

The centre of the circle circumscribing any triangle is the 
intersection of perpendiculars erected at the middle points of the 
sides of that triangle ; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve is 
the intersection of two consecutive normals to the curve. 

Now, given any two triangles FPF\ FP'F\ and PiV, P'iV, 
the two bisectors of their vertical angles, it is easily proved by 
elementary geometry, that twice the angle PNF-=^ PFF+ PFF. 
(See figure, Art. 392, Ex. 1). 
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Now, since the arc of any circle is proportional to the angle 

it subtends at the centre (Euc. VI. 33), and also to the radius 

(-Art. 391), if we consider PP' as the arc of a circle, whose centre 

PP' 
is N^ the angle PNP^ is measured by -p^ . In like manner, 



PR 



taking FJi = FPj PFP" is measured by -^^, and we have 

^JPP^^PR P^ 
PN " FP'^ rp'' 

but PR = P'R' = Pr BinPrF', 

therefore, denoting this angle by ^, PA^by 5, FPj F'Pj by p^ p\ 

we have 2 11 

i^ sin ^ "" p p" 
Hence it may be inferred, that the focal chord of curvature is double 

Substituting 7> for 



the harmonic mean between the focal radii. 

sin 6 J 2a for p + p\ and b"*^ for pp\ we obtain the known value 



i? = 



ab 



The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar process. In the case of the 
parabola we have p' infinite, and the formula becomes 

2 _ 1 
i^ sin ^ p ' 

I owe to Mr. Townsend the following investigation, by a 
different method, of the length of the focal chord of curvature : 

Draw any parallel QR to the tangent at P, and describe a 
circle through PQR meeting the focal 
chord PL of the conic at C. Then, by 
the circle PS.SC=QS.SR, and by q 
the conic (Ex. 2, Art. 193) 

PS.SL : QS.8R :: PL : MN] 

therefore, whatever be the circle, 

SO: 8L::MN:PLi 

but for the circle of curvature the 
points S and P coincide, therefore PC : PL 




MN : PL ; or, the 
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focal chord of curvature is equal to the focal chord of the conie 
dravm parallel to the tangent at the point (p. 219, Ex. 4), 

398. The radius of curvature of a central conic may other- 
wise be found thus : 

Let Q be an indefinitely near point on the curve, QR a 
parallel to the tangent, meeting the 
normal in 8) now, if a circle be de- _ ^^ T 

scribed passing through P, Q, and 
touching PT at P, since Q8 is a per- 
pendicular let fall from Q on the 
diameter of this circle, we have 
P^=Pfif multiplied by the diameter; 

PQ* 
or the radius of curvature =5-p<j- Now, since QR\% always 

drawn parallel to the tangent, and since PQ must ultimately 
coincide with the tangent, we have PQ ultimately equal to 
QR ; but, by the property of the ellipse (if we denote CP and 
its conjugate by a', J'), 

J'* la"":: QR'iPR. RP' (= 2a'. PR), 

therefore QR*==^ — ' , — . 

a 

Hence the radius of curvature = -> . yr^ . Now, no matter how 

a I o 

small PjB, P8 are taken, we have, by similar triangles, their 

. PR OP a' „ A' ^ . *'' 

ratio -fTa = -TTm = "" • ilcncc radms of curvature = — . 
I^fj 01 p p 

It is not difficult to prove that at the intersection of two con^ 

focal conies the centre of curvature of either is the pole with respect 

to the other of the tangent to the former at the intersection* 

398 (a). If we consider the circle circumscribing the triangle 
formed by two tangents to a curve and their chord, it is evident 
geometrically, that its diameter is the line joining the inter- 
section of tangents to the intersection of the corresponding 
normals. Hence, in the limit, the diameter of the circle 
circumscribing the triangle formed by two consecutive tangents 
and their chord is the radius of curvature ; that is to say, the 
radius of the circle here considered is half the radius of curvature 
(Compare Art. 262, Ex. 4). 
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399. If two tangents he drawn to an ellipse from any point oj 
a tonfocal ellipse^ the excess of the sum of these two tangents over 
the arc intercepted between them is constant.* 

For, take an indefinitely near point T*, and let fall the per- 
pendiculars TB^ TSj then (see fig.) 

PT=PR^PP'-\-P'R 
(for P'R may be considered as the continuation of the line PP*) 
in like manner ^^ -:S-J' 

Again, since, by Art. 189, the angle 
TTR^ T'TSj we have T8= T'Ri 
and therefore 

Hence (Pr+ T^) - (P'r'+ Tq)^PP'^Qq^PQ-Fq. 

OoB. The same theorem will be true of any two curves which 
possess the property that two tangents TP, TQ to the inner one 
always make equal angles with the tangent TT' to the outer. 

400. If two tangents he drawn to an ellipse from any point 
qf a confocal hyperbola^ the difference of the arcs PK^ QK is equal 
to the difference of the tangents TP^ TQ,\ 

For it appears, precisely as 
before, that the excess of 
rP'-P'JiTover TP-PK^TR, 
and that the excess of TQ- QK 
over TQ-QK is T8^ which is 
equal to TR, since (Art.189) TT 
bisects the angle R T8. The dif- 
ference, therefore, between the 
excess of TP over Pff, and that 
of TQ over QK is constant ; but 
in the particular case where T 

* This beautiful theorem was disooyered by Bishop Grayes. See his Translation of 
ChasUs's Memoirs on Cones and Spherical Conies, p. 77, 

t This extension of the preceding theorem was discorered by Mr. Mac Cullagh^ 
Dublin Exam. Papers^ 1841, p 41 ; 1842, pp. 68, 83. M. Chasles afterwards inde- 
pendently noticed the same extension of Bishop Grayes's theorem. Comptes Bendus-, 
October, 1843, tom. xvii. p. 838. 

CCC. 
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coincides with K^ both these excesses and consequently their dif- 
ference vanish; in every case, therefore, TP—PK=^ TQ- QK. 

Cor. Fagnani^s theorem^ " That an elliptic quadrant can be 
BO divided, that the difference of its parts may be equal to the 
difference of the semi-axes," follows immediately from this 
Article, since we have only to draw tangents at the extremities 
of the axes, and through their intersection to draw a hyperbola 
confocal with the given ellipse. The coordinates of the points 
where it meets the ellipse are found to be 

401. If a polygon circumscribe a conic^ and if all the vertices 
hut one move on confocal conies^ the locus of the remaining vertex 
will be a confocal conic. 

In the first place, we assert that if the vertex Tof an angle 
PTQ circumscribing a conic, move on a confocal conic (see fig., 
Art. 399) ; and if we denote by a, 6, the diameters parallel to 
TP, TQ] and by a, ^, the angles TPT', TQT, made by each of 
the sides of the angle with its consecutive position, then aa = bj3. 
For (Art. 399) TR=^rS\ hnt TIt=^ TRol^T'S^^ T' Q\fi, anA 
(Art. 149) TF and TQ are proportional to the diameters to 
which they are parallel. 

Conversely, if aa = J)8, T moves on a confocal conic. For 
by reversing the steps of the proof we prove that 71S= T'8; 
hence that TT' makes equal angles with 2!P, TQ^ and therefore 
coincides with the tangent to the confocal conic through T; and 
therefore that 7" lies on that conic. 

If, then, the diameters parallel to the sides of the polygon be 
a, J, c, &c., that parallel to the last side being rf, we have aa = i/&, 
because the first vertex moves on a confocal conic; in like 
manner 6^8 = cy, and so on until we find aa = d8^ which shows 
that the last vertex moves on a confocal conic* 



♦ This proof is taken from a paper by Dr. Hart ; Cambridge and Dublin Maihe- 
matical Journalj vol. iv. 193, 
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Pascal's Theorem, Art. 267. 

M. Stetnkr was the first who (in Gergonne's Annates) directed the attention of 
geometers to the complete figure obtained by joining in every possible way six points 
on a CO Die. M. Steiner's theorems were corrected and extended by M. Pliicker 
{Crelle's Journal, vol. V. p. 274), and the subject has been more recently investigated 
by Messrs. Cayley and Kirkman, the latter of whom, In particular, has added sevenJ 
new theorems to those already known (see Cambridge and Dublin Mathematical 
Jeurtial, vol. V. p. 185). We shall in this note give a slight sketch of the more 
important of these, and of the methods of obtaining them. The greater part are 
derived by joining the simplest principles of the theory of combinations with the 
following elementary theorems and their reciprocals : " If two triangles be such that 
the lines joining corresponding vertices meet in a point {the centre of homology of the 
two triangles), the intersections of corresponding sides will lie in one right line (their 
axis)" "If the intersections of opposite sides of three triangles be for each pair the 
tame three points in a right line, the centres of homology of the first and second, 
second and third, third and first, will lie in a right line." 

Now let the six points on a conic be a, &, 0, d, e, /, which we shall call the 
points P. These may be connected by fijieen right lines, ab, oc, Ac, which we shall 
call the lines C. Each of the lines C (for example) ab is intersected by the fourteen 
ethers ; by four of them in the point a, by four in the point i, and consequently by 
six in points distinct from the points P (for example the points (aft, erf), Ac). These 
we shall call the points p. There are forty-five such points ; for as there are six on 
each of the lines (7, to find the number of points p, we must multiply the 
number of lines Cby 6, and divide by 2, since two Hues C pass through every pointy. 

If we take the sides of the hexagon in the order abcdej^ PascaFs theorem is, that 
the three p points, (aft, rf«), {cd, fa)^ {be, e/), lie in one right line, which we may call 

either the Pascal abcde/] or else we may denote as the Pascal \j.' f { r> a form 

which we sometimes prefer, as showing more readily the three points through which 
the Pai:cal passes. Through each point p four Pascals can be drawn. Thus through 
(aft, de) can be drawn abcdej, ab/dec^ abcedf ab/edc. We then find the total number 
of Pascals by multiplying the number of points p by 4, and dividing by 3, since 
there are three points p on each Pascal. We thus obtain the number of Pascal's 
lines = 60. We might have derived the same directly by considering the number of 
different ways of arranging the letters abcdej. 
Consider now the three triangles whose sides are 

aft, cdy c/, (1) 

de, fa, be, (2) 

q/; fte, ad, (3) 
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The interpections of corresf onding sides of 1 and 2 lie on the same Pascal, therefore 

the lines joining corresponding vertices meet in a point, but these are the threQ 

Pascals, 

Uib.de. cf\ (cd .fa . he\ jef. he .ad) 

icd.fa.be}* Xe/.bc.ad)' \ab.de.cj]' 

Thii is Steinet's theorem (Art. 268) ; we shall call this the g point, 



(ab.de.ef) 

]cd.fa.be\, 

W.bc.ad> 



'ef. 
The notation shows plainly that on each Pascal's line there is only one g point ; for 

l^ven the Pascal \ j' /- f \ ^^^ ff point on it is found by writing under each term 
the two letters not already found in that yeytical line. Since then three Pascals 
intersect in every point g, the number of points g = 20. If we take the triangles 
2, 3 ; and 1, 3 ; the lines joining corresponding vertices ar^ the same va. all cas^. 
therefore, by the reciprocal of the second preliminary theorem, the three aa^ of th9 



Cab.cd.ef 
ide.fa, be 
W. be. ad' 



and Steiner 



three triangles meet in a point. This is also a g point 

^cf.i 

has stated that the two g points just written are harmonic conjugates with regarc( 
to the conic, so that the 20 g points may be distributed into ten pairs.* The Pascals 
which pass through these two g points oori*espond to hexagons taken in the order 
respectively, abcfed^ afcdehy adcbe/i ab^de/^ a/cbed, adcf^-, three alternate Tertjic^ 
holding in all the same position. 
X^et 143 now consider the tnangles, 

ab cd tf (1) 

db.ce.df\ cd,bf,ae\ ef,bd.ae\ 
de.bf.aci* af,ce.bdr bcae.dfl' ^*^ 
db.ce.df\ cd,bf.ae\ ef^bd.acy ... 

ef,bd,ae]' be.ac.d/j' ad.ce.bjr ^^' 

The intersections of corresponding sides of 1 and 4 are three points which lie on 
the same Pascal ; therefore the liiies joining corresponding vertices meet in a poinb. 
^ut these are the three Pascals, 

ab,ce.df} cd.bf.ae} ef.ac.bd] 
cd.bf.aeP ef.acMi' ab.d/,cer 

ab.ce. df\ 
We may denote the point of meeting as the A point, cd .bf.aeY, 

ef.ac.hdi 
The notation differs from that of the g points in that only one of the vertical 
columns contains the six letters without omission or repetition. On every Pascal 
there are three h points, viz. there are on 

, , - oi.Cii.e/') ah.'cd,ef\ ab.cd.ef^ 

deafZ]> ^'^f'^\> de.af.bc\, de.af.bc [ , 
ae.aj.oc} cf,bd,ae) acbe.df) b/.ce.ad) 

where the bar denotes the complete vertical column. We obtain then Mr. Eirkman^ 
extension of Steiner's theorem i—The Pascals intersect three by threSf not only t» 
Steiner^s twenty points g, btU also in sixty other points h. The demonstration p$ 
Art. 268 applies alike to Mr. Kirkman's and to Steiner's theorem. 

In like manner if we consider the triangles 1 and 5, the lines joining corresponding 
vertices are the same as for 1 and 4 ; therefore the corresponding sides intersect oz^ 

* For a proof of this see Staudt {Crelle, LXii. 142). 
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a right line, as tliej manifeBtly do on a Pascal. In the same manner the corre- 
eponding sides of 4 and 6 must intersect on a right line, but these intersections are 
the three h points, 

ab.ce.df) ae.'cd,b/\ ocbdiTf) 



ab.ce.d/^ ae.cd,b/\ ac.bd.e/\ 

de.hf.acf, bd.qf.ce>, df.ae.bcf, 
cf.ae.bd) cm.be.df) ce.bf.ad) 

tss through tl 

ab.cd. ef\ 

f de.a/.bcy , 

cf ,be.ad) 



Moreover, the axis of 4 and 5 must pass through the intersection of the axes of 

ab.cd. ef) 
1, 4, and 1, 5, namely, through the g point. 



In this notation the ^ point is found by combining the complete vertical oolujnns 
of the three k points. Hence we have the theorem, ** There are twenty lines G, each 
of tohich passes through one g and three h points.** The existence of these lines 
was observed independently by Prof. Cayley and myself. The proof here given is 
Prof. Cayley's. 

It can be proved similarly that '* The twenty lines G pass four by four through 
fifteen points i." The four lines G whose g points in the preceding notation have 
» common vertical column will pass through the same point. 

Again, let us take three Pascals meeting in a point A. For instance, 
ab.ce.df} de.hf.ac] cf.ae.bd} 
de.bf.acj* cf.ae.bdj* ab.df.ce) 
We may, by taking on each of these a point />, form a triangle whose vertices aro 
(4/^, €Ui), {bf ae), {bdf ce) and whose sides are, therefore, 

ac.bf.de") bf.ce.ad} bd.ac.ef) 

df.ae.cbj* ae.bd.cf)* ce.dfab}' 
Again, we may take on each a point A, by writing under each of the above 
Pascals af,cd. be, and so form a triangle whose sides are 

ac,bf.de\ cf.ae.bd} <^,ab.ce\ 



But the intersections of corresponding sides of these triangles, which must therefore 
be on a right line, are the three g points. 



ac.bf.de] cf.ae.bd} qf.ab.ce^ 

be.cd.afi* be.od.af)* be.cd.af}' 

OB of corresponding sides of these triangles, 
ae the three g points, 

he.cd.af\ be.cd.af^ be.ed.af^ be.cd.af\ 

ac.bf.det, cf.ae.bdY, df,ab.ce>, cf.ab.del, 
df,ae,bc> ad.bf.ce' acef.bd) ad.ef.bc) 

I have added a fourth g point, which the symmetry of the notation shows must 
lie on the same right line ; these being all the g points into the notation of which 
be.ed. afcajo. enter. Now there can be formed, as may readily be seen, fifteen different 
products of the form be,cd.af; we have then Steiner's theorem, Tfie g points lie 
four by four on ff teen right lines I. Hesse has noticed that there is a certain reci- 
procity between the theorems we have obtained. There are 60 Kirkman points h, 
and 60 Pascal lines H corresponding each to each in a definite order to be explained 
presently. There are 20 Steiner points y, through each of which passes three Pascals 
J£ and one line G ; and there are 20 lines G, on each of which lie three Eirkman 
points h and one Steiner g. And as the twenty lines G pass four by four through 
fifteen points », so the twenty points g lie four by four on fifteen lines /. The 
following investigation gives a new proof of some t>f the preceding theorems and 
also shews what h point corresponds to the Pascal got by taking the vertices in 
the order abcdef Consider the two inscribed triangles acey bdf; their sides touch 
a conic (see Ex. 4, Art. 855) ; therefore we may apply Brianchon's theorem to the 
liexagon whose sides ore ce, df, ae, bf, ac, bd. Taking them in this ord^, the di»^ 
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ce.hf.ad\ 
gonals of the hexagon are the three Pascals intersecting in the h point, df. ocbeL 

ae.bd.cf) 
And since, if retaining the alternate sides ce, a«, ac, we permutate cyclically the other 
three, then by the reciprocal of Steiner's theorem, the three resulting Brianchon 
points lie on a right line, it is thus proved that three h points lie in a right line G. 
From the same circumscribing hexagon it can be inferred that the lines joining the 
point a to {6c, df) and d to {ac, ef] intersect on the Pascal ahcdefy and that there are 
six such intersections on every Pascal. 

More recently Prof. Cayley has deduced the properties of this figure by consider- 
ing it as the projection of the lines of intersection of six planes. See Qiutrterly 
Journal^ vol. ix. p. S48. 

Still more recently the whole figure has been discussed and several new properties 
obtained by Veronese {Nuovi Teoremi $ulP Hexagrammum Mysticum in the Memoirs 
of the Reale Accademia dei Linceif 1877). He states with some extension the 
geometrical principles which we have employ^ in the investigation, as follows: 
I. Consider three lines passing through a point, and three points in each line ; these 
points form 27 triangles which may be divided into 36 seti of three triangles in 
perspective in pairs, the axes of homology passing three by three through 86 points 
which lie four by four on 27 right lines. U. If 4 triangles aib^c^j a^^^ <fcc. are in 
perspective, the first with the second, the second with the third, the third with thQ 
fourth, and the fourth with the first, the vertices marked with the same letters 
corresponding to each other, and if the four centres of homology lie in a right line, the 
four axes will pass through a point. III. If we have four quadrangles a^yC^d^, <fec. 
related in like manner, the four points of the last theorem answering to the triangles 
hed^ cdttf daby abc lie on a right line. Considering the case when all four quadrangles 
have the same centre of homology, we obtain the corollary : If on four lines passing 
through a point we take 3 homologous quadrangles a^byCid^, a^b^c^d^y cigb^z^i ) ^^^^ ^® 
have four sets of three homologous triangles, ai^^Ci, &c. the axes of homology of each 
three passing through a point and the four points lying on a right Mne. IV. If we 
have two triangles in perspective ajb^Cij a^^^t and if we take the intersections of 
JjCj, b^^ ; CyOL^ c^a^ ; a^^ aj)^^ we form a new triangle in perspective with the other 
two, the three centres of homology lying on a right line. It would be too long to 
enumerate all the theorems which Veronese derives from these principles* Sufl&ce it ta 
say that a leading feature of his investigation is the breaking up of the system ol 
Pascals into six groups, each of ten Pascals, the ten corresponding Kirkman points 
l3dng three by three on these lines which also pass in threes through these points. It. 
may be added that Veronese states the correspondence between a Pascal line and i^ 
Kirkman point as follows : Take out of the 15 lines C the six sides of any hexagon,, 
there remain 9 lines C; out of these can be formed three hexagons whose Pascals 
meet in the Kirkman point corresponding to the Pascal of the hexagon with which w^ 
started. 

After the publication of Veronese's paper Cremona obtained very elegant demon- 
strations of his theorems by studying the subject from quite a different point of view. 
From the theory of cubical surfaces we know {Geometry of Three DimensionSf 
Art. 536), that if such a surface have a nodal point, there lie on the surface six right 
lines passing through the node, which also lie on a cone of the second order, and 
fifteen other lines, one in the plane of each pair of the foregoing ; by projecting this 
figure Cremona obtains the whole theory of the hexagon. 

It may be well to add some formulas useful in the analytic discussion of the 
hexagon inscribed in the conic LM — B?, Let the values of the parameter /* 
(Art. 270) for the six vertices be a, 6, c, rf, e, /, and let us denote by (a6) the 
quantity abL — (a + 6) iZ + ^, which, equated to zero, represents the chord joining 
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two vertices. Then it is easy to see that (ah) {cd) — (ad) {be) is LJf - R' multiplied 
by the factor (a — c)(b — rf), and hence that if we compare, as in Art. 268, the forms 
{ab) {cd) — {ad) {be), {of) (de) — {ad) (ef) we get the equation of the Pascal abode/ in 
the form 

{a-c)(b-d){ef) = {a^e){f-d){bc). 
The same equation might also have been obtained in the forms, which can easily be 
verified as being equivalent, 

(a_e) {b-f) {cd) = (c-e) {b-d){a/), 
{c - a) {b -/) {de) ={c^e) {d -f) {ab). 
The three other Pascals which pass through {be) {ef) are 

{a-c) {b-d){ef) = (a-/) {e-d){bc), 
{a-b) {c-d){ef) = (a-e) {f-d){bc\ 
{a-b) {o^d){ef) = {a-f) (fl-d) (H 
these being respectively the Pascals dbcdfe, acbdef, acbdfe» 
Ck>nsider the three Pascals 

{a-c){b^d)(ef) = {a^e){f-d){bc) = {b--f){c-e){ad); 
these evidently intersect in a point, viz. a Steiner ^r-point ; but the three 

{a-c) {b-d){ef) = {a^e) {f-d) {be) = (*-e) (^ -/) {ad) 
intersect in a Eirkman A-point. 

Mr. Cathcart has otherwise obtained the equation of the Pascal Ime in a deter* 
minant form. It was shewn (Art. 331) that the relation between corresponding points 
of two homographic systems is of the form 

Aaa' + Ba+Ca' + D = 0. 
Hence, eliminating A^ B, C^ Dy we see that the relation between four points and 
other four of two homographic systems is 

aa'j a, a\ 1 

w, a, i', 1 =o,« 

and the double points of the system are got by putting d' = d, and solving the quad- 
ratic for i. But we saw Art. 289, Ex. 10, that the Pascal line LMN passes through 
JT, K' the double points of the two homographic systems determined by ACE^ DFB 
the alternate vertices of the hexagon. And since, if d be the parameter of the point 
JT, we have M, R^ L respectively proportional to ^, d, 1, it follows that the equation 
of the Pascal abcdefia 

Jif Bf Bf L 

adf a, dj 1 

bej bf e, 1 



Systems op Tangential Coordinates, Art. 311. 

Through this volume we have ordinarily understood by the tangential coordinates 
of a line la + mfi + ny, the constants l^m^n in the equation of the line (Art. 70) ; 
and by the tangential equation of a curve the relation necessary between these 
constants in order that the line should touch the curve. We have preferred this 
method because it is the most closely connected with the main subject of tliis volume, 
and because all other systems of tangential coordinates may be reduced to it. We 



« On this determinant see Cayley, Phil Trans,, 1858, p. 436, 
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wish now to notice one or two points in this theory wliieli we have omitted tp 
mention, and then biiefly to explain some other systems of tangential coordinates^ 
We have given (Ex. 6, Art. 132) the tangential equation of a circle whose centre iti 
a'^y' and radius r, viz. 

{la! + m/3' + ny')2 =; r« (P + fn» + n« -- 2ww» cob -4 - 2«Z cos 5 - 27»» cos C) ; 

let us examine what the right-hand side of this equation, if equated to nothing, 
would represent. It may easily be seen that it satisfies the condition of resolvability 
into factors, and therefore teprefsents two points. And what these points are may 
be seen by recollecting that this quantity was obtained (Art. 61) by writing at full 
length la + mj3 + ny, and taking the sum of the squares of the coefficients of a6 
andy, / cos o + «» cos /3 + « cosy, Zsina + iw sinj3 + wsiny. Now if a* + 6*=0, the 
line ax + hy + c is parallel to one or other of the lines a; ± y J( — 1) = 0, the two 
points therefore are the two imaginary points at infinity on any circle. And this 
appears also from the tangential equation of a circle which we have just given: 
for if we call the two factors w, u>', and the centre a, that equation is of the form 
a^ = r^oxk)', showing that w, va' are the points of contact of tangents from a. In 
like manner if we form the tangential equation of a conic whose foci are given, by 
expressing the condition that the product of the perpendiculars from these points 
on any tangent is constant, we obtain the equation in the form 

{la' + m/y + ny') {la" + m^' + ny") = 62»w', 
showing that the conic is touched by the lines joining the two foci to the points 
10, to' (Art. 2o8a). 

It appears from Art. 61 that the result of substituting the tangential coordinates 
of any line in the equation of a point is proportional to the perpendicular from that 
point on the line; hence the tangential equations a/3f = ifeyi, ay rrX^jS^.^hen inter- 
preted give the theorems proved by reciprocation Art. 811. If we substitute the 
coordinates of any line in the equation of a circle given above, the result is easily 
seen to be proportional to the square of the chord intercepted on the line by the 
circle. Hence if L, 2' represent two circles, we learn by interpreting the equation 
2 = A;2£' that the envelope of a line on which two given circles intercept chords 
having to each other a constant ratio is a conic touching the tangents commoi\ to 
the two circles. 

Lastly, it is to be remarked that a system of two points cannot be adequately 
represented by a trilinear, nor a system of two lines by a tangential equation. If 
we are given a tangential equation denoting two points, and form, as in Art. 285, 
the corresponding trilinear equation, it will be found that we get the square of the 
equation of the line joining the points, but all trace of the pointo themselves has dis- 
appeared. Similarly if we have the equation of a pair of lines intersecting in a point 
o'^'y', the corresponding tangential equation will be found to be {la' + m^ + «y')«=0. 
In fact, a line analytically fulfils the conditions of a tangent if it meets a curve in 
two coincident points ; and when a conic reduces to a pair of lines, any line through 
their intersection must be regarded as a tangent to the system. 

The method of tangential coordinates may be presented in a form which does 

not presuppose any acquaintance with the trilinear or Cartesian systems. Just as 

in trilinear coordinates the position of a point is determined by the mutual ratios 

of the perpendiculars let fall from it on three fixed lines, so (Art. 311) the position 

of a line may be determined by the mutual ratios of the perpendiculars let fall on 

it from three fixed points. If the perpendiculars let fall On a line from two points 

^, £ be X, ^, then it is proved, as in Art. 7, that the perpendicular on it from tho 

Z\ ■4' fftfJi 
point which cuts the line AB in the ratio of m : Z is , , and consequently that 

if the line pass through that point we have IK + mfx - 0, which therefore may bd 
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regarded afl the equation of that pom^. Thus \ + /x =: is the equation of the middle 
I>oint of ABj \ — fizzO that of a point at infinity on AB, In like manner (see 
Art. 7, Ex. 6) it is proved that l\ + m/i -f nv = is the equation of a point Of Which 
may be constructed (see fig. p. 61) either by cutting BCia the ratio n : m and AD 
in the ratio m + n :l; or by cutting AC ::l in and BE ::/ + »: m, or by cutting 
AB '.'.mil and CF',:l + min. Since the ratio of the triangles AOB : AOC ia the 
same as that of BJD : BC, we may write the equation of the point in the form 

BOC . X + COA .fi-\-AOB.v = 0. 
Or, again, substituting for each triangle BOC its value p'p" sin 6 (see Art. 311) 

XsinO fi sin Q' v sin 6" _ ^ 

•' "Z' "*" «" — 
P P P 

Thus, for example, the coordinates of the line at infinity are \ = /^t = v, since all 

finite points may be regarded as equidistant from it ; the point /\ + mfi + nv will 

be at infinity when Z + m + » = j and generally a curve will be touched by the 

line at infinity if the sum of the coefficients in its equation = 0. So again the 

eouations of the intersections of bisectors of sides, of bisectors of angles, and 

ui the perpendiculars, of the triangle of reference are respectively X + /u + v = 0^ 

X sin ^ + /IA sin B + y sin (7 = 0, X tan^ + /i taaB + v tan C=0, It is unnecessary to 

give further illustrations of the application of these coordinates because they differ 

only by constant multipliers from those we nave used already. The length of tha 

perpendicular from any point on /o + »»/3 + ny is (Art. 61) 

la' + W/3' + ny' 

4{P + »»* + »*- 2mn cos -4 - 2nl cos £ - 2lm cos C) ' 

the denominator being the same for every point. If then p,p',p" be the perpen- 
diculars let fall from each vertex of the triangle on the opposite side, the perpen- 
diculars X, fi, V from these vertices on any line are respectively proportional to 
Ip, mp'j np" ; and we see at once how to transform such tangential equations as were 
used in the preceding pages, viz. homogeneous equations in /, m, », into equations 
expressed in terms of the peipendiculars X, /u, v. It is evident from the actual values 
that X) ft, V are connected by the relation 

X2 /ii« , 1/2 2uv . 2yX _ 2X/* ^ , 
p^ p"' p"^ p'p" p"p pp' 

It was shown (Art. 311) how to deduce from the trilinear equation of any curvie the 
tangential equation of its reciprocal. 

The system of three point tangential 
coordinates just explained includes under 
it two other methods at first sight very 
different. Let one of the points of re- 
ference C be at infinity, then both v 
and p" beqome infinite, but their ratio 
remains finite and = sin COE^ where 
DOE is any line drawn through the 
point 0, The equation then of a 
point already given becomes in this 
case 

sin X sin 0' /u , . \,„_- 

V ^^COE^ p' ^COE^-^^ ^' 

When is given every thing in this equation is constant except the two variables 
sin COE * sin 'cOE ' ^* ^^^ Qu^ COE = eia ODA^ these two variables are re- 
spectively ADj BE. In other words, if we take as coordinates AD, BE tlie 

DDI). 
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intercepts made by a Yariable line on two fixed parallel lines, then any equation 
aA + 6/i + c = 0, denotes a point ; and this equation may be considered as the form 
assumed by the homogeneous equation aX + ^/u + cv = when the point v = is 
at infinity. The following example illustrates the use of coordinates of this kind 
We know from the theory of conic sections that the general equation of the second 
degree can be reduced to the form a/3 = Ar^, where a, /3 are certain linear functions 
of the coordinates. This is an analytical fact wholly independent of the inter- 
pretation we give the equations. It follows 'then that the general equation of curves 
of the second clsfis in this system can be reduced to the same form a/3 = i^, but this 
denotes a curve on which the points a, /3 lie and which has for tangents at these 
points the parallel lines joining o, /3 to the infinitely distant point k. We have then 
the well known theorem that any variftbk tangent to a conic intercepts on two fixed 
parallel tangents poi-tions whose rectangle is constant. 

Again, let two of the points of reference be at infinity, then, as in the last case 
the equation of a line becomes 

^^^^ + sin e\ sin BOD + sin 6". sin COE, 
or, as may be easily seen, 

When the point is given, the only 
things variable in this equation are 
ADf AEf and we see that if we take 
as coordinates the reciprocals of the 
intercepts made by a variable line on 
the axes, then any linear equation 
between these coordinates denotes a 
point, and an equation of the tfi^ degree denotes a curve oi the «*** class. 

It is evident that tangential equations of this kind are identical with that form 
of the tangential equations used in the text where the coordinates are the coefficients 
^ m, in the Cartesian equation lx + my = lyOi the mutual ratios of the coefficients 
n the Cartesian equation lx + my + nz=0. 

Expression of thb Coobdiitates of a Point on a Conic bt a single 
Parameter. 

We have seen (Art. 270) that the coordinates of a point on a conic can be 
expressed as quadratic functions of a parameter. We show' now, conversely, that 
if the coordinates of a point can be so expressed, the point must lie on a conic. Let 
UB write down the most general expressions of the kind, viz. 

a; = o\« + 2h\fi + 6/i«» y = o'X« + 2h'\a + i V, z = a"X^ + 2h"\fi + 6' >«. 

Then, solving these equations for X*, 2X/i, /i*, we have {Higher Algebra, Art. 29) 

Z\X« = Ax-{- A'y + A'% 2A\fi = JTo; + H'y + H'% Afi* = Bx + B'y + B'% 

where A is the determinant formed with a, hy by &c.y and Ay Hy By &c. are the minora 
of that determinant. The point then, evidently, lies on the locus 

{Hx + H'y + E"zf = ^{Ax + A'y + A"z) {Bx + B'y + B"z), 

H we look for the intersection with this conic of any line ax + py + yzy we have 
only'to substitute in the equation of this line the parameter expressions for a?, y, z^ 
and we find that the parameters of the intersection are determined by the quadratic 
{fla + o'P + a"y) \« + 2 (Aa + A'/3 + n"y) \fi + {ba + b'fi + b"y) f? = 0, 
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The line will be a tangent if this equation be a perfect square, in which case w« 

must have 

{aa + a'^ + a"y) {ba + 6'/3 + b"y) = {ha + A'/3 4- A"y)', 
which may be regarded as the equation of the reciprocal conic. If this condition ia 
satisfied, we may assame 

aa + a*^ + a"y = P, ha + A'/3 + h"y = bn, ba + b'^ + b"y = m«, 
whence 

Aa = Al» + Elm + Bm^, A/3 = A*P + HHm + B'm\ Ay = A"? + E"lm + J5"m« ; 
that is to say, the reciprocal coordinates may be similarly expressed as quadratic 
functions of a parameter, the constants being the minors of the determinant formed 
with the original constants. 

The equation of the conic might otherwise have been obtained thus : The equation 
of the line joining two points is (Art. 132a) got by equating to zero the determinant 
formed with ic, y, « ; »', y', z' ; a;", y", z'\ If the two points are on the curve, we may 
substitute fox their coordinates their parameter expressions ; and when the two points 
are consecutive, we see, by making an obvious reduction of the determinant, that thQ 
equation of the tangent corresponding to any point X, /a is 

« , y » « 

a\ + A/i, a'\ + h'fiy a"\ + h'*fi 
hX + b/i, A'X + 6'V, h"K + b"fjL =0. 
Expanding this and regarding it as the equation of a variable line containing thd 
parameter X : /u, its envelope, by the ordinary method, gives the same equation as 
before. 

The equation of the line joining two points will be found, when expanded, to be 
of the form XW* + T (X/x' + XV) + -^M/"*' = 0»' ^^^ ^^ can otherwise exhibit it in 
this form, for the coordinates of either point satisfy the equations x ^ aX^+2hXfi+bn'^, Ac, 
Hud we have also fA'fi'X^ - X/i (XV" + ^ V) + X'X'V^ = ; hence, eliminating X«, X/z, /u*, 
W^havQ 

I fiy, ^(xy + xv), v^" 

I », a , 2A ,4 

y, o' , 2h' , b* 

I JP, a" , 2A" , b" = 0. 

If the parameters of any number of points on a conic be ^ven by an algebraic 
equation, the invariants and covariants of that binary quantic will admit of geometric 
interpretation (see Bumside, Higher Algebra, Art. 190). A quadratic has no invariant 
but its discriminant, and when we consider two points there is no special case^ 
except when the points coincide. In the case of two quadratics their harmonic 
invariant expresses the condition that the two corresponding lines should be conjugate 
and their Jacobian gives the points where the curve is met by the intersection of these 
lines. If we consider three points whose parameters are given by a binary cubic, the 
covariants of that cubic may be interpreted as follows i Let the three points be a, by c, 
and let the triangle formed by the tangents at these points be ABC) these two 
triangles being homologous, then the Hessian of the binary cubic determines the 
parameters of the two points where the axis of homology of these triangles meets 
the conic; and the cubic covariant determines the parameters of the three points 
where the lines Aa, Bb, Cc meet the conic. In like manner, if there be four points 
the sextic covariant of the quartic determining their parameters, gives the parameters 
of the points where the conic is met by the sides of the triangle whose vertices are 
the points ab, cd; ac, bd; ad, be. 

On the Peoblem to describe a Conic under Five Conditions. 
We saw (Art. 133) that five conditions determine a conic ; we can, therefore, in 
general describe a conic being given m points and » tangent? where m + n = 5. Wa 
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■hell not think it worth while to treat separately the cases where any of these are rt 
\ an infinite distance, for which the constmctions for the general case only require to 
be suitably modified. Thus to be given a par€Ulel to an asymptote is equivalent to one 
condition, for we are then given a point of the curve, namely, the point at infinity oa 
the given parallel. If, for example, we were required to describe a conic, given four 
points and a parallel to an asymptote, the only change to be made in the constructioii 
(Art. 269) is to suppose the point E at infinity, and the lines JDE^ QE therefore draws 
parallel to a given line. 

To be given an asymptote is equivalent to two conditions, for we are then given 
m tangent and its point of contact, namely, the point at infinity on the given 
asymptote. To be given that the curve is a parabola is equivalent to one oonditioi^ 
for we are then given a tangent, namely, the line at infinity. To be given that the 
curve is a circle is equivalent to two conditions, for we are then given two points of 
the curve at infinity. To be giv«n a focus is equivalent to two conditions, for we are 
then given two tangents to the curve (Art. 258a), or we may see otherwise that the focuB 
and any three conditions will determine the curve ; for by taking the focus as origin, 
and reciprocating, the problem becomes, to describe a circle, three conditions being 
given; and the solution of this, obtained by elementary geometry, may be again 
reciprocated for the conic. The reader is recommended to construct by this method 
the directrix of one of the four conies which can be described when the focus and 
three points are given. Again, to be given the poUj wUh regard to the conic^ of any 
given right liney is equivalent to two conditions \ for three more will determine the curve. 
For (see figure, Art. 146) if we know that P is the polar of iZ'/Z", and that T is a 
point on the curve, T', the fourth harmonic, must also be a point on the curve ; or 
if OT be a tangent, OT* must also be a tangent ; if then, in addition to a line and its 
pole, we are given three points or tangents, we can find three more, and thus determine 
the curve. Hence, to be given the centre (the pole of the line at infinity) is equivalent 
to two conditions. It may be seen likewise that to be given a point on the polar of a 
given point is equivalent to one condition. For example, when we are given that the 
curve is an equilateral hyperbola, this is the same as saying that the two points 
at infinity on any circle lie each on the polar of the other with respect to the curve. 
To be given a self -conjugate triangle is equivalent to three conditions; and when 
a self-conjugate triangle with regard to a parabola is given three tangents are 
given. 

Given five points.-^'We have shown, Art. 269, how by the ruler alone we may deter* 
mine as many other points of the curve as we please. We may also find the polar 
of any given point with regard to the curve ; for by the help of the same Article we 
can perform the construction of Ex. 2, Art. 146. Hence too we can find the pole 
of any line, and therefore also the centre. 

Five tangents.-^'We may either reciprocate the construction of Art. 2G9, or reduce 
this question to the last by Ex. 4, Art. 268. 

Four points and a tangent, — We have already given one method of solving this 
question. Art. 345. As the problem admits of two solntionp, of coui-se we cannot 
expect a construction by the ruler only. We may therefore apply Carnot's theorem 
(Art. 813), 

Ae .Ac'.Ba . Ba' , Cb . Ch' - Ab . Ab'.Bc .Be' .Ca. Ca'. 
Let the four points o, o', 6, b' be given, and let AB be a tangent, the points c, c' will 
coincide, and the equation just given determines the ratio -4c* : Bc^, everything else in 
tKe equation being known. This question may also be reduced, if we please, to those 
which follow; for given four points, there are (Art. 282) three points whose polars are 
given; having also then a tangent, we can find three other tangents immediately, 
imd thus have four points and four tangents. 

Four tangents and apoint^-^Tlda is either reduced to the last by reciprocation, or 
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by the method just described; for given four tangents, there are three points whose 
polars are given (Art. 146). 

Three points and two tangents.— li is a particular case of Art. 344, that the pair of 
points where any line meets a conic, and where it meets two of its tangents, belong to 
a system in involution of which the point where the line meets the chord of contact ifl 
one of the foci. If, therefore, the line joining two of the fixed points a, 6, be cut by 
the two tangents in the points Ay B, the chord of contact of those tangents passes 
through one or other of the fixed points F^ F', the foci of the system (a, 6, A^ B), (see 
Ex. Art. 286). In like manner the chord of contact must pass through one or other 
of two fixed points (7, G' on the line joining the given points a, c. The chord must 
therefore be one or other of the four lines, FG^ FG', F'Gf FG' j the problem, there- 
fore, has four solutions. 

Two points and three tangents. — ^The triangle formed by the three chords of contact 
has its vertices resting one on each of the three given tangents ; and by the last case 
the sides pass each through a fixed point on the line joining the two given points ; 
therefore this triangle can be constructed. 

To be given two points or two tangents of a conic is a particular case of being 
given that the conic has double contact with a given conic. For the problem to 
describe a conic having double contact with a given one, and touching three lines, or 
else passing through three points, see Art. 328, Ex. 10. Having double contact with 
two, and passing through a given point, or touching a given line, see Art. 287. Having 
double contact with a given one, and touching three other such conies, see ArL 
887, Ex. 1. 

On systems of Conios satisfying Fottr Conditions. 

If we are only given four conditions, a system of different conies can be described 
satisfying them all. The properties of systems of curves, satisfying one condition 
less than is sufficient to determine the curve, have been studied by De Jonquidres, 
Ghasles, Zeuthen, and Cayley. References to the original memoirs will be found 
in Prof. Cayley's memoir {Phil. Trans., 1867, p. 76). Here it will be enough briefly 
to state a few results following from the application of If. ChasleB' method of 
characteristics. Let /u be the number of conies satisfying four conditions, which 
pass through a given point, and v the number which touch a given line, then /u, » 
are said to be the two characteristics of the system. Thus the characteristics of 
a system of conies passing through four points are 1, 2, since, if we are given an 
additional point, only one conic will satisfy the five conditions we shall then have ; 
but if we are given an additional tangent two conies can be determined. In like 
manner for three points and a tangent, two points and two tangents, a point and 
three tangents, four tangents, the characteristics are respectively (2, 4), (4, 4), (4, 2), 
(2, 1), We can determine a priori the order and class of many loci connected with 
the system by the help of the principle that a curve will be of the n*^ order, if it meet 
an arbitrary line in n real or imaginary points, and will be of the n^ class if through 
an arbitrary point there can be drawn to it n real or imaginary tangent«. Thus the 
locus of the pole of a given line with respect to a system whose characteristics are 
u, V, will be a curve of the order v. For, examine in how many points the locus can 
meet the given line itself. When it does, the pole of the line is on the line, or 
the line is a tangent to a conic of the system. By hypothesis this can only happen 
in V cases, therefore v is the degree of the locus. This result agrees with what has 
been already found in particular cases, as to the order of locus of centre of a 
conic through four points, touching four lines, d^c. In like manner let us investigate 
the order of the locus of the foci of conies of the system. To do this let us generalize 
the question, by the help of the conception of foci explained Art. 258a, and we shall 
see that the problem is a particular case of the following : Given two points A^ B 
to find the order of the locus of the intersection of either tangent drawn from A to 
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a conic of the system with one of the tangents drawn from B. Let ns examine in' 
how many points the locus can meet the line AB ; and we see at onoe that if a point 
of the locus he on AB^ this line must be a tangent to the oonio. Consider then any 
conic touching AB in 9k point T, then the tangent ^T meets the tangent BT m the 
point Tt which is therefore on the locus; and likewise the tangent AT meets the 
second tangent from B in the point By and the tangent BT meets the second tangent 
from A in the point A, Hence erery conic whioh touohes AB gives three points 
of the locos on AB, The order of the locus is theiefore Sw, and A and B are each 
multiple points of the order v. Thus the locus of foci of conies touching four lines 
is a cubic passing through the two circular points at infinity. If one of the con- 
ditions be that all the conies should touch the line ABy then it will be seen that 
any transversal through A is met by the locus in u points distinct from A, and that 
A itself also counts for v ; hence the locus is in this case only of the order 2v ; which 
is therefore the order of the locus of foci of parabolas satisfying three conditions. 

An important principle in these investigations is that if two points A^ A' on a 
right line so correspond that to any position of the point A correspond m positions of 
A\ and to any position of A* correspond n positions of Ay then in m + » cases A 
and A' will coincide. This is proved as in Arts. 836, 340. Let the line on which 
Ay A' lie be taken for axis of x j then the abscLsss^ Xy a/ of these two points are con- 
nected by a certain relation, which by hypothesis is of the nfi^ degree in x? and 
the ffi^ in a, and will become therefore an equation of the (w + nf^ degree if we 
make a; = a/. 

To illustrate the application of this principle, let us examine the order of the locus 
of points whose polar with respect to a fixed conic is the same as that with respect 
to some conic of the system ; and let us enquire how many points of the locus can lie 
on a given line. Consider two points ^, ^' on the line, such that the polar of A 
with respect to the fixed conic coincides with the polar of A' with respect to a conic 
of the system, and the problem is to know in how many cases A and A* can coincide. 
Now first if A be fixed, its polar with respect to the fixed conic is fixed ; the locus 
of poles of this last line with respect to conies of the system, is, by the first theorem, of 
the order v, and therefore determines by its intersections with the given line v positions 
of A'. Secondly, examine how many positions of A correspond to any fixed position of 
A', By the reciprocal of the first theorem, the polars of A' with respect to conies of 
the system, envelope a curve whose class is /i, to which therefore /i tangents can be 
drawn through the pole of the given line AA' with respect to the fixed oonia It 
follows then, that n positions of A correspond to any position of A', Hence, vfi.fi -^-v 
cases the two coincide, and this will be the order of the required locus. 

Hence we can at once determine how many conies of the system can touch a fixed 
conic : for the point of contact is one which has the same polar with respect to the 
fixed conic and to a conic of the system ; it is therefore one of the intersections of the 
fixed conic with the locus last found ; and there may evidently be 2 (/a + v) such 
intersections. We have thus the number of conies which touch a fixed conic, and 
satisfy any of the systems of conditions, four points, three points and a tangent, two 
points and two tangents, &c., the numbers being respectively 6, 12, 16, 12, 6. From 
these numbers again we find the characteristics of the system of conies which touch a 
fixed conic and also satisfy three other conditions, three points, two points and a 
tangent, Ac. ; these characteristics being respectively (6, 12), (12, 16), (16, 12), (12, 6). 
We find hence in the same manner the number of conies of the respective systems 
which will touch a second fixed conic, to be 36, 56, 56, 36. And thus again we have 
the characteristics of systems of conies touching two fixed conies, and also satisfying 
the conditions two points, a point and a tangent, two tangents ; viz. (36, 56), (56, 56), 
(56, 36). In like manner we have the number of conies of these respective systems 
which will touch a third fixed conic, viz. 184, 224, 184. The characteristics then 
cf the systems three conies and a point, three conies and a line are (184, 224), 
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(224, 184). And the numbers of these to touch a fourth fixed conic, are in each case 
816, so that finally we ascertain that the number of conies which can be described to 
touch five fixed conies is 3264. For fui-ther details I refer to the memoirs already 
cited, and only mention in conclusion that 2v — /x conies of any system reduce to 
a pair of lines, and 2/u - v to a pair of points. 

Miscellaneous Notes. 

(1). Art. 293, p. 267. In connection with the determinant form here given 
it may be stated that the condition that the intersection of two lines \x + fiy + vz^ 
\'x + fi'y + v'z should lie on the conic, is the vanishing of the determinant 

^» A*> vj 
V, /*', «'', 

(2) Art. 228, Ex. 10, p. 217. Add, Either factor combined with tp+mp'+np"+pp"'=0 
gives a result of the form Xp + fip' + vp" = 0, where X + /a + v = 0, which represents 
a curve of the third degree. 

(3). Art. 372, p. 837. The discrimination of the cases of four real and four 
imaginary points has been made by Kemmer (Giessen, 1878). His result is that if 
J) = 02@'2 ^ 18AA'0®' - 27A2A'2 - 4A®'» - 4A'®», 
X = 2 (©'2 - 3 A'0) L - (0®' - 9AA') * + 2 (®« - 3 A©') Z', 
M- \ {U - (<l>« - 4I£') Z)}, 
N^D (A'^Z* _ A'®'*r2 + (®^ - 2A'©) S^S' 

+ A'®2*« + (©2f - 2A0') S£'2 - A A'*» 

+ A0'*2L' - A0*S'2 + A^L'* - (00' - SAAO SS'*}, 

we must have B and K positive, L and N negative, in order to have four real points 
of intersection. 

I add a selection from some miscellaneous notes which had been sent me at 
various times by Messrs. Bumside, Walker, and Cathcart, to be used when a new 
edition was called for, but which I did not remember to insert in their proper places. 

(4) B. Art. 231, Ex. 10. If the normals at four points meet in a point, their 
eccentric angles are connected by the relation a + /3 + y + d= (2ot + 1) ir. Hence (see 
Art. 244, Ex. 1) the circle through the feet of three of the normals from any point 
passes through the point on the conic opposite to the fourth point 

(5) B. If 1, 2, 3, 4 be the feet of four normals from a point, and r,, denote the 
semi-diameter parallel to the chord 12, then r*i, + r^^ = a' + ^*, 

2 J(— 5' A) 

(6) B. Art. 169, Ex. 8. To any rectangular axes, tan</> = — ^^^-^jn ^> where P 

has the same meaning as in Art. 383. If the coordinates be trilinear, the right-hand 
side is multiplied by i/, which is the value of a; sin^i + y sin ^ + « sin C 

2 [J J(— S) 

(7) B. If the tangents be drawn from the pole of ax-\-fit/-\- yz, tan </> = ,_. _ ^ , 

where £, 0, 6' have the same meaning as in Art. 382, Q is the quantity representing 
tangentially the circular points at infinity, viz. 

o« + /3» + y« - 2i3y cos -4 - 2ya COS jB - 2aj3 COS Cj 
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and n = is the condition that cub + /3y + yzy and the line at infinity should b 

conjugate, or 

n = ^a sin^ + 5^8in5+CV8inC+F(/3sinC7+ysinB) + G!(ysin^ + osinC) 

+ J? (a sin 5 + j3 sin ^), 
As a particular case, the angle between the asymptotes, for which Q = 0, L = 6 = IIo 

(8) B. The length of the chord intercepted on any line is given by the two, 
following equations, p being the parallel semi-diameter : 

Compare Art. 231, Ex. 15. 

(9) B. If n = Aaa* -f B^ + Cyy' + F 03y' + ^y) + G (ya'+ y'a) + JT {a^ + a'/3), 
the Jacobian of IT, £, is a parabola touching a'x + /3'y + y'« = 0, the normals where 
this line meets the conic, and the two axes. 

(10) B. The area of a triangle circumscribing a conic is J( a^') ' 

(11). The squares of the semi^axes of the conic are given by the quadratic 

i2*03 + i223/«Aee' + ifer*A« = o. 

(12). The equation of a conic circumscribing a triangle, of which a,h,c are the 
sides and h\ 4", V" the semi-diameters parallel to them, is 

(13) W. The area of the triangle formed by the polars with respect to an ellipse of 
points P, Q, if, is 4 (qq^) (^^}>) ^p^^^g) * ^^®^ ^^^"^^ is the area of the triangle 
formed by P, Q, and the centre, 

(14) W. If P, Q, i2 be the middle points of the sides of a circumscribmg triangle, 
and a, /3, y the eccentric angles of the point of contact, {QOB) = ^ab tan ^ 03 — y). 
From this expression can easily be deduced Faure's theorem (Art. 381, Ex. 12). 

(15) 0. The relation (Art. 388rt) is a particular case of the following connecting 
the covariants of three conies : 

^AA'A"UVW+ F^F^F^ - AUF^^ - ATP^' - A"PrP,« = /«, 
where 7=0 denotes the locus of the point whence tangents to the three conies are in 
involution (see Art. 388^). 

(16) C. Art. 383, p. 352. The expression in the trilinear equation of the director 
drcle there given, may be written 

&a ^ {L2 + M^ + N^ - 2MNooaA - 2NL qosB- 2LM cos C], 

where L-ax + hy+gz, M^kx + bi/+fZf N = gx+fy + €z, 
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Angle, 

between two lines whose Cartesian 

equations are given, 21, 22. 
ditto, for trilinear equations, 60. 
between two lines given by a single 

equation, 69. 
between two tangents to a conic, 166, 

189, 212, 213, 2t>9, 391. 
between two conjugate diameters, 169. 
between asymptotes, 164, 392. 
between focal radius vector and tan- 
gent, 180. 
subtended at focus by tangent from 

any point, 183, 206. 
subtended at limit points of system of 

circles, 291. 
theorems respecting angles subtended 

at focus proved by reciprocation, 284, 

by spherical geometry, 331. 
theorems concerning angles how pro- 
jected, 321, 323. 
Anharmonic ratio, 295. 

fundamental theorem proved, 55. 
what, when one point at infinity, 295. 
of four lines whose equations are 

given, 56, 305* 
property of four points on a conic, 

240, 252, 288, 318. 
of four tangents, 252, 288. 
of three tangents to a parabola, 299. 
these properties developed, 297. 
properties derived from projection of 

angles, 321, 323. 
of four points on a conic when equal 

to tliat of four others on same 

conic, 252. 
on a different conic, 252, 303. 
of four points equal that of their 

polars, 271. . 
of four diameters equal that of their 

conjugates, 302. 
of segments of tangent to one of three 

conies having double contact, by 

other two, 319. 
Apollonius, 328. 
Arc, 

line cutting off constant arc from 

curve where met by its envelope, 374. 
theorems concerning arcs of conies, 377. 
Area, 

of a polygon in terms of coordinates 

of its vertices, 31, 130. 
of a triangle, the equations of whose 

sides are given, 32, 130. 
of triangle inscribed in or circum- 
scribing a conic, 212, 220, 391. 



Area, 

of triangle fon£ed by three normals, 

220. 
constant, of triangle formed by join- 
ing ends of conjugate diameters, 

159, 169. 
constant, between any tangent and 

asymptotes, 192. 
of polar triangles of middle points of 

sides of fixed triangle with regard 

to inscribed conic, 351, 392. 
of triangles equal, formed by drawing 

&om end of each of two diameters 

a parallel to the other, 173, 
found by infinitesimals, 371. 
constantj cut from a conic by tangent 

to similar conic, 373. 
Kne cutting off from a curve constant 

area bisected by its envelope, 874. 
of common conjugate triangle of two 

conies, 362. 
Asymptotes, 

defined as tangents throngh centre 

whose points of contact are at in- 
finity, 155. 
are self-conjugate, 167. 
are diagonals of a parallelogram whose 

sides are conjugate diameters, 190. 
general equation of, 272, 340. 
and pair of conjugate diameters form 

harmonic pencil, 296. 
portion of tangent between, bisected 

by curve, 191. 
equal intercepts on any chord between 

curve and, 191, ai2. 
constant length intercepted on by 

chords joining two fixed points to 

variable, i92, 294, 298. 
parallel to, how cut by same chords, 

298. 

by two tangents and their chord, 

298. 

bisected between any point and its 
polar, 295. 
parallels to, through any point on 

curve include constant area, 192, 

294, 298. 
how divide any semi-diameter, 298. 
Axes, 

of conic, equation of, 156. 
lengths, how found, 158, 392. 
constructed geometrically, 161, 
how found when two conjugate dia- 
meters are given, 173, 176. 
of reciprocal curve, 291. 
axis oi parabola, 196. 

££B, 
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Axes, 

of Bimilitade, 108, 224, 282. 
iBdical, 99, 127. 

Biflecton of angles between lines giyen by 

a single equation, 71. 
of sides or angles of a triangle meet 

in a point, 5, 34, 54. 
Bobillier on equations of conic inscribed in 

or circumscribing a triangle, 120. 
Boole on invariant functions of coefficients 

of a conic, 159. 
Brianchon's theorem, 244, 280, 381. 
Burnside, theorems or proofs by, 80, 220, 

221, 242, 246, 257, 272, 342, 391. 

Camot, theorem of transversals, 289, 318, 

388. 
Cartesian, equations, a case of trilinear, 64. 
Casey, theorems by, 113, 127, 135, 358. 
Cathcart, theorems by, 129, 132, 391. 
Cayley, theorems and proofs by, 134, 842, 

350, 358, 379, 381, 389. 
Centre, 

of mean position of given points, 50. 

of homology, 59. 

radical, 99, 282. 

of similitude, 105, 224, 282. 

chords joining ends of radii through 
c.s. meet on radical axis, 107,224, 250. 

of conic, coordinates of, 143, 153. 

pole of line at infinity, 155, 296. 

how found, given five points, 247. 

of system in involution, 308. 

of curvature, 230, 376. 
Chasles, theorems by, 295, 300, 304, 377, 389. 
Chord of conic, perpendicular to line join- 
ing focus to its pole, 183, 321. 

which touches confocaJ conic, propor- 
tional to square of parallel seiai- 
diameter, 212, 221, 391. 
Chords of intersection of two conies, equa- 
tion of, 334. 
Circle, equation of, 14, 75, 87. 

tangential equation of, 120, 124, 128, 
288, 385. 

trilinear equation of, 128. 

passes through two fixed imaginary 
points at infinity, 238, 325. 

circumscribing a triangle, its centre 
and equation, 4, 86, 118, 130, 288. 

inscribed in a triangle, 122, 288. 

having triangle of reference for self- 
conjugate triangle, 254. 

through middle points of sides (see 
Feuerbach), 86, 122. 

which cuts two at constant angles, 
touches two fixed circles, 103. 

touching three others, 110, 114, 135, 
291. 

cutting three at right angles, 102, 130, 
361. 

or at a constant angle, 132. 

cutting three at same angle have, 
common radical axis, 109, 132. 

circumscribing triangle formed by 
three tangents to a parabola, passes 
throughfocus, 207, 214, 274, ^5, 320. 



Circle ciiCnmscribing triangle formed by 

two tangents and chord, 241, 376. 
circumscribing triangle inscribed in a 

conic, 220, 333. 
drcnmscribing, or inscribed, in a self- 
conjugate triangle, 341. 
drcnmscribing triangles formed by 

four lines meet in a point, 246. 
when five lines are given, the five 

such points he on a circle, 247. 
tangents, area, and arc found by in- 
finitesimals, 370. 
Circumscribing triangles, six vertices of 

two lie on a conic, 320, 381. 
Class of a curve, 147. 
Common tangents to two circles, 104, 106, 

263. 
to two conies, 344. 
their eight points of contact lie on a 

conic, 345. 
Condition that, 

three points should be on a right 

line. 24. 
three lines meet in a point, 32, 34. 
four convergent lines should form 

harmonic pencil, 56. 
two lines snould be perpendicular, 

21, 59, 354. 
a right line should pass through a 

fixed point, 50. 
equation of second degree should re- 
present right Unes, 72, 149, 153, 

155, 266. 

a circle, 75, 121, 352. 

a parabola, 141, 274, 352. 
an equilateral hyperbola, 169, 352. 
equation of any degree represent right 

lines, 74. 
two circles should be concentric, 77. 
four points should lie on a circle, 86. 
intercept by circle on . a line should 

subtend a right angle at a given 

point, 90. 
two circles should cut at right angles, 

102, 348. 
that four drcles should have common 

orthogonal circle, 131. 
a line should touch a conic, 81, 152, 

267, 340. 
two conies should be similar, 224. 
two conies should touch, 336, 356. 
a point should be inside a conic, 261. 
two lines should be conjugate with 

respect to a conic, 267. 
two pairs of points should be harmonic 

conjugates, 305. 
four points on a conic ^ould lie on a 

circle, 229. 
a line be out harmonically by two 

conies, 306. 

in involution by three conies, 3G3. 
three pairs of lines touch same conic, 

270. 
three pairs of points form system iu 

involution, 310. 
a triangle may be inscribed in one 

conic and circumscribed to another, 

342. 



INDEX. 



395 



Condition that, 

that two lines should intersect on a 

conic, 391. 
a triangle self -con jugate to one may 
be inscribed or circumscribed to 
another, 340. 
three conies have double contact with 
same conic, 359. 
hare a common point, 365. 
may include a perfect square in their 
syzygy, 366. 
lines joining to vertices of triangle 
points where conic meets sides 
should form two sets of three, 351. 
Cone, sections of, 326. 
Clonfocal conies, 186. 

cut at right angles, 181, 291, 322. - 
may be considered as inscribed in 

same (quadrilateral, 239. 
most general equation of, 353, 
tangents from point on (1) to (2) 
equally inclined to tangent of (1), 
182. 
pole with regard to (2) of tangent to 

(1) lies on a normal of (1), 209. 
used in finding axes of reciprocal 

curve, 291. 
in finding centre of curvature, 376. 
properties proved by reciprocation, 291. 
length of arc intercepted between 
tang^t from, 377. 
Conjugate diameteirs, 146, 

their lengths, how related, 159, 168. 
triangle included fa\y, has cojnstant 

area, 159, 169. 
form harmonic pencil with, asymp^ 

totes, 296. 
«t given angle, how constructed, 171« 
oomsbruction for 218. 
Conjij^e hyperbolas, 165, 
Conjugate lines, conditions for, 267. 
Conjugate triangles, homologous, 9H, 9%, 
Continuity, principle of, 325. 
Co variants, 347. 

Criterion, whether three equations repre-i 
sent hues meeting in a point, 34. 
whether a point be within or without. 

a conic, 261. 
whether two conies meet in two real 
. and two imaginary points, 337. 
Curvature, radius of, expressions for it& 
length, and construction for, 228,375. 
circle of j equation of, 234. 
centre o^ coordinates of, 230« 

De Jonqui^res 388. 
Determinant notation, 129. 
Diagonals of quadrilateral, 

middle points lie in a line, 26, 62, 216. 
circles described on, as diameters, have 
common radical axis, 277. 
Diameter, polar of point at infinity on its 

conjugate. 296. 
Director circle, 269, 352. 

when four tangents are given, have 
common radical axis, 277. 
Directrix, 179. 

of parabola, equation of, 269, 352. 



Directiix of parabola is locus of rectangular 
tangents, 205, 269, 352. 
passes through intei-section of per- 
pendiculars of circumscribing tri- 
angle, 2 J 2, 247, 275, 290, 342. 
Discriminant defined, 266. 

method of forming, 72, 149, 153, 165. 
Distance between two points, 3, 10, 133. 
Distance of two points from centre of 
circle proportional to distance of 
each from polar of other, 93. 
when a rational function of coordi- 
nates, 179. 
of four points in a plane, how con- 
nected, 134. 
Double contact, 228, 234, 346. 

equation of conic having d. c. with 

two others, 262. 
tangent to one cut harmonically by 
other, and chord of contact, 312, 319. 
properties of two conies having d. c. 

with a third, 242, 282. 
of three having' d. c. with a fourth, 

243, 263, 281. 
tangential equation of, 355. 
condition two should touch, 356. 
problem to describe one such conio 
touching three others, 356, 358. 
Duality, principle of, 276. 

Eccentric angle, 217, Ac, 243. 

in terms of corresponding focal angle, 

220. 
of four points on a circle, how con- 
nected, 229. 
Eccentricity, of conio given by general 

equation, 164. 
depends on angle between asymp- 
totes, 164, 
EUipse, origin of name, 186, 328. 

mechanical description of, 178, 218. 
area of, 372. 
Envelope of 

line whose equation involves indeter- 

minates in second degree, 257, &c. 
Ijne on which sum of perpendiculars 

from several fixed points is con- 
stant, 95. 
given product or sum or difference of 

squares of perpendiculars from two 

fixed points, 2o9. 
base of triangle given vertical angle 

and sum of sides, 260. 
whose sides pass through fixed points 

and vertices move on fixed lines, 

259, 
and inscribed in given conic, 250, 280, 

319. 
which subtends constant angle at fixed 

point, two sides, being given in 

position, 284. 
polar of fixed point witb regard to a 

conic of which four coaditions are 

given, 271, 280. 
polar of centre of circle touching two 

given, 291. 
chord of conic subtending constant 

angle at fixed point, 255. 



396 



IKDEX, 



EnYelope of 

perpendicnlar at extremity of radius 

vector to circle, 206. 
asymptote of hyperbolas having same 

fccuB and directrix, 285. 
^▼en three points and other asymp- 
tote, 272. 
line joining corresponding points of 

two homographic systems 
on different lines, 302. 
on a conic, 253, 303. 
free side of inscribed polygon, all the 

rest passing through fixed points, 

250, 301. 
base of triangle inscribed in one conic, 

two of whose sides touch another, 

849. 
leg of given anharmonie pencil under 

different conditions^ 824. 
ellipse given two conj agate diameters 

and stvm of their squares, 260. 
^nation, its meaning when coordinates 

of a given point are substituted in 

it ; for 9l right line, circle, or conic, 

29, 84, 128, 241. 
ditto for tangential equation 384. 
pair of bisectors of angles between 

two lines, 71. 
of radical axis of two circles, 98, 128. 
common tangents to two circles, 104. 

106, 203. 
circle through three points, 86, 130. 
cutting three circles orthogonally, 

102, 130. 
touching t\iree circles, 114, 135, 359. 
inscribed itv or circumscribing a tri- 
angle, 118, 126, 288. . 
having triangle of reference self-* 

conjugate, 254. 
tangential of circle, 129^ 384. 
tangent to circle or come, 80, 147, 264. 
polar to circle or conic, 82, 147, 265. 
pair of tangents to conic from any 

point, 85, 149, 269. 

where conic meets given lin^ 272. 
asymptotes to a conic, 272, 34(r. 
chordis of intersection of two conies, 
334. 

circle osculating conic, 234. 
conic through five points, 233. 
touching five lines, 274. 
having double contact with two ^ven 

ones, 262. 
having double contact with a given one 

and touching three others, 356. 
through three points, or touching three 

lines, and having given centre, 267. 

and naving given focus, 288. 
reciprocal of a given conic, 292, 348, 

356. 
directrix or director circle, 269, 352. 
lines joining point to intersection of 

two curves, 270, 307. 
four tangents to one conic where it 

meets another, 849. 
curve parallel to a conic, 337. 
evolute to a conic, 231, 338. 
Jacobian of three oonicfl, 360. 



E(}uilateral hyperbola, 1681 
general condition for, 352. 
given three points, a fourth If giveiu 

215, 290. 321. 
circle circumscribing self-conjugat^ 

triangle passes through centre 215. 

842. 
Enler, expression for distance betweei^ 

centres of inscribed and circuia^ 

scribing circles, 343. 
flvolutes of conies, 231, 338. 
Fagnani's theorem on arcs of oonics, 878. 
Faure. theorems by, 341, 351, 392. 
Feueroach, relation connecting four pointa 

on a circle, 87, 217. 
theorem on circles touching four linesL 

127, 313, 359. 
Fixed point, the following lines paaa 

through a 
coefficients in whose equation are eon« 

nected by relation of firat degree, 50. 
base of triangle, given vertiod anglq 

and sum of reciprocals of sides, 48. 

whose Ades pass through fixed 
points, and vertices move on three 
converging lines, 48. 
Une Bum of whose distances from fixec( 

points is constant, 49. 
polar of fixed point with respect to 

circle, two points given, 100. 

with respect to conic, four pointa 
given, 163, 271, 281. 
chord of intersection with fixed centre 

of circle through two points, 100. 
of two fixed lines with conic through 

four points, one lying on each line, 

302. 
chord of contact given two points and 

two lines, 262. 
chord subtending right angle at fixed 

point on conic, 175, 270. 
when product is constant of tangents of 

parts into which normal dividea 

subtended angle, 175. 
given bisector of angle it subtends at 

fixed point on curve, 323. 
perpendicular on its polar, fix>m point 

on fixed perpendicular to axis, 184. 
Focus, see Contents, pp. 177-190, 209-212. 
infinitely small circle having double 

contact with conic, 241. 
intersection of tangents from two fixed 

imaginary points at infinity, 239. 
equiv^ent to two conditions, 386. 
coordinates of, given three tangents, 

274. 

when conic is given by general equa* 

tion, 239, 353. 
focus and directrix, 179, 241. 
theorems concerning angles subtended 

at, 284, 331. 
focal properties investigated by pro- 
jection, 320. 
focal radii vectores from any point have 

equal difference of i-ecipi-ocals, 212. 
line joining intersections of focal nor- 
mals and tangents passes through 

other focus, 211. 
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Focus, 

locns of, given three tangents to a 

parabola, 207, 214, 274, 285, 320. 
given four tangents, 276, 277. 
given four points, 217, 288. 
given three tangents and a point, see 

Ex. 3, p. 288. 
of section of right cone, how found, 331. 
of systems in involution, 309, 

Oaulder of Tours, 99. 

Grergonne, 04 circle touching three others, 

1X0. 
Gk>rdan, on number of cencomitants, 863. 
Graves, theorems by, 333, 377. 

Hamilton, proof of Feuerbach's theorem, 

313. 
Harmonic, section, 56. 

what when one point at infinity, 295. 
properties of quadrilateral, 57, 317. 
property of poles and polars, 85, 148, 

295, 297, 318. 
pencil formed by two tangents and 

two co-polar lines, 148, 296. 
by asymptotes and two conjugate 

diameters, 296. 
by diagonals of inscribed and circum- 

scribing quadrilateral, 242. 
by chor& of contact and common 
chords of two conies having double 
contact with a third, 242. 
properties derived from projection of 

right angles, 321. 
condition for harmonic pencH, 305. 
condition that line shoiUd be cut har- 
monically by two conies, 306. 
locus of pomts whence tangents to two 
conies form a harmonic pencil, 306. 
Hart, theorems and proofs by, 124, 126, 

127, 263, 378. 
Harvey, theorem on four circles, 132. 
Heame, mode of finding locus of centre, 

given four conditions, 267. 
Hermes, on equation of conic drcum- 

Bcribing a triangle, 120. 
Hesse, 381. 

Hexagon (see Brianchon and Pascal), 
property of angles of circumscribing, 
270, 289. 
Homogeneous, equations in two variables, 
meaning of, 67. 
trilinear equations, how made, 64. 
Homo^aphic systems, 57, 63. 

cntenon for, and method of forming, 

304. 
locus of intersection of corresponding 

Unes, 271. 
envelope of line joining corresponding 
points, 302, 303. 
Homologous triangles, 59. 
Hyperbola, origin of name, 186, 328. 
area of, 373. 

Imaginary, lines and points, 69, 77. 

circular points at infinity, tangential 
equation of, 352. 

every line through either perpen- 
dicular to iteelf, 351. 



Infinity, line at, equation of, 64. 
touches parabola, 235, 290, 329. 
centre, pole of, 155, 296. 
Inscription in conic of triangle or polygon 
whose sides pass through fixed 
points, 250, 273, 281, 307. 
Intercept on chord between curve and 
asymptotes equal, 191, 312. 
on asymptotes constant by lines join- 
ing two variable points to one fixed, 
192, ?94, 298. 
on axis of parabola by two lines, equal 
to projection of distance between 
their poles, 201, 294. 
Intercept on parallel tangents by vanable 

tangent, 172, 287, 299, 385, 
Invariants, 159, 335. 
Inversion of curves, 114, 
involution, 307. 

Jacobian of throe conies, 360, Ao, 
JoachimsthaL 

relation oetween eocentric angles of 

four points on a circle, 229. 
method of finding points wherQ UnQ 
meets curve, 264, 

Kemmer, 391. 

Eirkman's theorems on hexagons, 380. 

Latus rectum, 185. 

Limit points of system of circles, 101, 291. 

Locus of 

vertex of triangle given base and a 

relation between lengths of sides, 

89, 47, 178. 
and a relation between angles, 89, 47, 

88, 107. 
and intercept by sides on fixed line, 300. 
and ratio of parts into which sides 

divide a fixed parallel to base, 41. 
vei-tex of given triangle, whose base 

angle moves along fixed lines, 208. 
vertex of triangle of which one base 

angle is fixed and the other moves 

along a given locus, 51, 96. 
whose sides pass through fixed points 

and base angles move along fixed 

linea, 41, 42, 248, 280, 299. 
generalizations of the last problem, 300. 
of vertex of triangle which circum- 
scribes a given conic and whose 

base angles move on fixed lines, 

250, 319, 349. 
generalizations of this problem, 350. 
common vertex of several triangles 

given bases and sum of areas, 40. 
vertex of right cone, out of which 

given conic can be cut, 331. 
point cutting in given ratio parallel 

chords of a circle, 162. 

intercept between two fixed lines, on 
various conditions, 39, 40, 47, 

vaiiable tangent to conic between 
two fixed tangents, 277, 323.^ 
point whence tangents to two circles 

have given ratio or sum, 99, 263. 
taken according to different laws on 

radii vectores through fixed point, 52. 
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Locus of, 

Buch that Zmr* = constant, 88. 
whence square of tangent to circle is 

as product oE distsulicQs from two 

fixed lines, 240. 
cutting in given anharmonic ratio, 

chords of conic through fixed point, 

320. 
on perpendicular at height from base 

eq^ual a side, given hasQ and sum of 

sides, 59. 
such that triangle fonned by joining 

feet of perpendiculars on sides of 

triangle has constant area, 119. 
point on line of given direction meeting 

sides of triangle, so that od^^oa.obf 

298. 
on line cut in given anharmonic ratio, 

of which ot£er three describe right 

lines, and line itself touches a conic, 

824. 
chords through which subtend right 

angle at point on conic, 270. 
whence tangents to two conies form 

harmonic pencil, 306. 
whose polars with respect to three 

conies meet in a point, 3G0. 
middle point of rectangles inscribed in 

triangle, 43, 

of parallel chords of conic, 143. 

of convergent chords of circle, 96. 
intersection of bisector of vertical 

angle with perpendicular to a 

side, given base and sum of sides, 

51. 
of perpendicular on tangent from 

centre, or focus, with focaJ or central 

radius vector, 209. 
focal radius vector with corresponding 

eccentric vector, 220. 
of pei'pendiculars to sides at extremity 

of base, given vertical angle and 

another relation, 47. 
of perpendiculars of triangle given base 

and vertical angle, 88. 
of perpendiculars of triangle inscribed 

in one conic and circumscribing 

another, 342. 
eccentric vector with corresponding 

normal, 220. 
corresponding lines of two homogra- 

phic pencils, 271. 
polars with respect to fixed conies of 

points which move on right lines, 

271. 
intersection of tangents to a conic 

which cut at right angles, 166, 171, 

269, 352. 

to a parabola which cut at given 
angle, 213, 256, 285. 

at extremities of conjugate dia- 
meters, 209. 

whose chord subtends constant angle 
at focus, 28 i. 

from two points, which cut a given 
line harmonically, 322. 

each or both on one of four given 
tangents, 3o2, 320. 



Locus of, 

at two fixed points on a conic satisfy- 
ing two other conditions, 220, 320. 
various other conditions, 215. 

intersection of normals at extremity 
of focal chord, 211. 

or chord through fixed point, 214, 335. 

foot of perpendicular from focus oa 
tangent, 182, 204, 351. 
on normal of parabola. 213. 
on chord of circle subtending right 
angle at given point, 91. 

extremitv of focal subtangent, 184. 

centre of circle making given inter- 
cepts on given lines, 208. 

centre of inscribed circle given base 
and sum of sides, 208. 

of circle cutting three at equal angles, 
108. 

of circumscribing circle given vertical 
angle, 89. 

of circle touching two given circles, 
291, 320. 

centre of conic (or pole of fixed line) 
given four points, 153, 254, 2»i8, 
271, 281, 302, 320. 

given four tangents, 216, 254, 267, 
277, 281, 321, 339. 

given three tangents and sum of 
squares of axes, 216. 

four conditions, 267, 389. 

pole of fixed hue with regard to sys- 
tem of confocals, 209, 322. 

pole with respect to one conic of tan- 
gent to another, 209, 278. 

focus of parabola given three tan- 
gents, 207, 214, 274, 285, 320. 

focus given four tangents, 275, 277. 

given four points, 217, 288, 392. 

given three tangents and a point, 288. 

given four conditions, 389. 

vertices of self -conj ugate triangle,com- 
mon to fixed conic, and variable of 
which four conditions are given, 
389. 

MacCuUagh, theorems by, 210, 220, 338, 
374, 377. 

MacLauiin's mode of generating conios, 
247, 248, 251, 299. 

Malfatti's problem, 263. 

Mechanical construction of conies, 178, 
194, 203, 218. 

Middle points of diagonals of quadrilate- 
ral in one line, 26, 62. 

Miquel, on circles circumscribing triangles 
formed by five lines, 247. 

Mobius, 217, 278, 295. 

Moore, deduction of Steiner's theorem from 
Brianchon's, 247. 

Mulcahy, on angles subtended at focus, 331. 

Newton's method of generating conies, 300. 

Normal, 173, &c. 335. 

Number of terms in general equation, 74. 

of conditions to determine a conic, 136. 

of intersections of two curves, 225. 

of solutions of problem to describe 
a conic touching five others, 390. 
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Namber of concomitants to system of 
conies, 363. 

O'Brien, 217. 

Orthogonal systems of circles, 102, 181, 

348, 361. 
Osculating circle, 227, 234. 

three pass through given point on 

curve, 229. 

Pappus, 186, 295, 328. 
Parabola (see Contents, pp. 195—207, 
212-214). 
origin of name, 180, 328. 
has tangent at infinity, 235, 290, 329. 
coordinates of focus, 239, 274, 354. 
equation of directrix, 269, 352. 
touching four lines, 274. 
Parallel to conic, equation of, 337. 
Parameter, 185, 197, 202. 

same for reciprocals of equal circles, 
286. 
Pascul's hexagon, 245, 280, 301, 319, 380. 
expression of coordinates by single, 
217, 248, 386. 
Perpendicular, eqiiation and length, 26, 60. 
condition for, 59. 
extension of relation, 321, 354. 
from centre and foci on tangent, 169, 
179, 204. 
PlHcker, 278, 380. 

Polar coordinates and equations, 9, 36, 
87, 95, IdO, 162, 184, 207. 
poles and polars, properties of, 92, 148. 
polar, equation of, 82, 147, 265. 
pole of given line, coordinates of, 266. 
polar reciprocals, 276, <fec. 
point and polar equivalent to two 
conditions, 388. 
^Poncelet, 101, 278, 301, 314. 
Projection, 314, 332. 

Quadrilateral, 

middle points of diagonals lie on 
a right line, 26, 62, 216. 

drcles having diagonals for diameters 
have common radical axis, 277. 

harmonic properties of, 57, 317, 

inscribed in conies, 148, 319. 

sides and diagonals of inscribed quad- 
rilateral cut transversal in involu- 
tion, 312. 

diagonals of inscribed and circum- 
scribed form harmonic pencil, 242. 

Radical axis and centre, 99, 122, 224, 282. 
Badius of circle circumscribing triangle 

inscribed in conic, 213, 220, 333. 
Radius of curvature, 227. 
Reciprocals, method of, 66, 276, 294, 356. 

Sadleir, theorems by, 184. 
Self -con jugate triangles, 91. 

circle having triangle of reference for, 
254. 

of equilateral hyperbola, 215. 



Self -conjugate triangle 

vertices of two lie on a conic, 322, 341. 
equation of conic referred to, 238, 253. 
common to two conies, 257, 362. 
determination of, 349, 361. 
Serret on locus of centre given four 

tangents, 216. 
Similitude, centre of, 105, 223, 282. 
Similar conies, 222. 
Condition for 224. 

have points common at infinity, 236. 
tangent to one cuts constant area 
from other, 373. 
Steiner, 

theorem on triangle circumscribing 

parabola, 212, 247, 275, 290, 342. 
on points whose osculating circle 

passes through ^ven point, 229. 
theorems on Fascal's hexagon, 246, 380. 
solution of Malfatti's problem, 263. 
Subnormal of parabola constant, 202. 
Supplemental chords, 172. 
Systems of circles having common radical 
axis, 100. 
of conies through four points cut a 
transversal in involution, 312. 

Tangent, general definition of, 78. 
to circle, length of, 84. 
to conic constructed geometrically,151. 
determination of points of contact, 

five tangents given. 247. 
variable, makes what intercepts on 

two parallel tangents, 172, 181. 
or on two conjugate diameters, 172. 
of parabola, how divides three fixed 
tangents, 299. 
Tangential equations, 65, 276, &c., 383, 
&c. 
of inscribed and circumscribing circles, 

121, 125, 288. 
of circle in general, 188, 384. 
of conic in general, 152, 260. 
of imaginary circular points, 352. 
of confocal conies, 353, 384. 
of points common to four conies, 344. 
inteipretation of, 384. 
Townsend, theorems and proo& by, 252, 

301, 375. 
Transformation of coordinates, 6, 9, 157, 

335. 
Transversal, how cuts sides of triangle, 35. 
Camot's theorem of, 289, 318, 388. 
met by system of conies in involu- 
tion, 312. 
Triangle, circumscribing, vertices or two 

lie on a conic, 320. 
Triangles made by four lines, properties 

of, 217, 246. 
Trilinear coordinates, 57, 60, 264. 

Veronese, 382. 

Walker, 391. 

Zeuthen, 889. 
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Shaw. — A History of the English 
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Sternberg. — My Experiences of 
the Boer War. By Adalbert Count 
Sternberg. With Preface by Lieut.-Col. 
G. F. R. Henderson. Crown 8vo., 55. net. 
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8vo., 35. 6d. 
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Grey. — Memoir of Sir George 
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By Francis Henry Serine, F.S.S. With 
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lo MESSRS. LONGMANS & CO.'S STANDARD AND GENERAL WORKS. 



Biography, Personal Memoirs, k^,— continued. 



Macaulay. — The Life and Letters \ 
OP Lord Macaulay, By the Right Hon. | 
Sir G. O. Trevelyan, Bart. i 

Popular Edition, i vol. Cr. 8vo., 25. 6d. 
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Richard R. Holmes, M.V.O., F.S.A. 
With Photogravure Portrait. Crown 8vo., 
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Caroline the Illustrious, Queen- 
Consort of George II. and sometime 
Queen-Regent: a Study of Her Life 
and Time. 2 vols. 8vo., 365. 

The Love of an Uncrowned 
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Crown 8vo., 35. net. 

Bent. — The Ruined Cities of Ma- 
SHOW aland : being a Record of Excavation 
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North Kenia : the Record of an Expedi- 
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Arkell-Hardwick, F.R.G.S. With 23 
Illustrations from Photographs, and a Map. 
Svo., 1 25. 6d. net. 

Heathcote.— ^Sr. Kilda, By Nor- 
man Heathcote. With So Illustrations 
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Map and 54 Illustrations. Cr. Svo., 35. 6^. 

The ^Falcon' on the Baltic: a 
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Illustrations. Crown 8vo., 3s. 6<f. 
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and 75 Illustrations. Crown 8vo., 3^. 6d, 

Lynch. — Armenia : Travels and 
Studies. By H. F. B. Lynch. With 197 
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Nansen. — The First Crossing or 
Greenland. By Fridtjof Nansen. With 
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Spender. — Tivo Winters in Nor- 
way: being an Account of Two Holidays 
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tions from Photographs. 8vo., lox. 6d. net. 

Stephen. — The Fla k- Gro und of 
Europe (The Alps). . By Sir Leslie 
Stephen, K.C.B. 'With 4 Illustrations. 
Crown 8vo., 35. td. 
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Them. With a Map and 59 Illustrations. 
Crown 8vo., 25. boards, 25. td. cloth. 
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61 Illustrations. Crown 8vo., 65. 6<i. net. 
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With 7 Illustrations. Cr. 8vo., 6*. 6d. net. 
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ARCHER Y. By C. J.Longman and 
Col. H. Walrond. With Contributions by 
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2 Maps, 23 Plates and 172 Illustrations in 
the Text. Crown 8vo., cloth, 6j. net ; half- 
bound, with gilt top, gs. net. 
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Shearman. With Chapters on Athletics 
at School by W. Beacher Thomas ; Ath- 
letic Sports in America by C. H. Sherrill ; 
a Contribution on Paper-chasing by W. Rye, 
and an Introduction by Sir Richard Web- 
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and 37 Illustrations in the Text. Cr. 8vo., 
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BIG GAME SHOOTING. By 
Clive Phillipps-Wolley. 
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With Contributions by Sir Samuel W. 
Baker, W. C. Oswell, F. C. Selous, 
etc. With 20 Plates and 57 Illustrations 
in the Text. Crown Svo., cloth, 6j. net ; 
half-bound, with gilt top, gi. net. 

Vol. II. EUROPE, ASIA, AND THE 
ARCTIC REGIONS. With Contribu- 
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Percy, etc. With 17 Plates and 56 Illus- 
trations in the Text. Crown 8vo., cloth 
6i. net ; half-bound, with gilt top, gs. net. 
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BILLIARDS, By Major W. Broad- 
foot, R.E. With Contributions by A. H. 
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and numerous Diagrams. Crown 8vo., cloth, 
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COURSING AND FALCONRY, 
By Harding Cox, Charles Richardson, 
and the Hon. Gerald Lascelles. With 
20 Plates and 55 Illustrations in the Text. 
Crown 8vo., cloth, 65. net ; half-bound, with 
gilt top, 95. net. 



CRICKET. By A. G. Steel and 
the Hon. R. H. Lyttelton. With Con- 
tributions by Andrew Lang, W. G. Grace, 
F. Gale, etc. With 13 Plates and 52 Illus- 
trations in the Text. Crown 8vo., cloth, 65. 
net ; half- bound, with gilt top, 9s. net. 



CYCLING, By the Earl of Albe- 
marle and G. Lacy Hillier. With 19 
Plates and 44 Illustrations in the Text. 
Crown Svo., cloth, 6j. net; half-bound, with 
gih top, 95. net. 



DANCING. By Mrs. Lilly Grove. 
With Contributions by Miss Middleton, 
The Hon. Mrs. Armytage, etc. With 
Musical Examples, and 38 Full-page Plates 
and 93 Illustrations in the Text. Crown 
8vo., cloth, 6j. net; half-bound, with gilt 
top, 95. net. 



DRIVING. By His Grace the (Eighth) 
Duke of Beaufort, K.G. With Contribu- 
tions by A. E. T. Watson the Earl of 
Onslow, etc. With 12 Plates and 54 Illus- 
trations in the Text. Crown 8vo., cloth, 65. 
net ; half-bound, with gilt top, 95. net. 



FENCING, BOXING, AND 
WRESTLING. By Walter H. Pollock, 
F. C. Grove, C. Prevost, E. B. Mitchell, 
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and 24 Illustrations in the Text. Crown 
8vo., cloth, 65. net; half-bound, with gilt 
top, 9$. net. 



FISHING. By H. Cholmondeley- 
Pennell. 

Vol. I. SALMON AND TROUT. With 
Contributions by H. R. Francis, Major 
John P. Traherne, etc. With 9 Plates 
and numerous Illustrations of Tackle, etc. 
Crown 8vo., cloth, 65. net ; half-bound, 
with gilt top, 95. net. 

Vol. II. PIKE AND OTHER COARSE 
FISH. With Contributions by the 
Marquis of Exeter, William Senior, 
G. Christopher Davis, etc. With 
7 Plates and numerous Illustrations 01 
Tackle, etc. Crown 8vo.,^ cloth, 6j. net ; 
half-bound, with gilt top, 95. net. 

FOOTBALL. History, by Mon- 
tague Shearman ; Thb Association 
Game, by W. J. Oakley and G. O. Smith ; 
Tub Rugby Union Gamb, by Frank 
Mitchell. With other Contributions by 
R. E. Macnaghten, M. C. Kemp, J. E. 
Vincent, Walter Camp and A. Suther- 
land. With 19 Plates and 35 Illustrations 
in the Text. Crown 8vo., cloth, 65. net ; 
half-bound, with gilt top, 9*. net. 

GOLF By Horace G. Hutchinson. 
With Contributions by the Rt. Hon. A. J. 
Balfour, M.P.,SirWALTER Simpson, Bart., 
Andrew Lang, etc. With 34 Plates and 56 
Illustrations in the Text. Crown 8vo. , cloth , 
65. net ; half-bound, with gilt top, 95. net. 

HUNTING. By His Grace the 
(Eighth) Duke of Beaufort, K.G., and 
Mowbray Morris. With Contributions by 
the Earl of Suffolk and Berkshire, 
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etc. With 5 Plates and 54 Illustrations in 
the Text. Crown 8vo., cloth, 6s. net ; half- 
bound, with gilt top, 95. net. 

MOTORS AND MOTOR-DRIV- 
ING. By Alfred C. Harmsworth, the 
Marquis de Chasseloup-Laubat, the 
Hon. John Scott-Montagu, R. J. Me- 
CREDY, the Hon. C. S. Rolls, Sir David 
Salomons, Bart., etc. With 13 Plates and 
136 Illustrations in the Text. Crown 8vo., 
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A Cloth Box for use when Motoring, 2s. net. 



MESSRS. LONGMANS & CO.'S STANDARD AND GENERAL WORKS. 



S£A FISHING. By John Bickbr- 
DYKE, Sir H. W. Gore-Booth, Alfred 
C. Harmsworth, and W. Senior. With 22 
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Crown 8vo., cloth, 65. net ; half-bound, with 
gilt top, 9^. net. 



SKATING, CURLING, TOBOG- 
GANING. By J. M. Heathcote, C. G. 
Tebbutt, T. Maxwell Witham, Rev. 
John Kerr, Ormond Hake, Henry A. 
Buck, etc. With 12 Plates and 272 Illus- 
trations in the Text. Crown 8vo., cloth, 65. 
net ; half-bound, with gilt top, 95. net. 



SWIMMING. By Archibald Sin- 
clair and William Henry, Hon. Sees, of the 
Life-Saving Society. With 13 Plates and 112 
Illustrations in the Text. Crown 8vo., cloth, 
65. net ; half-bound, with gilt top, 9*. net. 
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THE BADMINTON lAORPiSX -^continued. 

Edited by HIS GRACE THE (EIGHTH) DUKE OF BEAUFORT, K.G., 
and A. E. T. WATSON. 

MOUNTAINEERING. By C. T. 
Dent. With Contributions by She Right 
Hon. J. Bryce, M.P., Sir Martin Conway, 
D. W. Freshfield, C. E. Matthews, etc. 
With 13 Plates and gi Illustrations in the 
Text. Crown 8vo., cloth, 65. net ; half- 
bound, with gilt top, 95. net. 

POETRY OF SPORT {TffE).^ 
Selected by Hedley Peek. With a 
Chapter on Classical Allusions to Sport by 
Andrew Lang, and a Special Preface to 
the BADMINTON LIBRARY by A. E. T. 
Watson. With 32 Plates and 74 Illustra- 
tions in the Text. Crown 8vo., cloth, 65. 
net ; half-bound, with gilt top, gs. net. 

RACING AND STEEPLE-CHAS- 
ING. By the Earl of Suffolk and 
Berkshire, W. G. Craven, the Hon. F. 
Lawley, Arthur Coventry, and A. E. T. 
Watson. With Frontispiece and 56 Illus- 
trations in the Text. Crown 8vo., cloth, 6j. 
net ; half-bound, with gilt top, 95. net. 

RIDING AND POLO. By Captain 
Robert Weir, J. Moray Brown, T. F. 
Dale, The Late Duke of Beaufort, The 
Earl of Suffolk and Berkshire, etc. 
With 18 Plates and 41 Illusts. in the Text. 
Crown 8vo., cloth, 6j. net; half-bound, 
with gilt top, 95. net. 

ROWING. By R. P. P. Rowe and 
C. M. Pitman. With Chapters on Steering 
by C. P. Serocold and F. C. Begg ; Met- 
ropolitan Rowing by S. Le Blanc Smith ; 
and on PUNTING by P. W. Squire. With 
75 Illustrations. Crown 8vo., cloth, 65. net ; 
half-bound, with gilt top, 95. net. 

SHOOTING. 
Vol.1. FIELD AND COVERT. By Lord 
Walsingham and Sir Ralph Payne- 
Gallwey, Bart. With Contributions by 
the Hon. Gerald Lascelles and A. J. 
Stuart-Wortley. With 1 1- Plates and 
95 Illustrations in the Text. Crown Svo., 
cloth, 65. net ; half-bound, with gilt top, 
9s. net. 
Vol. II. MOOR AND MARSH. By i 
Lord Walsingham and Sir Ralph Payne- ! 
Gallwey, Bart. With Contributions by , 
Lord Lovat and Lord Charles Lennox i 
Kerr. With 8 Plates and 57 Illustrations j 
in the Text. Crown 8vo., cloth, 65. net ; 1 
half-bound, with gilt top, 95. net. I 



TENNIS, LA WN TENNIS, 
RACKETS AND FIVES. By J. M. and 
C. G. Heathcote, E. O. Pleydell-Bou- 
VERiE^and A. C. Ainger. With Contributions 
by the Hon. A. Lyttelton, W. C. Mar- 
shall, Miss L. Dod, etc. With 14 Plates and 
65 Illustrations in the Text. Crown 8vo., 
cloth, 65. net ; half-bound, with gilt top, 
gs. net. 

YACHTING. 

Vol. I. CRUISING, CONSTRUCTION 
OF YACHTS, YACHT RACING 
RULES, FITTING-OUT, etc. By Sir 
Edward Sullivan, Bart., The Earl op 
Pembroke, Lord Brassey, K.C.B., C. 
E. Seth-Smith, C.B., G. L. Watson, R. 
T. Pritchett, E. F. Knight, etc. With 
21 Plates and 93 Illustrations in the 
Text. Crown 8vo., cloth, 6s. net ; half- 
bound, with gilt top, gs. net. 

Vol. II. YACHT CLUBS, YACHT- 
ING IN AMERICA AND THE 
COLONIES, YACHT RACING, etc. 
By R. T. Pritchett, The Marquis of 
DuFFERiN and Ava, K.P., The Earl of 
Onslow, James McFerran, etc. With 
35 Plates and 160 Illustrations in the 
Text. Crown 8vo., cloth, gs. net ; half- 
bound, with gilt top, 95. net. 
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FUR, FEATHER, AND FIN SERIES. 

Edited by A. E. T. Watson. 
Crown 8vo., price 55. each Volume, cloth. 
The Volumes are also issued half-bound in Leathery with gilt top. Price ys, 6d. net each. 



THE PARTRIDGE, Natural His- 
tory, by the Rev. H. A. Macpherson; 
Shooting, by A. J. Stuart- Wortley ; 
Cookery, by George Saintsbury. With 
II Illustrations and various Diagrams. 
Crown 8vo., 5s. 

THE GRO USE, Natural History, by 
the Rev. H. A. Macpherson; Shooting, 
by A. J. Stu art- Wortley ; Cookery, by 
George Saintsbury. With 13 Illustrations 
and various Diagrams. Crown 8vo., 55. 

THE PHEASANT Natural History, 
by the Rev. H. A. Macpherson ; Shooting, 
by A. J. Stu ART- Wortley ; Cookery, by 
Alexander Innes Shand. With 10 Illus- 
trations and various Diagrams. Crown 
8vo., 55. 

THE HARE. Natural History, by 
the Rev. H. A. Macpherson ; Shooting, 
by the Hon. Gerald Lascelles ; Coursing, 
by Charles Richardson ; Hunting, by J. 
S. Gibbons and G. H. Longman ; Cookery, 
bv Col. Kenney Herbert. With g 
Illustrations. Crown 8vo., 55. 



RED DEER,—^^\Mi2\ History, by 
the Rev. H. A. Macpherson ; Deer Stalk- 
ing, by Cameron of Lochiel ; Stag 
Hunting, by Viscount Ebrington ; 
Cookery, by Alexander Innes Shand. 
With 10 Illustrations. Crown 8vo., 55. 

THE SALMON, By the Hon. A. E. 

Gathorne-Hardy. With Chapters on the 
Law of Salmon Fishing by Claud Douglas 
Pennant ; Cookery, by Alexander Innes 
Shand. With 8 Illustrations. Cr. 8vo., 53. 

THE TROUT By the Marquess 
OF Granby. With Chapters on the Breed- 
ing of Trout by Col. H. Custance ; and 
Cookery, by Alexander Innes Shand. 
With 12 Illustrations. Crown 8vo., 55. 

THE RABBIT, By James Edmund 
Harting. Cookery, by Alexander Innes 
Shand. With 10 Illustrations. Cr. 8vo., 55. 

PIKE AND PERCH By William 

Senior (* Redspinner,' Editor of the 
* Field'). With Chapters by John Bicker- 
dyke and W. H. Pope; Cookery, by 
Alexander Innes Shand. With 12 Il- 
lustrations. Crown 8vo., 55. 



Alverstone and Alcock. — Surrey 

Cricket: its History and Associations. 
Edited by the Right Hon. Lord Alver- 
stone, L.C.J. , President, andC.W. Alcock, 
Secretary, of the Surrey County Cricket 
Club. With 48 Illustrations. 8vo., 165. net. 

Bickerdyke.— Z>/<K5 of My Life on 
WatbRj Fresh and Salt; and other 
Papers. By John Bickerdyke. With 
Photo-etching Frontispiece and 8 Full-page 
Illustrations. Crown 8vo., 35. 6d, 

Blackbume. — Mr, Blackburnes 

Games at Chess, Selected, Annotated 
and Arranged by Himself. Edited, with a 
Biographical Sketch and a brief History of 
Blindfold Chess, by P. Anderson Graham. 
With Portrait of Mr. Blackbume. 8vo., 
75. 6d, net. 

Dead Shot (The) : or, Sportsman's 
Complete Guide. Being a Treatise on the Use 
of the Gun, with Rudimentary and Finishing 
Lessons in the Art of Shooting Game of all 
kinds. Also Game-driving, Wildfowl and 
Pigeon-shooting, Dog-breaking, etc. By 
Marksman. With numerous Illustrations. 
Crown 8vo., los. 6d, 



Ellis. — Chess Sparks ; or, Short and 
Bright Games of Chess. Collected and 
Arranged by J. H. Ellis, M. A. 8vo., 4*. 6d. 

Folkard. — The Wild-Fowler : A 
Treatise on Fowling, Ancient and Modern, 
descriptive also of Decoys and Flight-ponds, 
Wild-fowl Shooting, Gunning-punts, Shoot- 
ing-yachts, etc. Also Fowling in the Fens 
and in Foreign Countries, Rock-fowling, 
etc., etc., by H. C. Folkard. With 13 En- 
gravings on Steel, and several Woodcuts. 
8vo., 125. 6d, 

Ford. — The Theory and Practice 
OF Archery. By Horace Ford. New 
Edition, thoroughly Revised and Re- written 
by W. Butt, M.A. With a Preface by C. 
J. Longman, M.A. 8vo., 14s. 

Francis. — A Book on Angling : or. 

Treatise on the Art of Fishing in every 
Branch ; including full Illustrated List of Sal- 
mon Flies. By Francis Francis. With Por« 
trait and Coloured Plates. Crown 8vo., 15^ 

Frtmantle. — The Book of the 

Rifle. By the Hon. T. F. Fremantle, 
V.D., Major, ist Bucks V.R.C. With 54 
Plates and 107 Diagrams in the Text. 8vo., 
125. 6d. net. 
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Gathome - Hardy. — Autumns in 

Argylbshjrb with Rod and Gun. By 
the Hon. A. £. Gathorne-Hardy. With 
8 Illustrations by Archibald Thorburn. 
8vo., 6s. net. 

Graham. — Country Pastimes for 
Boys. By P. Anderson Graham. With 
252 Illustrations from Drawings and 
Photographs. Cr. 8vo., gilt edges, 3s. net. 

Hutchinson. — The Book of Golf 
AND Golfers. By Horace G. Hutchin- 
son. With Contributions by Miss Amy 
Pascoe, H. H. Hilton, J. H. Taylor, H. 
J. Whigham, and Messrs. Sutton & Sons. 
With 71 Portraits from Photographs. Large 
crown 8vo., gilt top, 75. 6d. net. 

Lang. — Angling Sketches, By 
Andrew Lang. With 20 Illustrations. 
Crown 8vo., 3*. 6d. 

Lillie. — Croquet up to Da te. Con- 
taining the Ideas and Teachings of the 
Leading Players and Champions. By Ar- 
thur Lillie. With Contributions by 
Lieut.-Col. the Hon. H. Needham, C. D. 
LococK, etc. With ig Illustrations (15 
Portraits), and numerous Diagrams. 8vo., 
I05. 6d. net. 

Locock. — Side and Screw: being 
Notes on the Theory and Practice of the 
Game of Billiards. By C. D. Locock. 
With Diagrams. Crown 8vo., 5s. net. 

Longman. — Chess Openings. By 
Frederick W. Longman. Fcp. 8vo., 25. 6d. 

Mackenzie. — Notes for Hunting 
Mbn. By Captain Cortlandt Gordon 
Mackenzie. Crown 8vo., 25. td, net. 

Madden. — The Diary of Master 
William Silence : a Study of Shakespeare 
and of Elizabethan Sport. By the Right 
Hon. D. H. Madden, Vice-Chancellor of the 
University of Dublin. 8vo., gilt top, 165. 

Maskelyne. — Sharps and Plats : a 
Complete Revelation of the Secrets of 
Cheating at Games of Chance and Skill. By 
John Nevil Maskelyne, of the Egyptian 
Hall. With 62 Illustrations. Crown 8vo., 6s. 

Millais (John Guille). 

The Wild-Fowler in Scotland. 
With a Frontispiece in Photogravure by 
Sir J. E. Millais, Bart., P.R.A., 8 Photo- 
gravure Plates, 2 Coloured Plates and 50 
Illustrations from the Author's Drawings 
and from Photographs. Royal 4to., gilt 
top, 305. net. 



Millais (John Guille) — continued. 
The Natural History of the 
British Surface - Feeding Ducks. 
With 6 Photogravures and 66 Plates (41 
in Colours) from Drawings by the Author, 
Archibald Thorburn, and from Photo- 
graphs. Royal 4to.,cloth,gilt top,;^ 6 65.net. 

Modern Bridge.— By* Slam'. With 

a Reprint of the Laws of Bridge, as adopted 
by the Portland and Turf Clubs. iSmo., 
gilt edges, 35. 6d, net. 

Park. — The Game of Golf. By 
William Park, Jun., Champion Golfer, 
1887-89. With 17 Plates and 26 Illustra- 
tions in the Text. Crown 8vo., 75. 6d. 

Payne-Gallwey (Sir Ralph, Bart.). 

The Cross-Bow : Mediaeval and 

Modern ; Military and Sporting ; its 
Construction, History and Management, 
with a Treatise on the Balista and Cata- 
pult of the Ancients. With 220 Illustra- 
tions. Royal 4to., £3 35. net. 

Letters to Young Shooters (First 
Series). On the Choice and use of a Gun. 
With 41 Illustrations. Crown 8vo., 75. 6d. 

Letters TO Young Shoo TERs{Second 
Series). On the Production, Preservation, 
and Killing of Game. With Directions 
in Shooting Wood- Pigeons and Breaking- 
in Retrievers. With Portrait and 103 
Illustrations. Crown 8vo., 125. 6d. 

Letters to Young Shooters, 
(Third Series.) Comprising a Short 
Natural History of the Wildfowl that 
are Rare or Common to the British 
Islands, with complete directions in 
Shooting Wildfowl on the Coast and 
Inland. With 200 Illustrations. Crown 
8vo., 185. 
Pole. — The Theory of the Modern 

Scientific Game of Whist. By William 

Pole, F.R.S. Fcp. 8vo., gilt edges, 25. net. 

'PvoctOV.— How TO Play Whist: 
with the Laws and Etiquette of 
Whist. By Richard A. Proctor. Crown 
8vo., gilt edges, 35. net. 

Ronalds. — The Fly-Fisher's Ento- 
mology. By Alfred Ronalds. With 20 
coloured Plates. 8vo., 145. 

Selous. — Sport and Travel, East 
and West. By Frederick Courtenby 
Selous; With 18 Plates and 35 Illustra- 
tions in the Text. Medium 8vo., 12s. 6d, net. 

Warner. — Cricket in A ustralasia : 
being Record of the Tour of the English 
Team, 1902-3. By Pelham F. Warner. 
With numerous Illustrations from Photo- 
graphs. Crown 8vo. 
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LOGIC, RHETORIC, PSYCHOLOGY, &»C, 



Abbott. — The Elements of Logic. 
By T. K. Abbott, B.D. i2mo., 35. 

Aristotle. 

The Ethics: Greek Text, Illustrated 
with Essay and Notes. By Sir Alexan- 
der Grant, Bart. 2 vols. 8vo., 325. 

An Introduction to Aristotl^s 
Ethics* Books I.-IV. (BookX. c.vi.-ix. 
in an Appendix). With a continuous 
Analysis and Notes. By the Rev. E. 
Moore, D.D. Crown 8vo., 105. 6d, 

Bacon (Francis). 

Complete Works. Edited by R. L. 
Ellis, James Speddino and D. D. 
Heath. 7 vols. 8vo., £3 135. 6d, 

Letters and Life^ including all his 
occasional Works. Edited by James 
Spedding. 7 vols. Svo., £\ 45. 

The Ess a ys : with Annotations. By 
Richard Whately, D.D. Svo., 105. 6rf. 

The Essays: with Notes. By F. 
Storr and C. H. Gibson. Cr. Svo., 3*. 6J. 

The Essays: with Introduction, 
Notes, and Index. By E. A. Abbott, D.D. 
2 Vols. Fcp.Svo.,6i. The Text and Index 
only, without Introduction and Notes, in 
One Volume. Fcp. Svo., 2i. bd. 

Bain (Alexander). 

Mental and Moral Science : a 
Compendium of Psychology and Ethics. 
Crown Svo., 105. 6d, 

Or separately, 
Part I. Psychology and History of 

Philosophy, Crown Svo., 6s, 6d, 
Part II. Thsory of Ethics and Ethical 
Systems, Crown Svo., 45. 6d. 

Logic. Part I. Deduction, Cr. 8vo., 
45. Part II. Induction, Cr. Svo., 65, 6d, 

The Senses and the Intellect, 
Svo., 155. 

The Emotions and the Will 
Svo., 15s. 

Practical Essa ys, Cr. 8vo., 25. 

Dissertations on Leading Philo- 
sophical Topics, Svo. 



Baldwin. — A College Manual of 
Rhetoric, By Charles Sears Baldwin. 
A.M., Ph.D. Crown Svo., 45. 6d, 



Brooks. — The Elements of Mind : 

being an Examination into the Nature of 
the First Division of the Elementary Sub- 
stances of Life. By H. Jamyn Brooks. 
Svo., los. 6d, net. 



Brough. — The Study of Mental 
Science: Five Lectures on the Uses and 
Characteristics of Logic and Psychology. 
By J. Brough, LL.D. Crown Svo, 2s. net. 



Crozier (John Beattie). 

Civilisation AND Progress : being 
the Outlines of a New System of Political, 
Religious and Social Philosophy. Svo., 145. 

History of Intellectual Devel- 
opment :on theLines of ModernEvolution. 

Vol. I. Svo., 14s. 

Vol. II. (In preparation,) 

Vol. III. Svo., I05. 6d, 



Davidson. — The Logic of Defini- 
tion^ Explained and Applied. By William 
L. Davidson, M.A. Crown Svo., 65. 



Green (Thomas Hill). — The Works 
OF. Edited by R. L. Nettleship. 

Vols. I. and II. Philosophical Works. Svo. 
165. each. 

Vol. III. Miscellanies. With Index to the 
three Volumes, aqd Memoir. Svo., 215. 

Lectures on the Principles of 
Political Obligation, With Prefiace 
by Bernard Bosanquet. Svo., 55. 



Gumhill. — The Morals of Suicide, 
By the Rev. J. Gurnhill, E.A. Vol. I., 
Crown Svo., 5s. net. Vol. II., Crown Svo., 
5i. net. 
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LOGIC, RHETORIC, PSYCHOLOGY, 6<?. 



Hodgson (Shad WORTH H.). 
Time and Space: A Metaphysical 

Essay. 8vo., i6i. 
T//B Theory of Practice: an 

Ethical Inquiry. 2 vols. 8vo., 241. 
The Philosophy of Reflectioit. 

2 vols. 8V0., 215. 

The Metaphysic of Experience, 
Book I. General Analysis of Experience ; 
Book II. Positive Science; Book III. 
Ana ysis of Conscious Action ; Book IV. 
The Real Universe. 4 vols. Svo., 365. net. 

y^MXXMt,— The Philosophical Works 
OF Da viD Hume. Edited by T. H. Grbbm 
and T. H. Grose.' 4 vc^. 8vo., 2Ss. Or 
separately, Essays. 2 vols. 14*. Treatise 
OF Human Nature. 2 vols. 145. 

James (William, M.D., LL.D.). 

The Will to Believe, and Other 
Essays in Popular Philosophy. Crown 
8vo., 7i. 6rf, - 4 I 

The Varieties of Religious Ex- \ 



PBRiENCR: a Study in Human Nature. 
Being the Gifford Lectures on Natural I 
Religion delivered at Edinburgh in 1901- 
1902. Svo., I2S. net. 
Talks to Teachers on Psycho- 
logy, AND TO Students on some of 
Life's Ideals. Crown Svo., 4s. td. 

Justinian. — The Institutes of 
Justinian : Latin Text, chiefly that ol 
Huschke, with English Introduction, Trans- 
lation, Notes, and Summary. By Thomas 
C. Sandars, M.A. Svo., iSs. 

Kant (Immanuel). 

Critique of Practical Reason^ 
AND Other IVorks on the Theory op 
Ethics. Translated by T. K. Abbott, 
B.D. With Memoir. Svo., 125. 6rf. 

Fundamental Principles of the 
Metaphysic op Ethics. Translated b> 
T. K. Abbott, B. D. Crown 8vo, 3*. 

Introduction to Logic, and his 
Essay on the Mistaken Subtilty of 
the Four Figures. Translated by T. 
K. Abbott. Svo., 65 

Kelly. — Government or Human 
Evolution, By Edmond Kelly, M.A., 
F.G.S. Vol. I. Justice. Crown Svo., 7s. 6rf. 
net. Vol. II. Collectivism and Individualism. 
Crown Svo., los. 6d. net. 

K i 1 1 i c k. — Handbook to Mill's 
System op Logic. By Rev. A. H. 
KiLLiCK, M.A. Crown Svo., 3s. 6d. 



Ladd (George Trumbull). 
Philosophy of Conjhict: a Treatise 
of the Facts, Principles and Ideals of 
Ethics. 8vo., 2U. 

Elements of Physiological Psy- 
chology. 8vo., 21S. 

Outlines op Descriptive Psycho- 
logy: a Text-Book of Mental Science for 
Colleges and Normal Schools. 8vo., 123. 

Outlines of Physiological Psy- 
chology* 8vO., 125. 

Primer of Psychology. Cr. 8vo., 
55. W. 

Lecky(WiLLiAM Edward Hartpole). 

The Map of Life : Conduct and 
Character. Crown Svo., 5s. net. 

History of European Morals 

FROM Augustus to Charlemagne, 2 
vols. Crown 8vo., 105. net. 

A Survey of English Ethics : 
being the First Chapter of W. E. H. 
Lecky's ' History of European Morals '. 
Edited, with Introduction and Notes, by 
W. A. Hirst. Crown Svo., 3s. 6d. \ 

History of the Pise and Influ- 
ence op the Spirit of Rationalism 
in Europe. 2 vols. Cr. 8vo., loj. net. 

Democracy and Liberty. .^ 

Library Edition. 2 vols. Svo., 365. - ' 
Cabinet Edition. 2 vols. Cr. Svo., los. net. 

Lutoslawski. — The Origin and 
Growth of Plato's Logic, With an 
Account of Plato's Style and of the Chr<Hio- 

. logy of his Writings. By Wincbnty 
Lutoslawski. Svo., 21s. 

Max Miiller (F.). 
The SciENCEOF Thought. 8vo.,2is. 
The Six Systems of Indian Phil- 
osophy. Svo., 1S5. 
Three Lectures on the Vedanta 
Philosophy, Crown Svo., $$, 

Mill (John Stuart). 

A System of Logic, Cr. 8vo., 3s. 6d. 

On Liberty. Crown Svo., is. 4//. 

Considerations on Representa- 
tive Government, Crown 8vo., a«. 

Utilitarianism, 8vo., ^s. W. 

Examination of Sir William 
Hamilton's Philosophy, Svo., i6s. 

Nature, the Utility of Religion, 
and Theism. Three Essays. Svo., 5*. 
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Monck. — ^^ Introduction to 
Logic. By William Henry S. Monck, 
M.A. Crown 8vo., 5s. 



Myers. — Human Personality and 
ITS Survival of Bodily Death. By 
Frederic W. H. Myers. 2 vols. 8vo., 
425. net. 

Pierce. — Studies in Auditory and 
Visual Space Perception: Essays on 
Experimental Psychology. By A. H. 
Pierce. Crown 8vo., 6s. 5rf. net. 

Richmond. — The Mind of a Child. 
By Ennis Richmond. Cr. Svo., 3s. 6rf. net. 

Romanes. — Mind and Motion and 
Monism. By George John Romanes, 
Cr. 8vo., 45. td. 

Sully (James). 

An Essay on Laughter : its 
Forms, its Cause, its Development and 
its Valve. 8vo., 125. td, net. 

IifE Human Mind : a Text-book of 
Psychology. 2 vols. 8vo., 215. 

Outlines of Psychology. Crown 
8vo., 9s. 

The Teacher* s Handbook Of Psy- 
chology. Crown 8vo., 6i. td. 

Studies OF Childhood, 8vo., 105.6^. 

Children's Ways: being Selections 
from the Author's * Studies of Childhood '. 
With 25 Illustrations. Crown Svo., 45. 6d. 

&itherland. — The Origin and 
Growth of the Moral Instinct. By 
Alexander Sutherland, M.A. 2 vols. 
8vo., 28J. 

Swinburne. — Picture Logic : an 
Attempt to Popularise the ScicAce of 
Reasoning. By Alfred James Swinburne, 
M.A. With 23 Woodcuts. Cr. 8vo., 2s. 6d. 



Thomas. — Intuitive Sugges tion. 
By J. W. Thomas, Author of* Spiritual Law 
in the Natural World,' etc. Crown 8vo., 
3s. 6rf. net. 

Webb. — The Veil of Is is : a Series 
of Essays on Idealism. By Thomas E. 
Webb, LL.D., Q.C. 8vo., ioj. 6d. 

Weber. — History of PiiiLosoriiv 
By Alfred Weber, Professor in the Uni 
versity of Strasburg. Translated by Frank 
Thilly, Ph.D. 8vo., 165. 

Whately (Archbishop). 

Bacon^s Essays. With Annotations. 
8vo., I05. fid. 

Elements of Logic, Cr. 8vo., 45. 6^. 

Elements of Rhetoric. Cr. 8vo., 
45. 6^. 

Zeller (Dr. Edward). 

The Stoics y Epicureans^ and 
Sceptics. Translated by the Rev. O. J. 
Reichel,.M.A. Crown 8vo., 15s. 

Outlines of the Historv 0/ 
Greek Philosophy. Translated b>- 
Sarah F. Allevne and Evelyn Abhott, 
M.A., LL.D. Crown Svo., los. td. 

Plato and the Older Academy. 
Translated by Sarah F. Alleyne and 
Alfred Goodwin, B.A. Crown 8vo., i8i. 

Socrates and the Socratic 
Schools. Translated by the Rev. O. 
J. Reichel, M.A. Crown 8vo., 105. 6t/. 

Aristotle AND THE Earlier Peri- 
patetics. Translated by B. F. C. Cos- 
TELLOE, M.A., and J. H. Muirhead, 
M.A. 2 vols. Crown 8vo., 245. 



STONYHURST PHILOSOPHICAL SERIES. 



A Manual of Political Economy. 
By C. S. Devas, M.A. Crown 8vo., 75. 6d. 

First Princifles of Knowledge. 
By John Rickaby, S.J. Crown 8vo., 5J. 

General Metaphysics. By John 
Rickaby, S.J. Crown 8vo., 55. 

Logic. By Richard F. Clarke, S.J. 

Crown Syo.^ 5^. 



Moral Philosophy {Ethics and 
Naturat. Law). By Joseph Rickaby, S.J. 
Crown 8vo., 5s. 



Natural Theology. By Bernard 
Boedder, S.J. Crown 8vo., 6s. 6rf. 

Psychology. By Michael Maher, 
S.J., D.Litt., M.A. (Lond.). Cr. 8vo., 6^. dd. 
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History and Science of Language, &c. 

Davidson.— Ze A D/NG and Import- 

ANT English Words : Explained and Ex- 
emplified. By William L. Davidson, 
M.A. Fq). 8vo., 3*. 6rf. 



Farrar. — Language and Languages, 
By F. W. Farrar, D.D.. late Dean of 
Canterbury. Crown 8vo., 65. 

Graham. — English Synonyms, 
Classified and Explained: with Practical 
Exercises. By G. F. Graham. Fcp. 8vo., 65. 

Max Mtiller (F.). 

The Science of Language, 2 vols. 
Crown Svo., los. 



Max Miitler (F.) — continued. 

Biographies of Words, and the 
Home of the Aryas, Crown 8vo., 55, 

Chips from a German Workshop. 
Vol. III. Essays on Language and 
Literature, Crown 8vo., 55. 

Last Essays, First Series. Essays 
on Language, Folk-lore and other Sub- 
jects. Crown 8vo., 5s. 

Roget. — Thesaurus of English 
Words and Phrases, Classified and 
Arranged so as to Facilitate the Expression 
of Ideas and assist in Literary Composition. 
By Peter Mark Roget, M.D., F.R.S. 
With full Index. Crown 8vo., 95. net. 



Political Economy and Economics. 



Ashley (W. J.). 

English Economic History and 
Theory, Crown 8vo., Part I., 5s. Part 
II., 105. td. 

Surveys, Historic and Economic. 
Crown 8vo., 95. net. 

The Adjustment of Wages: a 

Study on the Coal and Iron Industries of 
Great Britain and the United States. 
With 4 Maps. 8vo. 

Bagehot. — Economic Studies, By 
Walter Bagehot. Crown Svo., 3s. 6rf. 

Barnett. — Practicable Socialism : 
Essays on Social Reform. By Samuel A. 
and Henrietta Barnett. Crown 8vo., 6s. 

Devas. — A Manual of Political 
Economy, By C. S. Devas, M.A. Cr. 8vo., 
7s. 6rf. (Stonyhurst Philosophical Series.) 

Dewey. — Financial History of the 
United States. By Davis Rich Dewey. 
Crown Svo., 7s. 6if. net. 

Lawrence. — Local Variations in 
Wages, By F. W. Lawrence, M.A. With 
Index and 18 Maps and Diagrams. 4to.,85.6<f. 

Leslie. — Essays on Political Eco- 
nomy, By T. E. Cliffe Leslie, Hon. 
LL.D., Dubl. 8vo., loi. 6d, 

Macleod (Henry Dunning). 
Bimetallism, 8vo., 55. net. 
The Elements of Banking, Cr. 
§Y9., 3«. ^d. 



Macleod (Henry Dunning) — contd. 

The Theory and^ Practice of 
Banking, Vol. I. 8vo., 12s. Vol. II. 145. 

The Theory of Credit, Svo. 
In I Vol., 30J. net; or separately, Vol. 
I., 105. net. Vol. II., Part I., los. net. 
Vol II., Part II. los. net. 

Indian Currency, 8vo., 25. 6d. net. 

Mill. — Political Economy, By 
John Stuart Mill. Popular Edition. Cr. 
8vo.,3s.6rf. Library Edition, 2 vols. ^vo.,3as. 

Mulhall. — Industries and Wealth 
OF Nations. By Michael G. Mulhall, 
F.S.S. With 32 Diagrams. Cr. 8vo., 8s. 6</. 

Symes. — Political Economy : a 
Short Text-book of Political Economy. 
With Problems for Solution, Hints for 
Supplementary Reading, and a Supple- 
mentary Chapter on Socialism. By J. E. 
Symes, M.A. Crown 8vo., 2s. 6<i. • - 

Toynbee. — Lectures on the In- 
dustrial Revolution of the 18th Cen- 
tury IN England, By Arnold Toynbee. 
8vo., los. 6d. 

Webb (Sidney and Beatrice). 

The History of Trade Unionism, 
With Map and Bibliography. 8vo., 7s. 6</. 
net. 

Industrial Democracy : a Study 
in Trade Unionism. 2 vols. 8vo., 125. net. 

Problems of Modern Industry, 
8yo., 55. net, 
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Evolution, Anthropology, &e. 



Avebury. — The Origin of Civilisa- 

TiONy and the Primitive Condition of Man. 
By the Right Hon. Lord Avebury. With 
6 Plates and 20 Illustrations. 8vo., 185. 

Clodd (Edward). 

The Story of Creation: a Plain 
Account of Evolution. With 77 Illustra- 
tions: Crown 8vo., 3*. 6d. 
A Primer of Evolution : being a 
Popular Abridged Edition of * The Story 
of Creation '. With Illustrations. Fcp. 
8vo., 15. 6rf. 

Lang and Atkinson. — Social 

Origins. By Andrew Lang, M.A., LL.D. ; 
and Primal Law. By J. J. Atkinson. 
8vo., 105. td. net. 

Packard. — Lamarck, the Founder 
OP Evolution : his Life and Work, with 
Translations of his Writings on Organic 
Evolution. By Alpheus S. Packard, 
M.D., LL.D. With 10 Portrait and other 
Illustrations. Large Crown 8vo., gj. net. 



Romanes (George John). 

Ess a vs, Ed. by C. Lloyd Morgan. 
*Crown 8vo., 5s. net. 



An Examination of 
ISM. Crown 8vo., 65. 



Weismann- 



Darwin, and after Darwin: an 
Exposition of the Darwinian Theory, and a 
Discussion on Post- Darwinian Questions. 

Part I. The Darwinian Theory. With 
Portrait oi Darwin and 125 Illustrations. 
Crown 8vo., los. 6d, 

Part II. Post- Darwinian Questions: 
Heredity and Utility. ' With Portrait of 
the Author and 5 Illustrations. Cr. 8vo., 
loj. bd. 

Part III. Post- Darwinian Questions : 
Isolation and Physiological Selection. 
Crown 8vo., 5J. 



The Seienee of Religion, &e. 

Lang {An drew) — continued. 
Modern Mythology : a Reply to 
Professor Max Miiller. 8vo., 95. 

The Ma king of Rel igion C r. 8 vo. , 

5s. net. 



Balfour. — The Foundations of 
Belief; being Notes Introductory to the 
Study of Theology. By the Right Hon. 
Arthur James Balfour. Cr. 8vo., 6s. net. 



Baring-Gould. — The Origin and 
Development of Religious Belief. 
By the Rev. S. Baring-Gould. 2 vols. 
Crown 8vo., 3s. 6rf. each. 

Campbell. — Religion in Greek Li- 
terature. By the Rev. Lewis Campbell, , 
M.A., LL.D. 8vo., 15s. 1 

Davidson. — Theism, as Grounded in , 
Human Nature, Historically and Critically ! 
Handled. Being the Burnett Lectures 
for 1892 and 1893, delivered at Aberdeen. 1 
By W. L. Davidson,'M.A., LL.D. 8vo., 155. 

James. — The Varieties of Re- \ 
LiGious Experience : a Study in Human 1 
Nature. Being the Gififord Lectures on 
Natural Religion delivered at Edinburgh in 
1901-1902. By William James, LL.D., | 
etc. 8vo., 125. net. 

Lang (Andrew). 

Magic and Religion, 8vo., ios. 6d. 

Custom and Myth: Studies of 
Early Usage and Belief. With 15 
Illustrations. Crown 8vo., 35. 6rf. 

Myth J Ritual, and Religion, 2 
vqIs. Crown 8vo., 75. 



Leighton. — Typical Modern Con- 
ceptions OF God; or, The Absolute of 
German Romantic Idealism and of English 
Evolutionary Agnosticism. By Joseph 
Alexander Leighton, Professor of Philo- 
sophy in Hobart College, U.S. Crown 8vo., 
3s. td. net. 

Max MuUer (The Right Hon. F.). 
The S/les/an Horseherd {'Das 
Pferdeburla ') : Questions of the Day 
answered by F. Max Muller. Trans- 
lated by Oscar A. Fechter, Mayor of 
North Jakima, U.S.A. With a Preface 
by J. Estlin Carpenter. 

Chips from a German Workshop^ 
Vol. IV. Essays on Mythology and Folk- 
lore. Crown 8vo., 5s. 

The Six Systems of India a 
Philosophy. 8vo., 185. 

Contributions to the Science of 
Mythology. 2 vols. 8yo., 32J. 

The Origin and Growth of Reli- 
gion^ as illustrated by the Religions of 
India. The Hibbert Lectures, delivered 
at the Chapter House, Westminster 
Abbey, in 1878. Crown 8vo., 5s. 
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The Seienoe of Religion, &q.— continued. 



Max MuUer (The Right Hon. F.)- 

comHnued, 

Introduction to the Science of 
Rbugion: Four Lectures delivered at the ' 
Royal Institution. Crown 8vo., 55. 1 

Natural Religion, The GifFord 
Lectures, delivered before the University I 
of Glasgow in 1888. Crown 8vo., 55. | 

Physical Religion, The GifFord ; 
Lectures, delivered before the University 
of Glasgow in 1890. Crown 8vo., 55. 

Anthropological Religion The ! 
GifFord Lectures, delivered before the Uni- 
versity of Glasgow in 1891. Cr. Svo., 55. 



Tmeosophy^ or Psychological Re- 
ligion. The Gifford Lectures, delivered 
before the University of Glasgow in 1892. 
Crown 8vo., 55. 



Max MuUer (The Right Hon. F.)— 

continued. 

Three Lectures on the VedAnta 
Philosophy^ delivered at the Royal 
Institution in March, 1894. Cr. Svo., 55. 

Last Essays, Second Series — 
Essays on the Science of Religion. 
Crown 8vo., 55. 

Oakesmith. — The Religion of 
Plutarch: a Pagan Creed of Apostolic 
Times. An Essay. By John Oakesmith, 
D.Litt., M.A. Crown Svo., 55. net. 

Wood-Martin (W. G.). 
Traces of the Elder Faiths of 
Ireland : a Folk-lore Tketch. A Hand- 
book of Irish Pre-Ch !stian Traditions. 
With 192 Illustrations. 2 vols. 8\'0., 
30J. net. 

Pagan Ireland : an Archaeological 
Sketch. A Handbook of Irish Pre- 
Christian Antiquities. With 512 Illus- 
trations. Svo., 155. 



Classioal Literature, Translations, &e. 

Harvard Studies in Classical 

Philology. Edited by a Committee of the 
Classic^ Instructors of Harvard University. 
Vols. XI., 1900 ; XII., 1901 ; XIII., 1902. 
Svo., 65. 6d, net each. 



Abbott. — Hellenic A, A Collection 
kA Essays on Greek Poetry, Philosophy, 
History, and Religion. Edited by Evelyn 
Abbott, M.A., LL.D. Crown Svo., 7s. 6rf. 



iESCfaylUS. — EUMENIDES OF yEsCHY- 
LUS. With Metrical English Translation. 
By J. F. Davibs. Svo., 7s. 

Artfitophanes* — The Acharnians 
OP Aristophanes^ translated into English 
Verse. By R. Y. Tyrrell. Crown Svo., is. 

Becker (W. A.), Translated by the 
Rev. F. Metcalfe, B.D. 

Gallus : or, Roman Scenes in the 
Time of Augustus. With Notes and Ex- 
cursuses. With 26 Illustrations. Crown 
Svo., 35. 6d. 

Charicles : or, Illustrations ot the 
Private Life of the Ancient Greeks. 
With Notes and Excursuses. With 26 
Illustrations. Crown Svo., 35. 6rf. 

Campbell. — Religion in Greek Li- 
terature. By the Rev. Lewis Campbell, 
M.A., LL.D., Emeritus Professor of Greek, 
University of St. Andrews. Svo., 15J. 

Cicero. — Cicero's Correspondence. 
By R. Y. Tyrrell. Vols. I., II., III., Svo., 
each I2S. Vol. IV., 15s. Vol. V., 14s. 
VpI VI., i?5. Vol. Vn. Index, 7J. 6d. 



Hime. — Lucian^ the Syrian Sa- 
tirist. By Lieut.-Col. Henry W. L. Hime, 
(late) Royal Artillery. Svo., 5J. net. 

Homer — The Odyssey of Homer. 
Done into English Verse. By William 
Morris. Crown Svo., 5J. net. 

Horace. — The Works of Horace, 
rendered INTO ^English Prose. With 
Life, Introduction and Notes. By William 
Coutts, M.A. Crown Svo., 55. net. 

hSLtig.— Homer and the Epic, By 
Andrew Lang. Crown Svo., gs. net. 

Lucian. — Translations from 
LuciAN. By Augusta M. Campbell 
Davidson, M.A. Edin. Crown Svo., 55. net. 

Os^ilvie. — Horae Latin AE : Studies 
in Synonyms and Syntax. By the late 
Robert Ogilvie, M.A., LL.D., H.M. Chief 
Inspector of Schools for Scotland. Edited 
by Alexander Souter, M.A. With a 
Memoir by Joseph Ogilvie, M.A., LL.D, 
Svo., 125, 6</, net. 
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Classical Literature, Translations, &c, — continued. 

Rich.-— -4 Dictionary of Roman and V\t^--^ontinued, 



Grbbk Antiquities. By A. Rich, B.A. 
With 2000 Woodcuts. Crown 8vo,, 6s. net. 

Sophocles. — Translated into English 
Verse. By Robert Whitelaw, M.A., 
Assistant Master tn Rugby School. Cr. 8vo., 
85. U, 

Tlieophrastus. — The Characters 

OF Theophrastus : a Translation, with | 
Introduction. By Charles E. Bennett 
and William A. Hammond, Professors in 
Cornell University. Fcp. Svo., 2s. td. net. 

TyrrelL — Dublin Translations 
INTO Greek and Latin Verse* Edited 
by R. Y. T.YRRELL* 8vo., 6s. 

Virgil. 

The Poems of Virgil, Translated 
into English Prose by John Conington. 
Crown Svo., 6s. 



The ^Eneid of Virgil. Translated 
into English Verse by Jqhm Coninqtcw. 
Crown 8vo., 6s. 

The /Eneids of Virgil. Done into 
English Verse. By William Morris. 
Crown 8vo., 5s. net. 

The y£NEiD of Virgil, freely trans- 
lated into English Blank Verse. By 
W. J. Thornhxll. Crown 8vo.» 6s. net. 

The ^neid of Virgil, Translated 
into English Verse by Jambs Rhoadbs. 
Books I.- VI. Crown 8vo., 5s. 
Books VII.-XII. Crown 8vo., 5s. 

The Eclogues and Georgics of 
Virgil, Translated into English Prose 
by J. W. Mackail, Fellow of Balliol 
College, Oxford. x6ino.» 5s. 

Wilkins. — The Growth of tmm 
Homeric Poems. By G. Wilkins. Svo., 6s. 



Poetry and the Drama. 



Arnold. — The Light of the World : 
or. The Great Consummation. By Sir 
Edwin Arnold. With 14 Illustrations 
after Holman Hunt. Crown 8vo., 5s. net. 



Bell (Mrs. Hugh). 

Chamber Comedies : a Collection 
of Plays and Monologues for the Drawing 
Room. Crown 8vo., 5s. net. 

Fairy Tale Flays, and How to 
Act Them. With 91 Diagrams and 52 
Illustrations. Crown 8vo., 35. net. 

Rumpelstiltzkin : a Fairy Play in 
Five Scenes (Characters, 7 Male ; i Fe- 
male). From 'Fairy Tale Plays and 
How to Act Them *. With Illustrations, 
Diagrams and Music. Cr. Svo., sewed, 6^. 



Bird. — Ronalds Farewell, and 
other Verses. By George Bird, M.A., 
Vicar of Bradwell, Derbyshire. Fcp. 8vo., 
4s. bd, net. 



Cochrane. — Collected Verses. By 
Alfred Cochrane, Author of * The Kes- 
trel's Nest, and other Verses,' ' Leviore 
Plectro,' etc. With a Frontispiece by H. J. 
Ford. Fcp. Svo. 

Dabney. — The Musical Basis at' 

Verse: a Scientific Study of the Prin- 
ciples of Poetic Composition. By J. P. 
Dabney. Crown 8vo., 6s. 6d. net. 

Graves. — Clyt^mnbstra : a 

Tragedy. By Arnold F. Graves. With 
a Preface by Robert Y. Tyrrell, Litt.D. 
Crown 8vo., 5s. net. 

Hither and Thither: Songs and 

Verses. By the Author of ' Times and 
Days,' etc. Fcp. 8vo., 5s. 

Ingelow (Jean). 

Poetical Works. Complete in 
One Volume. Crown 8vo., gilt.top, 6s. net. 

Lyrical and other Forms. Selec- 
ted from the Writings of Jean Inoelow. 
I Fcp. 8vo., 2s. M. cloth plain, 3s. cloth gilt. 
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Poetry and the 

Keary. — The Brothers : a Fairy 
Masque. By C. F. Keary. Cr. 8vo., 45. net. 

Lang (Andrew). 

Grass of Parnassus. Fcp. 8vo., 
25. 6d, net. 

The Blue Poetry Book. Edited 
by Andrew Lano. With 100 Illustrations. 
Crown 8vo., gilt edges, 65. 

Leckv. — Poems. By the Right Hon. 
W. E. H. Lecky. Fcp. 8vo., 55. 

Lytton (The Earl of), (Owen 
Meredith). 

The Wanderer. Cr. 8vo., 105. 6d. 

LuciLE. Crown 8vo., 105. 6d, 

Selected Poems. Cr. Svo., 105. 6d. 

Macaulay. — La vs of Ancient Rome^ 
WITH *Iyxy' AND * The Armada \ By 
Lord Macaulay. 

Illustrated by G. Scharf. Fcp. 4to., 105. 6d. 
Bijou Edition. 

i8mo., 2s. 6d. gilt top. 
Popular Edition. 

Fcp. 4to., 6d. sewed, is, cloth. 
Illustrated by J. R. Weguelin. Crown 

8vo., 35. net. 
. Annotated Edition. Fcp. 8vo., 15. sewed, 

IS, 6d, cloth. 

Mac Donald. — A Book of Strife^ in 

THE FORM OF THE DiARY OP AN OLD 

Soul : Poems. By George MacDonald, 
LL.D. i8mo., 6$. 

Morris (William). 

POETICAL WORKS -Library Edition. 
Complete in 11 volumes. Crown Svo., 
price 55. net each. 

The Earthly Paradise, ^4 vols. 
Crown 8vo., 55. net each. . 

The Life and Death of Jason. 
Crown Svo., 55. net. 

The Defence of Guenevere, and 
other Poems. Crown Svo., 55. net. 

The Stor y of Sigurd the Vols UNCy 
AND The Fall of the Niblungs. Cr. 
Svo., 55. net. 



Drama — continued. 
Morris (William) — continued. 

Poems BY the Way^ and Love is 
Enough, Crown Svo., 55. net. 

The Odyssey of Homer, Done 
into English Verse. Crown Svo., 5*. net. 

The yENEiDS of Virgil, Done 
into English Verse. Crown Svo., 5s. net. 

The Tale of Beowulf^ sometime 

King of the Folk of the Wbdbrgba ts. 

Translated by William Morris and A. 

J. Wyatt. Crown Svo., 55. net. 
Certain of the Poetical Works may also be 

had in the following Editions : — 

The Earthly Paradise. 

Popular Edition. 5 vols. i2mo., 255.; 
or 55. each, sold separately. 

The same in Ten Parts, 255.; or 2*. 6d' 
each, sold separately. 

Cheap Edition, in i vol. Crown Svo., 
ts, net. 

Poems by the Way. Square crown 
Svo., 6i. 

*»• For Mr. William Morris's other 
Works, see pp. 27, 28, 37 and 40. 

Morte Arthur: an Alliterative Poem 

of the Fourteenth Century. Edited from 
the Thornton MS., with Introduction, 
Notes and Glossary. By Mary Macleod 
Banks. Fcp. Svo., 3s. td. 

Nesbit. — La ys and Legends. By E. 
Nesbit (Mrs. Hubert Bland). First 
Series. Crown Svo., 3*. td. Second Series. 
With Portrait. Crown Svo., 55. 

Ramal. — Songs of Childhood. By 
Walter Ramal. With a Frontispiece 
from a Drawing by Richard Doyle. Fcp. 
8vo., 35. 6d, net. 

Riley. — Old Fashioned Roses : 
Poems. By James Whitcomb Riley. 
i2mo., gilt top, 55. 

Romanes. — A Selection from the 
Poems of George John Romanes, M.A.y 
LL,D„ F.R.S, With an Introduction by 
T. Herbert Warren, President of Mag- 
dalen College, Oxford. Crown Svo., 45. €d. 
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Poetry and the DrB,msi— continued. 



Savage-Armstrong. — Ballads of 

Down, By G. F. Savage-Armstrong, 
M.A., D.Litt. Crown 8vo., 7s. td. 

Shakespeare. 

Boivdler' s Family Shakespeare, 
With 36 Woodcuts, i vol. 8vo., 14s. 
Or in 6 vols. Fcp. 8vo., 21J. 

The Shakespeare Birthday Book. 
By Mary F. Dunbar. 32010., is, 6d, 

Stevenson. — A Child's Garden of 
Verses. By Robert Louis Stevenson. 
Fcp. Svo., gilt top, 55. 



Trevelyan. — Cecilia Gonzaga : a 

Drama. By R. C. Trevelyan. Fcp. 
Svo., 2i. 6d. net. 



Wagner.— T'^^ Nibelungen Ring, 

Done into English Verse by Reginali> 
Rankin, B.A., of the Inner Temple, Barris- 
ter-at-Law. 

Vol. L Rhine Gold, The Valkyrie. Fcp. 
Svo., gilt top, 4s. 6<i. 

Vol. II. Siegfried, The Twilight of th 
Gods. Fcp. Svo., gilt top, 45. 6rf. 



Fiotion, Humour, &e. 



Anstey (F.). j 

Voces Populi, (Reprinted from 1 

•Punch'.) I 

First Series. With 20 Illustrations by J. , 

Bernard Partridge. Cr. Svo., gilt 1 

top, 35. net. I 

Second Series. With 25 Illustrations by J. , 

Bernard Partridge. Cr. Svo., gilt top, \ 

3s. net. I 

The Man from Blankley^s^ and | 
other Sketches. (Reprinted from * Punch \) ; 
With 25 illustrations by J. Bernard j 
Partridge. Cr. Svo., gilt top, 35. net. 

Bailey (H. C). 

My Lady of Orange : a Romance | 
of the Netherlands in the Days of Alva, j 
With S Illustrations. Crown Svo., 6j. ! 

UTarl of Erbach : a Tale of the 
Thirty Years' War. Crown Svo., 6s. 

Beaconsfield (The Earl of). 

Novels and Tales. Complete 
in II vols. Crown Svo., is. 6d. each, or 
in sets, 11 vols., gilt top, 15s. net. 



Vivian Grey. 

The Young Duke ; 
Count Alarcos : a 
Tragedy. 

Alroy ; Ixion in 
Heaven ; The In- 
fernal Marriage ; 
Popanilla. 

Tancred. 

Novels and Tales, 
ENDEN Edition, With 2 



Contarini Fleming ; 

The Rise of Iskan- 

der. 
Sybil. 

Henrietta Temple. 
Venetia. 
Coningsby. 
Lothair. 
Endymion. 

The Hugh- 
Portraits and 



II Vignettes. 11 vols. Crown Svo., 42s. 



Bottome. — Life, the Interpreter. 
By Phyllis Bottoms. Crown Svo., 6s. 

Churchill. — Savrola : a Tale of the 
Revolution in Laurania. By Winston 
Spencer Churchill, M.P. Cr. Svo., 6t. 

Crawford. — The Autobiography of 
A Tramp. By J. H. Crawford. With a 
Photogravure Frontispiece * The Vagrants,' 
by Fred. Walker, and S other Illustra- 
tions. Crown Svo., 5s. net. 

Creed. — The Vicar of St. Lvk^s, 
By Sibyl Creed. Crown Svo., 6s. 

Davenport. — By the Ramparts of 
Jezreel : a Romance of Jehu, King of 
Israel. By Arnold Davenport. With 
Frontispiece by Lancelot Speed. Crown 
Svo., 6s. 

Dougall. — Beggars All, By L. 
Dougall. Crown Svo., 3s. 6d. 

Doyle (Sir A. Conan). 

MiCAH Clarke: A Tale of Mon- 
mouth's Rebellion. With 10 Illustra- 
tions. Cr. Svo., 3s. 6d, 

The Refugees: A Tale of the 

Huguenots. With 25 Illustrations. Cr. 

Svo., 3s. 6d, 
The Stark Munro Letters. Cr. 

Svo., 3s. 6rf. 
The Captain of the Polestar^ 

and other Tales. Cr. Svo., 3s. 6J. 
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Fiction, Humour, &o. — continued. 



Dyson. — The Gold-Stealers : a Haggard (H. Rider) — continued, 
Story of Waddy. By Edward Dyson, 
Author of 'Rhymes from the Mines,* etc. 
Crown 8vo., 6j. 



Beatrice, With Frontispiece and 
Vignette. Crown 8vo., 35. tcU 



Farrar (F. W., late Dean of Can- 
terbury). 

Darkness and Daivn: or, Scenes 
in the Days of Nero. An Historic Tale. 
Cr. 8vo., gilt top, 65. net. 

Gathering Clouds : a Tale of the 
Days of St. Chrysostom. Cr. Svo., gilt 
top, 6s, net. 



Fowler (Edith H.). 

The Young Pretenders, A Story 
of Child Life. With 12 Illustrations by 
Sir Philip Burne-Jones, Bart. Crown 
8vo., 65. 



Black Heart and White HEARTy 
AND OTHER Storibs, With 33 Illustra- 
tions. Crown Svo., 3s. 6rf. 

Cleopatra, With 29 Illustrations. 
Crown Svo., 35. 6rf. 

Colonel Quaritch, V,C. With 
Frontispiece and Vignette. Cr. Svo., 35. 6d.. 

Dawn, With 16 Illustrations. Cr.. 
Svo., 35. 6d. 

Dr, Therne, Crown 8vo., 35. 6d^ 

Eric Brighteyes, With 51 Illus- 
trations. Crown Svo., 35. 6d, 

Heart of the World, With 15 
Illustrations. Crown Svo., 35. 6d, 



The Professor's Children. With j Joan Haste, With 20 Illustrations. 



24 Illustrations by Ethel Kate Buroess. 
Crown Svo., 6s 



Francis (M. E.). 
Fiander's Widow, 



Cr. Svo., 6s. 



Yeoman Fleetwood, With Fron- 
tispiece. Crown Svo., 35. net. 

Pastorals of Dorset. With 8 
Illustrations. Crown Svo., 6s. 

The Manor Farm. With Frontis- 
piece by Claud C. du Pre Cooper. 
Crown Svo., 6s. 



Froude. — The Two Chiefs of Dun- 
boy: an Irish Romance ofthe Last Century. 
By James A. Froude. Cr. Svo., 3s. 6d. 



Haggard (H. Rider). 

Allan Quatermain. With 31 
Illustrations. Crown Svo., 3s. 6d, 

Allan's Wife. With 34 Illustra- 
tions. Crown Svo., 3s. 6d. 



Crown Svo., 3s. 6d, 

Lysbeth. With 26 Illustrations.. 
Crown Svo., 6s. • 

Maiwa's Revenge. Cr. Svo., 15. 6^. 

Montezuma's Daughter. With 24. 
Illustrations. Crown Svo. , 3s. 6d, 

Mr, Meeson's Will, With 16 
Illustrations. Crown Svo.. 3s. 6d. 

Nada the Lily. With 23 Illustra- 
tions. Crown Svo., 3s. 6d. 

Pearl-Maiden: a Tale of the 
Fall of Jerusalem. With 16 Illustrations. 
Crown Svo., 6s. 

She. With 32 Illustrations. Crown 
Svo., 3s. 6d, 

Swallow : a Tale ofthe Great Trek. 
With S Illustrations. Crown Svo., 3s. 6d,. 

The People of the Mist. With 
16 Illustrations. Crown Svo., 3s. 6d, 

The Witch's Head. With 16 
Illustrations. Crown Svo., 3s. 6d. 
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Fiction, Humour, &e. — continued. 



Haggard and ljasi%.—THEWoRLD's 

Desirs, By H. Rider Haggard and 
Andrew Lang. With 27 Illustrations. 
Crown 8vo., 35. 6d/ 

Harte. — /iv the Carquinez Woods. 
By Bret Harte. Crown 8vo., 3s. 6J. 

Hope. — The Heart of Princess 
OsRA, By Anthony Hope. With 9 Illus- 
trations. Crown 8vo.» 35. 6</. 

Howard. — The Failure of Success, 

By Lady Mabel Howard. Crown Svo., 
6j. 

Hutchinson. — A Friend of Nelson, 
By Horace G. Hutchinson. Cr. Svo., 65. 

Jerome. — Sketches in Lavender: 
Blue and Green, By Jerome K. Jerome, 
Author of • Three Men in a Boat/ etc. 
Crown Svo., 3s. 6d. 

jOTCe. — Old Celtic Romances. 
Twelve of the most beautiful of the Ancient 
Irish Romantic Tales. Translated from the 
Gaelic. By P. W. Joyce, LL.D. Crown 
Svo., 35. 6d, 

Lang (Andrew). 

A Monk of Fife ; a Story of the 
Days of Joan of Arc. With 13 Illustra- 
tions by Selwyn Image. Crown Svo., 
ZS,6d, 

The Disentanglers, With 7 
Full-page Illustrations by H. J. Ford. 
Crown Svo., 6s. 

Lyall (Edna). 
The Hinderers, Crown Svo. , 25. 6c/. 

The a utobiography of a Slander, 

Fcp. Svo., I*, sewed. 

Presentation Edition. With 20 Illustra- 
tions by Lancelot Speed. Crown 
Svo., 2*. td. net. 

DoREEN, The Story of a Singer. 
Crown Svo., 6«. 

Wayfaring Men, Crown 8vo., 65. 

Hope the Hermit : a Romance of 
Borrowdale. Crown Svo., 6s, 



Marchmont. — In the Name of a 

Woman: a Romance. By Arthur W. 
Marchmont. With S Illustrations. Crown 
Svo., 6s. 



Mason and Lang. —Parson Kelly, 
By A. E. W. Mason and Andrew Lang. 
Crown Svo., 35. 6d, 



Max MuUer. — Deutsche Liebe 
{German Love) : Fragments from the 
Papers of an Alien. Collected by F. Max 
MuLLER. Translated from the German by 
G. A. M. Crown Svo., gilt top, 5J. 



Melville (G. J. Whyte). 



The Gladiators. 
The Interpreter. 
Good for Nothing. 
The Queen's Maries. 



Holmby House. 
Kate Coventry. 
Digby Grand. 
General Bounce. 



Crown Svo., is. 6d. each. 



Merriman. — Flotsam: A Story of 
the Indian Mutiny. By Henry Seton 
Merriman. With Frontispiece and Vig- 
nette by H. G. Massey. Cr. Svo., 35. 6d. 



Morris (William). 

The Sundering Flood, Cr. 8vo., 
75. 6d, 

The Water of the Wondrous 
Isles, Crown Svo., 75. 6d, 

The Well at the World's End, 

2 vols. Svo., 2,%S. 

The Wood Beyond the World, 
Crown Svo., 6s. net. 

The Story of the Glittering 
PlaiNj which has been also called The 
Land of the Living Men, or The Acre of 
the Undying. Square post Svo., 5*. net. 

The Roots of the Mountains^ 
wherein is told somewhat of the Lives of 
the Men of Burgdale, their Friends, their 
Neighbours, their Foemen, and their 
Fellows-in-Arms. Written in Prose and 
Verse. Square crown Svo., S5. 
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Fiction, Humour, &e. — contintied. 



Morris (William)— coy/^iwM^rf. 

A Tale of the House op the ' 
WoLFiNGS, and all the Kindreds of the 
Mark. Written in Prose and Verse. 
Square crown 8vo., 6s. 

A Dream of John Ball, and a 
King's Lesson. i6mo., 25. net. 

NEfvs prom Nowhere; or, An 
Epoch of Rest. Being some Chapters 
from an Utopian Romance. Post Svo., 
15. bd. 

The Story of Grettir the Strong. 
Translated from the Icelandic by EiRixR 
Magn^sson and William Morris. Cr. 
Svo., 55. net. 

Three Northern Love Stories, ; 
AND O thbr Tales. Translated from the 
Icelandic by EirIkr Magn^sson and 
William Morris. Crown 8vo., 65. net. 

*»* For Mr. William Morris's other 
WorkSi see pp. 24, 37 and 40. 



Newman (Cardinal). 

Loss AND Gain : The Story of a 
Convert. Crown 8vo., 35. td. 

Callista: a Tale of the Third 
Century. Crown 8vo., 35. bd. 



Phillipps-Wolley.— Avr^/*: a Legend 

of the Lone Mountain. By C. Phillipps- 



Sheehan. — Luke Delmege. By 

the Rev. P. A. Sheehan, P.P., Author of 
* My New Curate *. Crown 8vo., 65. 



Somenrille 

(Martin). 



WoLLBY. With 13 Illustrations. 
8vo., 35. 6(f. 



Crown 



Portman. — Station Studies : being 
the Jottings of an African Official. By 
Lionel Portman. Crown 8vo., 5s. net. 



Sewell (Elizabeth M.). 

A Glimpse of the World. 
Laneton Parsonage. 
Margaret Percival. 
Katharine Ashton. 
The Earl's Daughter. 
The Experience of Life. 



Amy Herbert. 
Cleve Hall. 
Gertrude. 
Home Life. 
After Life. 
Ursula. Ivors. 



Cr. 8vo., cloth plain, is. bd. each. 
extra, gilt edges, 25. 6d» each. 



(£. (£.) and R06S 



Cloth 



Some Experiences of an Irish 
R.M. With 31 Illustrations by B. C£. 
Somerville. Crown 8vo., 6s. 

All on the Irish Shore : Irish 
Sketches. With Illustrations by £. CE. 
Somerville. Crown 8vo., 65. 



The Real Charlotte. Crown 
8vo., 3s. 6d. 

The Silver Fox. Cr. 8vo., 35. 6rf. 



Stebbing^. — Rachel Wulfstan, and 
other Stories. By W. Stebbing, author of 
• Probable Tales '. Crown 8vo., 45. 6rf. 



Stevenson (Robert Louis). 



The Strange Case of Dr, Jekyll 
AND Mr. Hyde. Fcp. 8vo., i*. sewed. 
IS. td. cloth. 



The Strange Case of Dr. 
Jbkyll and Mr. Hydb; with other 
Fables. Crown 8vo., bound in buckram, 
with gilt top, 55. net. 

' Silver Library ' Edition. Crown 8vo., 
3s. 6d. 



More New Arabian Nights — The 
Dynamiter. By Robert Louis Steven- 
son and Fanny van de Grift Steven- 
son. Crown 8vo., 35. 6d, 



The Wrong Box. By Robert 
Louis Stevenson and Lloyd Osbourne. 
Crown 8vo., 3*. 6d. 
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Fiction, Humour, &e. — continued, 

Walford (L. B.) — continued. 



Suttner. — Lay Down Your Arms 

{Die Waffen Nieder) : The Autobiography 
of Martha von Tilling. By Bertha von 
Suttner. Translated by T. Holmes. 
Cr. 8vo., IS. 6d. 



Trollope (Anthony). 

Tff£ Warden. Cr. 8vo., is. 6d. 
Barchester Towers. Cr.8vo.,i5.6rf. 

Walford (L. B.). 

St AY' at- Homes. Crown 8vo., 65. 

Charlotte, Crown 8vo., 65. 

One of Ourselves, Cr. 8vo., 65. 

The Intruders, Crown 8vo., 25. 6<f. 

Leddy Marget, Crown 8vo. , 2s. W. 

IvA Kildare: a Matrimonial Pro- 
blem. Crown 8vo., 25. td, 

Mr, Smith: a Part of his Life. 
Crown 8vo., 25. td. 

The Baby*s Grandmother, Cr. 
Svo., 2s. td. 



Cousins, Crown 8vo., 25. 6d. 

Troublesome Daughters. 
8vo.» 25. 6d. 



Cr. 



Pauline, Crown 8vo., 2s. 6d, 
Dick Netherby, Cr. 8vo., 25. 6<f. 
The History of a Week. Cr. 

8vo. 25. td. 

A Stiff-necked Generation Cr. 
8vo. 25. 6d. 

Han, and other Stories. Cr. 8vo., 

25. ^. 



The Mischief of Monica, Cr. 
8vo., 25. 6d. 

The One Good Guest. Cr. 8vo. 
25. td. 

^ Ploughed^ and other Stories. 
Crown 8vo., 25. 6</. 

The Ma tchma ker. Cr. 8vo. , 25. 6rf. 



Ward. — One Poor Scruple, By 
Mrs. Wilfrid Ward. Crown 8vo., 65. 



Wejrman (Stanley). 

The House of the Wolf. With 
Frontispiece and Vignette. Crown 8vo.» 

A Gentleman of France, With 
Frontispiece and Vignette. Cr. 8vo., 65. 

The Red Cockade, With Frontis- 
piece and Vignette. Crown 8vo., 65. 

Shrewsbury, With 24 Illustra- 
tions by Claude A. Shepperson. Cr. 
8vo., 65. 

Sophia. With Frontispiece. Crown 
8vo., 65, 



Yeats (S. Levett). 

The Chevalier DAuriac. Crown 
8vo., 35. 6rf. 

The Traitor's Way, Cr. 8vo., 65. 



Yoxall. — The Pommany Stone, By 
J. H. YoxALL, M.P. Crown 8vo., 65. 
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Popular Soienee (Natural History, fte.). 



Butler. — Our Household Insects, 
An Account of the Insect-Pests found in 
Dwelling-Houses. By Edward A. Butler, 
B.A., B.Sc. (Lond.). With 113 lUustra- 
tions. Crown 8vo., 35. 6d. 



Puraeaux (W.). 



The Outdoor World; or The 
Young Collector's Handbook. With 18 
Plates (16 of which are coloured), and 549 
Illustrations in the Text. Crown Svo., 
gilt edges, 6s. net. 

Butterflies and Moths (British). 
With 12 coloured Plates and 241 Illus- 
trations in the Text. Crown 8vo., gilt 
edges, 6s. net. 

Life in Ponds and Streams. 
With 8 coloured Plates and 331 Illustra- 
tions in the Text. Crown 8vo., gilt 
edges, 65. net. 



Hartwig (George). 



The Sea and its Living Wonders, 
With 12 Plates and 303 Woodcuts. 8vo., 
gilt top, 75. net. 

The Tropical World. With 8 
Plates and 172 Woodcuts. 8vo., gilt 
top, 7s. net. 

The Polar World, With 3 Maps, 
8 Plates and 85 Woodcuts. 8vo., gilt 
top, 75. net. 

The Subterranean World, With 
3 Maps and 80 Woodcuts. 8vo., gilt 
top, 7s. net. 



Helmholtz. — Popular Lectures on 
ScTBNTiFic Subjects. By Hermann von 
Helmholtz. With 68 Woodcuts. 2 vols. 
Cr. 8vo., 35. td, each. 



Hudson (W. H.). 

Hampshire Days. With numer- 
ous Illustrations from Drawings by 
Bryan Hook, etc. 8vo., los. 6d, net. 



Birds and Man. 

8vo., 6s. net. 



Large crown 



Nature in Downland. With 12 
Plates and 14 Illustrations in the Text by 
A. D. McCormick. 8vo., ios. 6^. net. 

British Birds, With a Chapter 
on Structure and Classification by Frank 
E. Beddard, F.R.S. With 16 Plates (8 
of which are Coloured), and over 100 Illus- 
trations in the Text. Crown 8vo., gilt 
edges, 6s. net. 



Millais. — The Natural History of 
THE British Surface Feeding-Ducks. 
By John Guille Millais, F.Z.S., etc. 
With 6 Photogravures and 66 Plates (41 in 
Colours) from Drawings by the Author, 
Archibald Thorburn, and from Photo- 
graphs. Royal 4to., £t 6s. 



Proctor (Richard A.). 

Light Science for Leisure Hours, 
Familiar Essays on Scientific Subjects. 
Crown 8vo., 3s. bd. 

Rough Wa ys made Smooth, Fami- 
liar Essays on Scientific Subjects. Crown 
8vo., 35. 6d, 

Pleasant Ways IN Science, Crown 
8vo., 35. 6d, 

Nature Studies. By R. A. Proc- 
tor, Grant Allen, A. Wilson, T. 
Foster and E. Clodd. Cr. 8vo., 35. 6d, 

Leisure Readings, By R. A. Proc- 
tor, E. Clodd, A. Wilson, T. Foster 
and A. C. Ranyard. Cr. 8vo., 3s, 6d, 

*^* For Mr. Proctor's other books see pp, 16 
and 35, and Messrs. Longmans 6» Co.*s Cata- 
logue of Scientific Works, 
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Popular Seienee (Natural History, &c.) — continued. 



Stanley. — A Familiar History of 
Birds. By E. Stanley, D.D., formerly 
Bishop of Norwich. With 160 Illustrations. 
Cr. 8vo., 35. 6d. 



Wood (Rev. J. G.). 

Homes without Hands : A Descrip- 
tion of the Habitations of Animals, classed 
according to their Principle of Construc- 
tion. With 140 Illustrations. 8vo., gilt 
top, 75. net. 

Insects at Home : A Popular Ac- 
count of British Insects, their Structure, 
Habits and Transformations. With 700 
Illustrations. 8vo., gilt top, 75. net. 



Wood (Rev. J. G,)— continued. 

Insects Abroad: A Popular Ac- 
count of Foreign Insects, their Structure^ 
Habits and Transformations. With 600 
Illustrations. Svo., 75. net. 

Out of Doors; a Selection of 
Original Articles on Practical Natural 
History. With 11 Illustrations. Cr. Svo., 
35. 6d. 

Petland Revisited, With 33 
Illustrations. Cr. 8vo., 35. 6d, 

Strange Dwellings : a Description 
of the Habitations of Animals, abridged 
from * Homes without Hands \ With 60 
Illustrations. Cr. 8vo., 35. 6d. 



Works of Reference. 



Gwilt — An Encyclopmdia of Ar- 
chitecture, By Joseph Gwilt, F.S.A. 
WiUi 1700 Engravings. Revised (1888), 
with Alterations and Considerable Addi- 
tions by Wyatt Papworth. 8vo., 215. 
net. 



Longmans' Gazetteer of the 
World. Edited by George G. Chis- 
HOLM, M.A., B.Sc. Imperial 8vo., i8s. net 
cloth ; 215. half-morocco. 



Maunder (Samuel). 

Biographical Treasury. With 
Supplement brought down to 1889. By 
Rev. James Wood. Fcp. 8vo., 6s. 



The Treasury of Bible Know- 
ledge. By the Rev. J. Avre, M.A. With 
5 Maps, 15 Plates, and 300 Woodcuts. 
Fcp. 8vo., 65. 



Treasury of Knowledge and Lib- 
rary OF Rbfbrencs, Fcp. 8vo., 65. 



Maunder (Samuel; — continued. 



The Treasury of Botany, Edited 
by J. LiNDLEV, F.R.S., and T. Moore, 
F.L.S. With 274 Woodcuts and 20 Steel 
Plates. 2 vols. Fcp. 8vo., 125. 



Roget. — Thesa ur us of English 
Words and Phrases. Classified and Ar- 
ranged so as to Facilitate the Expression of 
Ideas and assist in Literary Composition. 
By Peter Mark Roget, M.D., F.R.S. 
Recomposed throughout, enlarged and im- 
proved, partly from the Author^s Notes, and 
with a full Index, by the Author's Son, 
John Lewis Roget. Crown 8vo., 95. net. 



'WiWich.-'FopULAR Tables for giving 
information for ascertaining the value of 
Lifehold, Leasehold, and Church Property, 
the Public Funds, etc. By Charles M. 
WiLLicH. Edited by H. Bence Jones. 
Crown 8vo., 105. 6d, 
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Children's Books. 



Adelborg. — Clean Peter and the 
Children of Grubbylba, By Ottilia 
Adelborg. Translated from the Swedish 
by Mrs. Graham Wallas. With 23 
Coloured Plates. Oblong 4to., boards, 
35. 6d. net. 



Alick's Adventures. — By G. R. 

With 8 Illustrations by John Hassall. 
Crown 8vo., 35. 6d. 



Brown. — The Book of Saints and 
Friendly Beasts. By Abbie Farwell 
Brown. With 8 Illustrations by Fanny Y. 
Cory. Crown 8vo., 45. 6d. net. 



Buckland. — JwoLittleRuna wa ys. 

Adapted from the French of Louis Des- 
noyers. By James Buckland. With no 
Illustrations by Cecil Aldin. Cr. 8vo., 65. 



Crake (Rev. A. D.). 

Edwy the Fair; or, The First 
Chronicle of ^scendune. Cr. Svo. , silver 
top, 25. net. 

Alfgar the Dane ; or, The Second 
Chronicle of ^scendune. Cr. 8vo., silver 
top, 25. net. 

The Rival Heirs : being the Third 
and Last Chronicle of ^scendune. Cr. 
8vo., silver top, 25. net. 

The House of Walderne. A Tale 
of the Cloister and the Forest in the Days 
of the Barons' Wars. Crown 8vo., silver 
top, 25. net. 

Brian Fitz- Count. A Story of 
Wallingford Castle and Dorchester 
Abbey. Cr. 8vo., silver top, 25. net. 



Henty (G. A.). — Edited by. 

Yule Logs : A Stoiy-Book for Boys. 
By Various Authors. With 61 Illus- 
trations. Crown 8vo., gilt edges, 35. net. 

Yule Tide Yarns: a Story-Book 
for Boys. By Various Authors. With 
45 Illustrations. Cr» 8vo., gilt edges, 35. 
net. 



Lang (Andrew). — Edited by. 

The Blue Fairy Book. With 138 
Illustrations. Crown Svo., gilt edges, 65. 

ThE Red Fairy Book, With 100 
Illustrations. Crown 8vo., gilt edges, 65. 

The Green Fairy Book, With 99 
Illustrations. Crown 8vo., gilt edges, 65. 

The Grey Fairy Book, With 65 
Illustrations. Crown 8vo., gilt edges, 65. 

The Yellow Fairy Book, With 
104 Illustrations. Cr. Svo., gilt edges, 65. 

The Fink Fairy Book, With 67 
Illustrations. Crown 8vo., gilt edges, 65. 

The Violet Fairy Book, With 8 
Coloured Plates and 54 other Illustrations. 
Crown 8vo., gilt edges, 65. 

The Bl ue Poetry Book. With 100 
Illustrations. Crown Svo., gilt edges, 65. 

The True Story Book. With 66 
Illustrations. Crown Svo., gilt edges, 65. 

The Red True Story Book With 
100 Illustrations. Cr. 8vo., gilt edges, 65. 

The Animal Story Book. With 
67 Illustrations. Cr. Svo., gilt edges, 65. 

The R^d Book of Animal Stories. 
With 65 Illustrations. Crown Svo., g^lt 
edges, 65. 

The Arabian Nights Entertain- 
ments, With 66 Illustrations. Cr. 8vo., 
gilt edges, 65. 

The Book of Romance. With 8 
Coloured Plates and 44 other Illustrations. 
Crown Svo., gilt edges, 65. 



Lyall. — The Burges Letters : a 
Record of Child Life in the Sixties. By 
Edna Lvall. With Coloured Frontispiece 
and S other Full-page Illustrations by 
Walter S. Stagey. Crown Svo., 25. 6d. 



Meade (L. T.). 

Daddy's Boy. With 8 Illustrations. 
Crown Svo., gilt edges, 35. net. 

Deb and the Duchess, With 7 
Illustrations. Cr. Svo., g^lt edges, 35. net. 

The Beresford Prize. With 7 
Illustrations. Cr. Svo., gilt edges, 35. net. 

The House of Surprises. With 6 
Illustrations. Cr. Svo., gilt edges, 35. net. 
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Children's Books — continued. 



Murray. — Flower Legends for 
Children. By Hilda Murray (the Hon. 
Mrs. Murray of Elibank). Pictured by J. 
S. Eland. With numerous Colourad and 
other Illustrations. Oblong 4to., 65. 

Penrose. — Chubby : a Nuisance, 
By Mrs. Penrose. With 8, Illustrations 
by G. G. Manton. Crown 8vo., 3s. 6d. 

Praeger (Rosamond). 

The Adventures of xHh Three 
Bold Babes: Hector, Honoria and 
Alisander. a Story in Pictures. With 
24 Coloured Plates and 24 Outline Pic- 
tures. Oblong 4to., 35. 6d. 

The Further Doings of the Three 
Bold Babes. With 24 Coloured Pictures 
and 24 Outline Pictures. Oblong 4to.,3s.6<f . 

Roberts. — The Adventures of 
Captain John Smith : Captain of Two 
Hundred and Fifty Horse, and sometime 
President of Virgfinia. By E. P. Roberts. 
With 17 Illustrations and 3 Maps. Crown 
Svo., 5s. net. 

Stevenson. — A Child's Garden of 
Verses. By Robert Louis Stevenson. 
Fcp. Svo., gilt top, $s. 

Tappan, — Old Ballads in Prose. 
By Eva March Tappan. With 4 Illus- 
trations by Fanny Y. Cory. Crown 8vo., 
gilt top, 45. 6d. net. 



Upton (Florence K. and Bertha). 

The Adventures of Tfvo Dutch 
Dolls and a * Colli wogg\ With 31 
Coloured Plates and numerous Illustra- 
tions in the Text. Oblong 4to., 6s. 

The Golliwogg's Bicycle Club. 
With 31 Coloured Plates and numerous 
Illustrations in the Text. Oblong 4to., 65. 

The Golliwogg at the Seaside, 
With 31 Coloured Plates and numerous 
Illustrations in the Text. Oblong 4to. , 65. 

The Golliwogg in War. With 31 
Coloured Plates. Oblong 4to. , 65. 

The GoLLiwoGds Polar Adven- 
tures. With 31 Coloured Plates. Ob- 
long 4to., 65. 

The GoLLiwoGds Auto-go-cart. 
With 31 Coloured Plates and numerous 
Illustrations in the Text. Oblong 4to., 6j. 

The Golliwogg" s Air-Ship. With 

30 Coloured Pictures and numerous Illus- 
trations in the Text. Oblong 4to., 6s. 

The Vege-Men" s Revenge. With 

31 Coloured Plates and numerous Illus- 
trations in the Text. Oblong 4to., 65. 

Wemyss. — * Things We Thought 
of' : Told from a Child's Point of View. 
By Mary C. E. Wemyss, Author of * All 
About All of Us '. With 8 Illustrations in 
Colour by S. R. Praeger. Crown 8vo., 
35. td. 



The Silver Library. 

Crown Svo. 35. 6d. each Volume. 



Arnold's (Sir Edwin) geai and Lands. With 
71 Illustrations. 35. dd. 

Batfehof I (W.) Biographical Btodiei. 35. td. 

Bagehot*! (W.) Economic Btudiei. 3^. 6^. 

Bagehot*i(W.) Literary Studies. With Portrait. 
3 vols., 3^. td. each. 

Baker*! (Bir B. W.) Ei^t Yean in Ceylon. 

With 6 Illustrations. 3^. 6<f. 

Baker's (Bir B. W.) Rifle and Hound in Ceylon. 

With 6 Illustrations. 3J. dd. 

Barlng-Goald'i (Rcy. B.) Curiooi Myths of the 
Middle Ages. 35. 6^. 

Baring-Goald'i (Roy. B.) Origin and DeYelop- 
ment of Religioai Belief. 2 vols. 3^.6^. each. 

Becker's (W. A.) Gallai : or, Roman Scenes in the 
Time of Augustu-.. With 26 lUus. 3J. dd. 



Becker's (W. A.) Charides : or, Illustrations of 
the Private Life of the Ancient Greeks. 
With 26 Illustrations. 35. dd. 

Bent's (J. T.) The Rained Cities of Mashona- 
land. With 117 Illustrations. 3^. dd. 

Brassey's (Lady) A Voyage in the < Bunbeam '. 

With 66 Illustrations. 35." dd. 

Buckle's (H. T.) History of CiYilisation in 
England. 3 vols. lOf. dd. 

ChurchiU's (Winston B.) The Btory of the 
Malakand Field Force, 1897. With 6 Maps 
and Plans, y. dd. 

Clodd's (E.) Btory of Creation: a Plain Account 
of Evolution. With 77 Illustrations. 3J. dd. 

Oonybeare (Rcy. W. J.) and Howion's (Very 
Rcy. J. B.) Ufe and Episties of Bt. Paul. 

With 46 Illustrations. 35. dd. 
DougaU's (L.) Beggars All : a Novel. 3^. dd. 
Doyle's (Sir A. Conan) Micah Clarke. A Tale of 

Monmoutn's Rebellion. With 10 Illusts. 35.6^. 
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The Silver Library — continued. 



Doylt*! (Bir JL Oqhaii) Tht Captain of tht 
PolMtar, and other Tales, y, 6d, 

Doylt'i (Bir A. Coiian) Tht RtftitfMi : A Tale of 
the Huguenots. With 25 Illustrations. 3s6d, 

Doylt'i (Bir A. CoBaB) Tht Stark MaiiroUltonu , 

y. 6d, 



I 

Vroadt'i (J. A.) Tht Hlitory of BB^laad, from 
the Fall of Wolsey to the Defeat of the 
Spanish Armada. la vols. 3;. 6d. each. 

Vroodt*! (J. A.) The Ba^ih in Irtland. 3 vols. 
lOT. 6d. 

Vroude*! (J. A.) The DiYorot of Cathtrine of 
Ara^on. y. 6d, 

Froode*! (J. A.) Tht Bpaniih Btory of tht 
Armada, and other Essays, y. 6d. 

Vroode'i (J. A.) Entf lih Btamtii In the Blztttnth 
Centary. y, 6d. 

Vroude*! (J. A.) Bhort Btudiei on Qrtat Bub- 
Jtots. 4 vols. y. 6d. each. 

Vroude'i (J. A.) Oceana, or England and Htr 
Colonies. With 9 Illustrations, y. 6d. 

Vroude'i (J. A.) The Connoil of Trent, y, 6d. 

Proude'i (J. A.) The Life and Letteri of 
Eraimui. y, 6d. 

Proude'i (J. A.) Thomai Carlyle : a History of 
his Life. 
1795-1835. 2 vols. 7J. 1834-1881. a vols. js. 

Proude'i (J. A.) C«iar : a Sketch. 3;. 6d. 

Proudt'i (J. A.) Tht Tvo Chlefi of Dunboy : an 

Irish Romance of the Last Century. 3J. 6d, 

Proude'i (J. A.) Writingi, Seleotioni from. 

3J. 6d. 

Gleig*B (Rev. G. R.) Ufe of the Duke of 
Wellington. With Portrait, y. 6d, 

GreYille'i (C. C. F.) Journal of the Reigni of > 
King George lY., King William lY., and 
Queen Yietoria. 8 vols. , y, 6<f. each. ! 

I 

Haggard'i (H. R.) Bhe : A History of Adventure. | 

With 32 Illustrations, y. 6d. i 

Haggard'i (H. R.) Allan Quattrmaln. With | 
20 Illustrations, y. 6d. ' 

Haggard'i (H. R.) Colonel Quariteh, V.C. : a 
Tale of Country Life. With Frontispiece 
and Vignette, y. 6d. 

Haggard'i (H. R.){Cleopatra. With 29 Illustra- 
tions, y. 6d. 

Haggard'i (H. R.) Erio Brighttyei. With 51 
Illustrations, y. 6d. 



Haggard'i (H. R.) Btatrtot. With Frontispiece 
and Vignette, y. 6d. 

Haggard'i (H. R.) Black Heart and White Heart 

With 33 Illustrations, y. 6d, 

Haggard'i (H. R.) Allan'i Wife. With 34 lUus- 
trations. y. 6d. 

Haggard (H. R.) Heart of the World. With 

15 Illustrations, y, 6d, 

Haggard'i (H.R.)Honttsnma*i Daughter. With 
25 Illustrations, y. 6d. 

Haggard'i (H. R.) Bwallow : a Tale of the Great 
Trek. With 8 Illustrations. 3J. 6d. 

Haggard'i (H. R.) Tht Witeh'i Head. With 

16 Illustrations. 3^. 6d. 

Haggard'i (H. R.) Mr. Hetion'i Will. With 
16 Illustrations. 3;. 6d. 

Haggard'i (H. R.) Hada the Uly. With 23 
Illustrations. y.6iL 

Haggard'i (H.R.) Dawn. With i6Illusts. y, 6d. 

Haggard'i (H.R.) The People of the Hilt. With 
16 Illustrations. 3;. 6d, 

Haggard'i (H. R.) Joan Haitt. With ao Illus- 
trations, y, 6d. 

Haggard (H. R.) and Lang's (A.) The World's 
Deiirt. With 27 Illustrations, y. 6d. 

Hartt'i (Brtt) In the Carqulntx Woods and 
other Btoriei. 3;. 6d. 

Htlmholtz'i (Hermann Yon) Popular Leetnrei 
on Beitntiflo Bukjeoti. With 68 Illustrations. 
2 vols. y. 6d. each. 

Hope's (Anthony) The Heart of Prinoeie Osra. 

With 9 Illustrations. 3^. 6d. 

Howitt'i (W.) Yiiiti to Remarkable Plaoei. 

With 80 Illustrations. 3^. 6d. 

Jefferiei' (R.) The Btory of Hy Heart: My 

Autobiography. With Portrait. 3^. 6d, 

Jefferiei' (R.) Pield and Hedgerow. With 
Portrait, y. 6d. 

Jefferiei' (R.) Red Dttr. With 17 Illusts. 3;. 6ii. 

Jefferiei' (R.) Wood Hagio: a Fable. With 
Frontispiece and Vignette by E. V. B. y. 6d. 

Jefferiei (R.) The Toilen of the Pield. With 
Portrait from the Bust in Salisbury Cathedral. 
3J. 6d. 

Kaye (Sir J.) and HaUeion'i (Colonel) Hlitory 
of the Indian Mutiny of 18B7-8. 6 vols. 

y, 6d. each. 

Knight'i (E. P.) The Cruiie of the <Alerte': 

the Narrative of a Search for Treasure on 
the Desert Island of Trinidad. With 3 
Maps and 23 Illustrations. 3^. 6d. 
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The Silver Library — continued. 



Kiii^t'i(E. F.) WhtN Thret Empires Meet: a \ 

Narrative of Recent Travel in Kashmir, ' 
Western Tibet, Baltistan, Gilgit. With a Map ! 
and 54 Illustrations. 3^. (id. ' 

KnUht*! (B. F.) Th« < Faloon * on th« Baltio : a ' 
Coasting Voyage from Hammersmith to 
Copenhagen m a Three-Ton Yacht. With 
Map and 11 Illustrations. 3J. (id. 

Kditlin'i (J.) Life of Lather. With 63 Illustra- 
tions and 4 Facsimiles of MSS. 35. dd. 

Lang*i (A.) JLn^ng gketchei. With 20 Illustra- 
tions. 3^. Zd. 

Laiig*! (JL) Caitom and Myth : Studies of Early 
Usage and Belief. 35. 6^. 

Lan^i(A.)Cook Lane and Common-Bcnie. 37.6^. 

Lani^'s (A.) The Book of Dreams and Ghoiti, 

3J. dd. 

Lang*! (A.) A Monk of Fife : a Story of the 
Days of Joan of Arc. With 13 Illustrations. 
3^. dd. 

Lang'i (A.) Myth,Bitaal, and Religion. 2 vols. ^s. 

Leei (J. A.) and 01atterbnck*i (W. J.) B.C. 
1887, A Ramble in British Columbia. With 
Maps and 75 Illustrations. 35. dd 

LeYett-Yeati' (g.) The CheYaller D'Anriao. 

3J. 6rf. 

Maoaulay'i (Lord) Complete Works. ' Albany ' 
Eidition. With 12 Portraits. 12 vols. y. dd. 
each. 

Maoanlay*! (Lord) Eiiayi and Lays of Aneitnt 
Rome, etc. With Portrait and 4 Illustrations 
to the ' Lays '. y. dd. 

Maoleod'i (H. D.) Elements of Banking. 3^. dd. 

Manhman'i (J. C.) Memoirs of Sir Henry 
HaYeloek. 3;. dd. 

Mason (A. E. W.) and Lang's (A.) Parson KeUy. ! 

MerlYale's (Dean) History of the Romans | 
under the Empire. 8 vols. 3^. dd. each. 

Merriman's (H. g. Flotsam : A Tale of the 
Indian Mutiny, '^s. dd. 

Mill's (J. B.) PoUtical Economy. 35. dd. 

Mill's (J. g.) System of Logio. 3;. dd. 

Milner's (Oeo.) Country Pleasures : the Chroni- 
cle of a Year chiefly in a Grarden. y. dd. 

Hansen's (F.) The First Crossing of Greenland. 

With 142 Illustrations and a Map. y. dd, 

Phillipps-WoUty's (C.) Snap : a Legend of the 
Lone Mountain With 13 Illustrations, y.dd. 



Proctor's (R. A.) The Orbs Around Us. y. dd. 

Proctor's (R. A.) The Expanse of HeaYon. y. dd. 

Proctor's (R. A.) Light Science for Leisure 
Hours. 3^. dd. 

Proctor's (R. A.) The Moon. y. dd. 

Proctor's (R. A.) Other Worlds than Ours, y.dd. 

Proctor's (R. A.) Our Place among Infinities : 

a Series of Essays contrasting our Little 
Abode in Space and Time with the Infinities 
aroimd us. y. dd. 

Proctor's (R. A.) Other Suns than Oars. y. dd. 

Proctor's (R. A.) Rough Ways made Smooth. 

3J. dd. 

Proctor's(R.A.)Plea8antWays in Science, y.dd. 

Proctor's (R. A.) Myths and Manrels of As- 
tronomy. 3^. dd. 

Proctor's (R. A.) Mature Studies. 3^. dd. 

Proctor's (R. A.) Leisure Readings. By R. A. 
Proctor, Edward Clodd, Andrew 
Wilson, Thomas Foster, and A. C. 
Ranyard. With Illustrations. 35. dd. 

Rossetti's (Maria F.) A Shadow of Dante, y. dd. 

Smith's (R. Bosworth) Oarthage and the Cartha- 
ginians. With Maps, Plans, etc. y. dd. 

Stanley's (Bishop) Familiar History of Birds. 

With 160 Illustrations, y. dd. 

Stephen's (Sir Leslie) The Playground of Europe 

(The Alps). With 4 Illustrations, y. dd, 

StcYcnson's (R. L.) The Strange Case of Dr. 
Jekyll and Mr. Hyde; with other Fables, y.dd. 

StcYcnson (R. L.) and Osbourne's (LI.) The 
Wrong Box. y. dd. 

StcYcnson (Robert Louis) and StcYcnson's 
(Fanny Yan de Grift) More Hew Arabian 

Rights.— The Dynamiter, y. dd. 

TrcYclyan's (Sir 0. O.) The Early History of 
Charles James Fox. 3^. dd. 

Weyman's (Stanley J.) The House of the 
Wolf: a Romance, y. dd. 

Wood's (ReY. J. 0.) Petiand RcYisited. With 
33 Illustrations y. dd. 

Wood's (RcY. J. 0.) Strange DweUings. With 
60 Illustrations. 3^. dd. 

Wood's (RcY. J. 0.) Out of Doors. With 11 
Illustrations, y. dd. 
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Miseellaneous and Critieal Works. 



Auto da Fi and other Essays: 

some being Essays in Fiction. By the 
Author of * Essays in Paradox ' and * Ex- 
ploded Ideas'. Crown 8vo., 55. 

Bagehot.— Z/T-^jf^^K Studies, By 

Walter Baoehot. With Portrait. 3 vols. 
Crown 8vo., 35. 6d. each. 

Baker. — Education and Life : 
Papers and Addresses. By James H. 
Baker, M.A., LL.D. Crown 8vo., 45. 6d, 

Baring-Gould. — Curious Myths of 
THE Middle Ages. By Rev. S. Baring- 
Gould. Crown Svo., 35. 6d. 

Bajrnes. — Shakespeare Studies^ 
and other Essays. By the late Thomas 
Spencer Baynes, LL.B., LL.D. With a 
Biographical Pre£aice by Professor Lewis 
Campbell. Crown Svo., 75. 6d, 

Bonnell. — Charlotte BrontS, 
George Eliot, Jane Austen: Studies in 
their Works. By Henry H. Bonnell. 
Crown 8vo., 75. 6d. net. 

Booth. — The Discovery and De- 
cipherment OF THE Trilingual Cunei- 
form Inscriptions. By Arthur John 
Booth, M.A. With a Plan of Persepolis. 
Svo. 145. net. 

Charities Register, The Annual, 

and Digest: being a Classified Register 
of Charities in or available in the Metropolis. 
Svo., 5s. net. 

Christie. — Selected Essays, By 
Richard Copley Christie, M.A., Oxon. 
Hon. LL.D., Vict. With 2 Portraits and 3 
other Illustrations. Svo., 125. net. 

Dickinson. — King Arthur in Corn- i 
WALL. By W. Howship Dickinson, M.D. | 
With 5 Illustrations. Crown Svo., 45. 6d, 

Essays in Paradox. By the Author 

of ' Exploded Ideas ' and * Times and 
Days '. Crown Svo., 55. 

Evans. — The Ancient Stone Im- 
plements, Weapons and Ornaments op 
Great Britain, By Sir John Evans, 
K.C.B. With 537 Illustrations. Svo., 
I05. 6<f. net. 

Exploded Ideas,^ivz> Other Essa ys. 

By the Author of 'Times and Days*. Cr. 
Svo., 55. 



Frost. — A Medley Book, By 
George Frost. Crown Svo., 35. 6J. net. 

Geikie. — The Vicar and his Friends. 
Reported by Cunningham Geikie, D.D.,. 
LL.D. Crown Svo., 55. net. 

Gilkes. — The New Revolution. 
By A. H. Gilkes, Master of Dulwich 
College. Fcp. Svo., 15. net. 

Haggard (H. Rider). 

A Farmer s Year : being his Com- 
monplace Book for iSgS. With 36 Illus- 
trations. Crown Svo., 75. 6d. net. 

Rural England. With 23 Agri- 
cultural Maps and 56 Illustrations from 
Photographs. 2 vols., Svo., 365. net. 

Hoenig. — Inquiries concerning 

the Tactics of the Future, By Fritz 

Hoenig. With i Sketch in the Text and 5 

I Maps. Translated by Captain H.M. Bower. 

Svo., 155. net. 

, Hutchinson. — Dreams and their 
Meanings. By Horace G. Hutchinson. 
Svo., gilt top, 95. 6d. net. 

, Jefferies (Richard). 

Field and Hedgerow: With Por- 
trait. Crown Svo., 3s. 6d, 

I The Story of My Heart: my 
I Autobiography. Crown Svo., 35. 6d, 

Red Deer. With 17 Illustrations. 
Crown Svo., 35. M, 

The Toilers of the Field, Crown 
Svo., 35. 6d, 

Wood Magic : a Fable. Crown 
Svo., 3s. 6rf. 

Jekyll (Gertrude). 

Home and Garden: Notes and 
Thoughts, Practical and Critical, of a 
Worker in both. With 53 Illustrations 
from Photographs. Svo., 105. 6d, net. 

Wood and Garden: Notes and 
Thoughts, Practical and Critical, of a 
Working Amateur. With 71 Photographs. 
Svo.. 105. 6rf. net. 
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